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WE pass now to the case in which the number of quan- 
tities in the two sets corresponding to parameters and co- 
ordinates is not the same. 


(1). Let the two sets of connected quantities be z,, z,... 2, 
and @,, a@,...a@,, and let m be greater than n. The following 
theorem may then be established. 


Tueorem II. If two sets of quantities z,, z,...%, and 
a,, @,...4,,, m being greater than m, are connected by any 
relations v,=0, u,=0,...u,=0, and if the former set varying 
in subjection to a certain condition among themselves X = 0, 
establish among the other set a,, a,...@,, with which they 
are connected, a relation A=0; then the set a, a,...a,, 
varying either in subjection to the single condition a 0, 
or to that condition together with any other m-2 arbitrary 
conditions among themselves, will establish among the set 
2,, Z,...@, the relation X = 0. 

"Let us suppose the quantities a,, @,...@,, connected with 
another set of quantities ,, ,...b,, by m arbitrary functional 
relations, as for example, 


Bb, =f(Gyy Aye@,,), b= F(A, @y+@,,), 0 oe ohalagh @,,)+.(21). 


By virtue of these relations we can transform w,, w,...u, into 
functions of z,, z,...%,, 5,, b,...,. 

If we do this, and cause Bi, "Zp ..z, to vary in subjection 
to the condition X= 0, we shall establish among the con- 
stants 6,, b,...6, a relation which may be represented by 
B=0. And it “appears from the general Theorem I., that 
if we regard in B any n of the quantities 3,, d,.. A as 
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2 On Reciprocal Methods in the 


parameters, and cause them to vary in subjection to the | 


condition B=0, the remaining m-xn of those quantities 
remaining constant, we shall establish among the quantities 
Z,,,...@, the relation X=0. Or, which amounts to the 
same thing, we may suppose the whole series of quantities 
b,, 6,...6,, to vary in subjection to the conditions 


B=0, 
b..,=const., 5, ,, = const.,...b,, = const. ......(22), 


and the resulting relation among 2,, z,..., will establish the 
condition X = 0. 

Now it is obviously indifferent, whether in the above 
process we make 4,, b,...b,, vary independently in subjection 
to the above conditions, or whether we write for 3, b,...5,, 
their values in terms of a@,, a,...a,, in the several equations, 
and then make a,,a,...@,, vary in subjection to the con- 
ditions consequent upon this change ; just as in seeking the 
maximum value of a function of certain quantities, it is 
indifferent whether we equate to 0 the differentials of these 
quantities, or transform them by functional relations into 
another system of quantities, and equate to 0 the differentials 
taken with respect to the latter. If we effect, then, the 
proposed change, B will obviously become A, and the 
equations (22) will become 

F...(dyy @..-@,,) = const., f(a, @,-..@,,) = const, 
v0 Sah G,y Byos-B,,) = CONS. socrcccevccress (23). 


Hence the variation of a,, @,...@,, in subjection to the con- 
dition A=0 and to the m-vn arbitrary conditions above 
stated, will establish the condition X = 0. 

As the conditions (23) are perfectly arbitrary, we may in 
any particular case entirely disregard them. Hence the 
conditions A=0, when either » or any greater number of 
the quantities @,,@,...a@, are supposed to vary, is, with or 
without any other condition among those quantities, sufficient 
to establish the relation X = 0. 

The most important application of this result to the in- 
verse problem of envelopes is comprehended in the following 
Rule. We confine ourselves here to the case of surfaces. 

To ascertain the conditions under which the surface whose 
equation 1s (25 Yy Zp By Gyre) =O. 000s 000 (24), 
a,, @,+..4@,, being variable parameters, shall generate the 
envelope whose equation is 


90 (8, 9,8) 20 oovcccscscrees (26), 


supposing m > 3. 
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Differential Calculus. 3 


Ruiz. Determine the equation of the envelope of the 
given surface regarding the coordinates 2, y, z as parameters, 
subject to the condition (25), and the parameters a,, a,...a,, 
as if they were coordinates. The resulting equation A =0 
will express the only necessary condition, but it may be 
associated according to choice with any number not exceed- 
ing m-8 of arbitrary relations among the quantities @,, a,..a,. 

There is a remarkable circumstance attending the employ- 
ment of the equation 4=0, which may serve as a verifica- 
tion of the method by which in any particular instance 
that equation has been determined. It is this: when we 
seek the envelope of ¢ subject to the single condition 
A=0(, we employ in the process a system of equations 
of m equations 

dp .dA dp .dA dp dA 


2 ee i: a a. a 
da da da, ” da, da, 


1 1 2 
where for convenience ¢ stands for $(z, y, 2, @,, @,...a,,). 
On elimination of % these give m-1 equations connecting 
Z,Y; 2,4, @,...a,. Taking into account the primitive equa- 
tion (24), we have thus implicitly a system of m equations 
connecting these quantities, ¢.e. the two sets z, y, z, and 
a,, a,...a,,, together. 


Now if the above equations were independent of each 
other and of the equation = 0, they would furnish us, on 
elimination of z, y, z with m-3, new equations connecting 
@,,@,++.@,. But in reality there is only one necessary 
relation connecting @,, @,...4@,, viz. the equation A = 0, 
Hence the m equations previously referred to are not in- 
dependent of each other and of the equation A=0, and 
in fact it will be found that the elimination of z, y, z will 
only reproduce the equation .A = 0, verifying the observation 
that this is the only necessary condition among the constants 
a,, @,...a@,, and serving as a test of the correctness of the 
process by which that condition is determined. The above 
conclusion admits of formal proof. The following example 
will serve to illustrate both the rule and the accompanying 
remark. 


Ex. Required the conditions under which the straight 
line whose equation is az + by =c shall have for its envelope 


; : , . %l-m 
the circle whose equation is z*+y* =——, a, b, and c 
m 


being the variable parameters. 


B2 
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We have BE + DY © Cree cerccrccecee.ce eee eee( 26), 
e+y'= —" shai arinnnnitenennain (27), 
BO cesvescescsenenensssence (28), 


the last equation being got by eliminating dz and dy from 
the differentials of the two preceding ones. 
Eliminating z and y from the above, we get 
(m — 1) (a* + B*) + me =O weeeeeeeeees (29). 
Now if we seek the envelope of (26), subjecting the para- 
meters a, b, c, to the above condition (29), then, whether 
we regard any two of the parameters as varying (according 
to the first case), or the three as varying (according to the 
second case), we obtain (27), the equation of the envelope. 
Let us confine ourselves to the latter case. 
Our equations then are 
OE + by — CHD ...rcrcccececesers (30), 
(m — 1) (a® + 8) + me* = 0 ....00.0008- (81), 
whence, in the ordinary way, we get 
i ie, inal) (82); 
* y 
and eliminating a, 4, and c, the parameters from the above 
four equations, we find 
1-m 
m 
which agrees with (27), as it ought to do. Thus far the 
Rule. 
But if from (30) and the two equations (32) we eliminate x 
and y, we get 





z+y's= 


(m — 1) (a® + b*) + me’ = 0, 

which is a reproduction of (31), and serves at once to verify 
the process which has been pursued, although less —— 
than does the equation (33), and to illustrate the remar 


which has been offered. 
Lastly, if to the condition (31), connecting the parameters 
a, b, c, we add any other arbitrary condition, such, for 


example, as , ete’, 


the straight line defined by the equation az + by - c = 0 will 
still have for its envelope, or for a part of it, the same equa- 


m, according to the principle stated in the 





: 1- 
tion 2 +7’ =- 
y m 


Rule. 
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Differential Calculus. 


Thus, in the case just mentioned, we have the equations 


az + by-c=0, 


(m - 1) (a’ + B*) + me? = 0... cee cease (34), 
a+B=1; 
and eliminating da, db, de from the differentials, we get 
ay = bz, 


from which four equations, on eliminating a, 5, c, there 
results, as before, 
‘ » l-m 
e+y'= . 
m 


Suppose that the added condition was 
pa-qb=0..... bcnbisietionase (35). 


Omitting the steps of a very tedious process of elimination 
and reduction, I shall simply indicate the result. The final 
equation of the envelope is 





{m(a*+y")+m- 1} 
{(my? + m—1) p* + 2mxypq + (ma* + m- 1) q°} =0...(36), 
the first factor of which, equated to 0, gives 
1-m 


2 2 
e+y = 
y m ” 





the equation of a circle as before; the second gives 


5 ORM 5 a 
(sy +90) « —— (p' +9"); 


- Coe ee 
V( p* + 9°) m 


and represents two straight lines touching the circle at the 
two extremities of that diameter which makes with the axes 
z and y angles whose respective cosines are 


q P 
Kes) and wa 
What is implied in this interpretation? I think it represents 
the following circumstance. 

If the envelope of a straight line, the parameters in the 
equation of which are subjected to given conditions, is a 
complete re-entering curve, the constants representing the 
cosines of the angles which the straight line in its different 
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positions makes with the coordinate axes must be susceptible 
of the whole series of their values from -1 to 1. 

But if the relations among the constants are such that 
some particular values are excluded, a breach of continuity 
in the curve occurs. Let us suppose that there are two 
points for which this happens. Then the whole curve, 
supposed to be a re-entering one, is divided into two por- 
tions mutually separated at their extremities by the points 
in question. 

Now the envelope of the tangent to the curve supposed 
to remain in contact with one of the above portions will 
be that portion or arc itself, together with those portions 
of the tangents at the extremities of the arc which may 
be regarded as continuations of the arc. Hence when there 
are two arcs of a curve separated at their extremities by 
intermediate points, the envelope will consist of the two 
ares, together with the four branches of the tangent at their 
four extremities, that is, together with the two complete 
tangents at the separating points. 

Now in the case we have been considering, all the equa- 
tions of the system are homogeneous with reference to a, b, 
and c, except the added equation 

pa-qb=s. 


Supposing that s does not vanish, this equation may consist 
with any ratio between a and b, except the ratio of q to p. 
The straight line represented by the equation az + by =c¢ 
may pass, in contact, consistently with the conditions which 
are imposed upon it, over every part of the circle repre- 
sented by the equation 
Pepa i2 
y —" 
except the two points in which @ and 6 would have the 
above ratio, ¢.e. the two points which form the extremities 
of the diameter which makes with the axis of z an angle 


whose cosine is . Hence the complete envelope 


ee 
Vp + 9°) 
consists of the two separated portions of the circle, together 
with the two complete tangents at the separating points. 
This is in fact what the general equation (65) implies. 

If s=0, all the equations are homogeneous with respect 
to a, b, and c, and we get, on elimination, one additional 


equation, Vi. (py+gc) V\-3*) 


V( p+ q) m 





LA Mecsas « 


Seas ST ee 


iiharbes oy 


ee ed 


ss PONTE sist 


Ae le tei St 








= 


land 


con 
oth 
tior 
esse 


syst 
the 








. eae 


er 


ect 
nal 

















Differential Calculus. 7 


Now this agrees with the equation afforded by the second 
factor of (36). ‘The envelope is here reducible to the pair 
of tangents described in the previous section. 


2. Let m be less than », we have then the following 
theorem. 


TueroreEM III. If two sets of quantities z,, z,...2, and 
a,, a@,...a,, m being less than m, are connected by any 
equations u,=0, u,=0...u,=0. And if the former set, 
varying in those equations in subjection to the condition 
X=0, establish among the other set a relation 4=0, together 
with any -m additional relations X,=0, X,=0...X,_ = 0, 
among the quantities z,, z,...2,,; then the set a,, a,...d,,, 
varying in the original equations w,=0, u,=0...u,=0, in 
subjection to the condition A=0, will establish among the 
quantities z,, z,...z, a relation W=0, of which, and of the 
previous ” — m relations among those quantities, the relation 
X=0 will be a consequence, the relation W-=0 being 
moreover the essential condition of the existence of the rela- 
tion X = 0. 

If, as before, we represent the function A,w, +r,u, ... + A,u, 
by U, we have the following set of equations r+ +1 in 
number, viz. 


u,=0, u,=90,...4,=0, X=0, 
d(U+X) 4 d(U+X)_, 4(U+X) 
dz, ° dx, °° ad 


2 n 





= 0...(37); 


from which, if in the first instance we eliminate a,, a,...a,, 
Ay, A, ++» A,» We obtain z+ 1 -m equations among Z,, Z,...Z,, 
that is, »-—m equations additional to the equation X = 0. 
We shall represent these equations by X,=0, X,=0...X,_=0. 
Eliminating 2,, A,...A,, Z,, Z,...%,, we also get the con- 
dition A= 0. 

Now if in the original system w, = 0, u, = 0,...u,=0, we 
cause @,, @,...@, to vary in subjection to the condition A= 0, 
the resulting relation W=0 will, by Theorem II., be such that 
if z,, Z,..., vary in the same system, subject to the single 
condition W=0, or to that condition associated with any 
other  - m arbitrary conditions among 2,, 2,...z,, the rela- 
tion A=0 will result. Moreover this relation W=0 is an 
essential condition of the existence of A = 0. 

Hence the relation W=0 is implicitly involved in the 
system (37); since of that system A is a consequence. But 
the relations among 2,, z,...z,, involved in that system, 


n? 
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are X=0, X,=0...X,=0. Of these relations, therefore, 
Wis a consequence. Conversely, then, the relation X =0 is 
a necessary consequence of the equations 

W=0, X,=0, X,=0,..X,=0......(38), 
that is, of the »-m equations furnished in the process for 
determining A, and the one essential condition W = 0, sub- 
sequently furnished by A. : 

Lastly, as the relation W=0 is essentially involved in the 
system (37), it is an essential condition of the existence of 
X=0. 

When the relations X,=0, X,=0,...X,_,,=0, are identical 
with the relation X = 0, then that relation unfettered by 
any other condition will be established by the variation of 
a,,@,...@, in the original system in subjection to A = 0. 
W and X are then identical.* 

The geometrical application of the above results is suf- 
ficiently obvious. The problem to be solved, and the rule 
furnished by the general theorem, may be thus stated. 

The equation or equations of a given locus involving 
both variable parameters and coordinates, the number of the 
former being less than the number of the latter; required 
the conditions among the parameters under which the locus 
shall, by its successive mutual intersections, either generate 
a given fixed surface as its envelope, or execute the greatest 
possible amount of motion in contact with the given fixed 
surface. Required also, in the latter case, the equation of 
the envelope actually generated, and the equations of the 
track marked out by it upon the given fixed surface. 


Ruiz. Determine the equation of the envelope of the 
moveable locus when the coordinates are regarded as para- 
meters, and vice versd, and the equation of the given fixed 
surface is regarded as expressing the condition among the 
parameters thus assumed. Find also by elimination the 
additional relations among the parameters employed in the 
above process. 

If those relations are identical with the equation of the 
fixed surface, then the equation of the envelope above 
determined expresses the condition under which the move- 





* I am led to suspect that when there is but a single original equation 
u=0 connecting the two sets of quantities z,, 2,,..2, and a), @,..@,, the 
equations X=0, W=0 will together virtually comprise the whole system 
of relations X,=0, X,=0.. X,,,=0. At present, however, I have not 
leisure to pursue the inquiry. Should any one else be disposed to take 
it up, the examination of this point would be productive of interest. 
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Differential Calculus. 9 


able surface will have the proposed fixed surface for its 
envelope. 

But if the relations are not identical with the equation 
of the fixed surface, then the equation of the envelope above 
determined expresses the condition under which the given 
moveable surface will execute the greatest possible amount 
of motion in contact with the given fixed surface. And the 
equation of the envelope actually described may be deter- 
mined in the ordinary way. The locus of contact will be 
determined by the equation of the fixed surface, together 
with the relations above referred to. If, however, there 
exist but one such relation, the equation of the envelope 
actually described may be used in its place. 

It is probable that the above theory may appear complex 
from the great number of circumstances involved in its 
complete exposition. But it belongs to a harmonious and 
connected system, and one or two examples will suffice to 
elucidate every difficulty. 


Ex. 1. To ascertain if possible the conditions under which 
the plane, whose equation is 
AZ + bY + Zw ivccccseveccvevees (39), 
shall generate the surface whose equation is 
Atay e SIE BP sacs ccsscsccssenes (40), 


a and b being the variable parameters. 

Here we are directed first to investigate the envelope 
of (39), subject to the condition (40), when z, y, and z are 
regarded as parameters, and a and 6 as coordinates. 

Differentiating both equations with reference to z, y, and z, 


we have adz + bdy + dz =0, 
4ydz + 4xdy - 54m(z-1) dz = 0. 
Whence, in the usual way, 


“Y= - 27m(z-1) ctadaseal (41), 
from which 
- 27bm(z-1) - 27am (z - 1) 
SS oO a. 


Substituting these values in (39) and dividing the result by 
the common factor y-1, we have 


SPMD @ E. ccncesessesvasecerses (42). 
Now to ascertain whether under this condition the plane (39) 





10 On Reciprocal Methods in the 


will generate (40) as its envelope, let us, according to the 
rule, eliminate a and b from (39) and (41); we get 





— 2zy — 2zry one, 
27m(z-1) 27m(z-1) 
which gives 4zy = 27m(z- 1). 


This result is identical with (40), whence we infer that (40) 
will be the true envelope of (39) under the condition deter- 
mined. 

To verify this conclusion, let us take the equations 


OE +.by + 221 ..crccrcccsccceees (48), 
GRR ae cveccnasnesiccrnevess (44), 


and seek the envelope of the former when a and 6 vary in 
subjection to the latter. 
Differentiating with respect to a and b, we have 


ada + ydb = 0, 
27mbda + 27madb = 0; 
and, eliminating da and db, 


AS — by HO... .ccrcscccscreveees (45) 
Now if from this equation and (43) and (44) we eliminate a 
and 5, we get 27m(1 - 2} = 4zy, 


which agrees with (40). 


Ex. 2. To ascertain the conditions under which the sphere 
whose equation is 


(x-ay + (y-OP 4 Za crrccerceeee (46) 
shall if possible have for its envelope the cone whose equa- 
tion is Va? + y*) + 2 OT ccccccccrsceeseees (47), 


a and 6 being the variable parameters. 
Proceeding according to the Rule, we have 


(x - a) dz + (y-b) dy+2zdz=0, 


ad y 
——, dz + —2— = 0. 
Wey) x + We+¥) dy + dz=0 
Whence, by proceeding as before, we get the two equations 


x y 1 





(x - a) V(x’ + y’) - (y — b) v(a* + y’) ~ 2 
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The first of these equations gives 
eo 
z-a y-b 
We also readily deduce from (48) 
z= V{(x-a)’ + (y- dy}, 
whence, by (46), z=V(1-2); 
therefore z=+v}. 
(47) then gives v+y’=(r+v3y; 
whence, by (49), we find 


9 OE OBS OF vocecevevese (49). 


a Se ewe 2 be b 2 
= Tag yt te Y= Tata by 1 tas 
And if the values of z, y, and z, thus found, be substituted 
in (46), we find, after reduction, 
G4 F we (G4 VEP covevecccececceses (50) 
for the condition between the parameters a and 8. 
Now we have seen in the course of this investigation that 


the elimination of @ and db between (46) and the two equa- 
tions of (48), gave us 


an equation which is not identical with (47). Hence it is 
not possible that the sphere (46) should generate the cone 
(47) as its envelope, a and b being the only variable para- 
meters. Equation (50), however, expresses the condition 
under which the sphere can move in contact with the cone, 
the equations of the locus of contact being (47) and (51). 

To find the equation of the actual envelope, we have 


(w-ay + (y—bP S12 wrrcceseeeee (52), 
£14 sk  Lee (58). 
Differentiating with respect to a and 3, 
(27-a)da+(y-6) db=0, 
ada + bdb =0; 
whence, eliminating da and db, we get 
bx = ay. 
Hence, and from (53), we have 
a(r+v2 (r+ v2) 
O° Ve rot 00 Is yy’ 











12 On Reciprocal Methods in the 


and substituting these values in (52), and reducing, we get 
V(ai+y*)-V1-2)=rtv2 
as the equation of the true envelope, which is in fact a pair 


of tubular rings. 
We have seen that the equations of the locus of contact are 


Viei+y)+z2=7, 
z=+Vvbh. 


Now it is easy to shew that these equations represent two 
circles traced on the above rings, the one at a uniform dis- 
tance of v4 above the plane of zy on the inner ring, the 
other at a like distance below the plane of zy on the outer 
ring. It must be observed that v(1 -2*) has the same sign 
as 2. 

All these conclusions may be verified by geometrical con- 
siderations. It is obvious that a sphere of invariable radius 
(46), the centre of which is restricted to motion in a plane 
(since a and 0 are the only variable parameters), cannot have 
a cone for its envelope. But it may move so as to preserve 
contact with the cone; and it is evident that the locus of 
contact will be a pair of circles, the one above and the other 
below the plane of zy, and both of them parallel to that 
plane. It is evident also that the envelope of the sphere, 
while executing these motions, will consist of two hollow 
rings, the one girding the cone, the other touching its inner 
surface. 

We may now compare together the different cases which 
present themselves in the theory which has passed under 
discussion. 

We may state it to be the general object of this investi- 
gation, so far as it may be expressed in the language of 
geometry, to cause a given moveable locus to execute the 
greatest possible amount of motion in contact with another 
fixed locus, by the variation of certain constant elements 
in its equation called parameters. 

This is the most general object of the inquiry as respects 
geometry. It includes the determination of the condition 
under which a given envelope will be generated, for this 
will be effected whenever the given moveable locus is per- 
mitted to pass in contact over every part of the fixed locus 
which thus becomes its envelope. It includes also those 
cases in which the given moveable locus can only have 
contact with the fixed locus along some unknown line or 
at some unknown point or points to be determined. 
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Differential Calculus. 13 


And it appears that in all these cases the required con- 
dition among the parameters will be found by seeking the 
equation of the envelope of the moveable surface, regarding 
in the equation of the latter the parameters as coordinates 
and the coordinates as parameters. 

When the number of the original parameters is equal to 
the number of the coordinates, the conditions above deter- 
mined suffice to cause the moveable locus to generate the 
fixed locus as its envelope. When the former number ex- 
ceeds the latter number by m, we may introduce at liberty 
m arbitrary equations among the parameters. When it falls 
short of it by m, we obtain in the process m additional, but 
not necessarily new, equations among the coordinates which 
define the trace of the moveable surface upon the fixed one. 

Such is the theory of the inverse problem of envelopes. 
From the direct one it differs in some important particulars. 
In the direct problem the relation of the number of para- 
meters to that of the coordinates is comparatively unimpor- 
tant; the number of relations to which the parameters are 
subject is equally unimportant. One method (Lagrange’s 
one of indeterminate multipliers) serves for all cases. In 
the inverse method we have necessarily but two things 
given, the equation of the moveable and the equation of the 
fixed surface. The relation of the number of the parameters 
to that of the coordinates is here however all-important. It 
presents us three cases for consideration, the characters of 
which are quite distinct. The arbitrary functions which in 
one of those cases enter into the solution, seem to indicate 
an approximation between the results of the differential and 
those of the integral calculus. 


Application of the Method to some Problems connected with the 
Wave Surface. 


It is known that the wave surface is the envelope of the 
plane whose equation is 


Ee + MY + MZED. ceccerccces (54), 


the parameters /, m,n, v being made to vary in subjection 
to the conditions 
P+ m+n? = 1 eee ee ereoseee (55), 
P m n® 
va ob one 





© Dy 00 0c vee CSOD 














14 On Reciprocal Methods in the 


Its equation is 
2 2 2 


x 2 
spt op * oy E .ccvcesecees (57), 
in which 7” stands for z*+ 9° +2’. 

There are in the above case three coordinates z, y, z, and 
four parameters J, m,n, v. It appears, then, from the theory 
developed in the previous pages, that if we seek the con- 
ditions under which the wave surface (57) shall be generated 
by the ultimate intersections of the plane (54), we shall 
obtain one essential condition among the parameters to which 
we shall be permitted to add one other condition chosen 
arbitrarily. Let us consider these two equations as a system 
involving one arbitrary element. ‘Then, as this system re- 
presents the most general solution of the problem proposed, 
it is obvious that the two equations (55) and (56), expres- 
sing the conditions by which the wave surface has actually 
been determined, must be a particular case of the above 
system obtained by giving a particular form to the arbitrary 
equation which it involves. The solution of the inverse 
problem will therefore be something more than a repro- 
duction of the original equations of condition. It will shew 
us what element in those conditions is the essential one, 
and what element is arbitrary and might be rejected or 
replaced. 

We are then to seek the conditions under which the plane 


Tr + MY + NZ HV vecssescrecseeeees (58) 


shall have for its envelope the surface whose equation is 





2 y 
Pod Pb PH-e 
1, m, n, v, being parameters. 

_ Regarding z, y, z, 7 as parameters, and adding the equa- 
tion PAP 4 POP ccccccevccecoeses (60), 
we obtain, on differentiating with respect to z, y, z, 7, 

ldx + mdy + ndz = 0, 


x y° 2 


2 2 
z 





ns RR (59), 


adz  ydy 2dz } dr 





P-a r-8 + r- > r \r- @ + (- By + (?-eF| 
zdz + ydy + 2dz=rdr. 


Multiply the first equation by A, the third by mw, and from 
the result subtract the second. Then equating to 0 the 
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coefficients of dz, dy, dz, dr, we have 














M+ pr = ae RE (61), 

Am + py = _/ iS ptnwentinnansxwonen (62), 
r-b 

An + pz = —— Gi tetesteseeeeseeees (63), 

# : ert 2 (64). 

















(61) x —, + (62) x xp + (68) x 3 
gives, by (59) and (64), 
la m nz 
Mace . FoF : rag oe 
therefore is my -. nr neers (65). 


5+ + = 
r-@a@ r-B #r-e¢ 


Again, (61) x / + (62) x m + (63) x gives, on putting p’ for 


P+ m+n’, MF SEW ciscnccnsresivcacines (66). 
Lastly, (61) x x + (62) x y + (63) x z gives 
Bi Me OB saicenatnmmneincnes (67) 
From the two last equations, we find 
—-W0 ‘p” 
ee > a OP pe 


Substitute these values in (61), and we get 





pa —lv 2. 
rp et - r-@ 
whence, if we determine the value of z, we shall find 
x lv 
r-a ss v— a’p° 
and, in like manner, from (62) and (68) we shall have 











y mv 
rh v’ — b’p”’ 
. a 2. 
e rc v—c'p® 
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ey (68) and the two following equations by /, m, n, 
respectively, and attending to (65), we shall have, on dividing 
the result by », 

P m n° 


v ad a’p* - vy et) b*p? + v x cp = 0 eeccccece (69), 





wherein p’ stands for 7° + m’ +n’. 

Such is the necessary equation of condition among the 
parameters /, m,n, v, in order that the plane 91 may have 
the wave surface 94 for its envelope. With this equation of 
condition we can, as has been observed, associate any other 
arbitrary equation. If we choose for this purpose the equa- 
tion [+ m* + n’ = 1, the equation (69) is then reducible to 

had m nr 
o-a@ o-8 o-e 
and the original conditions (55) and (56) are produced. 

It may be interesting, however, to verify the equation (69) 
and to prove its single sufficiency, by directly investigating 
the envelope of the plane given, subject to the condition 
which that equation expresses. 

Our equations are 





> 


Ue + MY + NZ AO orcrccscescecevees (70), 
ig m n* 
- ap’ + ” Bp + ve cp? ‘ 





in which p’=/ + m?+ n°. These equations we may differen- 
tiate with reference to /, m,n, v, and apply, as before, the 
method of indeterminate multipliers. ‘The result, as I have 
found by actually carrying out this process, is the equation 
of the wave surface (57). But that result is obtained with 
a little more convenience as follows. 
l m , 2 , Oo ' ° 
Let —- =I, —=m', -=n', —=v'. Then the equations 


p p 
(70), (71) may be replaced by the following system: 





C2 +MY + WS OW ccosesccvecrevesed (72), 

e m” n” 
ae + o- BF + ee Dc cusnvcseees (73), 
PSE OM ef ccsccessscsrevenes (74) 


Now these are the very equations from which the equation 
of the wave surface is known to be deduced, excepting that 
I, m', n', v', stand for 1, m,n, v, a difference which does not 
affect the result. 
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As to the essential condition (69), we are permitted to 
annex one other condition arbitrary in its character; we 
may assume for this condition that one of the parameters 
l, m, n, v is constant. It would hence appear that in the 
equation (69) it is not necessary to suppose more than three 
of the parameters to vary, and whichsoever three of the set 
we choose, the wave surface will be the resulting envelope 
of the plane le+my+nz=v. This conclusion may be 
established by other considerations. It might in fact be 
deduced as a consequence of the homogeneity of the two 
equations (70) and (71) with respect to the four parameters 
l,m, n,v. But this circumstance is accidental. The varia- 
tion of any three of the parameters in (71), or of the whole 
four, subject or not to an additional relation, would secure 
the object proposed quite independently of any condition 
of homogeneity in the equation given. 


In (70) and (71) for =f -, s put A, p, v, respectively, and 


eS 2. 
for ree oe write a, (3, y. 
Then it will appear that the envelope of the plane 
AS + MY FVZHAL oc cccerceees (75), 
subject to the condition 
ar? 2 42 2,2 
“see Ba Bs at tA a 
p-a@ p-p p-y 
in which p’=)’+p’+vr* will be the wave surface, whose 
equation is 








$e Lee (77), 


ees atte 
Now (71) may be reduced to the form 
rn it v 
a 2 ee ery 
fc ¢-P F-4 
which would be the equation of the wave surface if A, uw, v 
were regarded as parameters. On comparing (77) and (78) 
it becomes apparent that the polar reciprocal of a wave 
surface is another wave surface whose axes are the reci- 
procals of the axes of the given one. The equation (75) 
exhibits the relation connecting the coordinates A, p, v of 
the one surface with the coordinates z, y, z of the other, 
NEW SERIES, VOL. VIII.—Feb. 1853. c 


arn hia (78), 


























18 On Reciprocal Methods in the 


and indicates that the surface of transformation is a sphere 
whose radius is unity, and whose centre is placed at the 
common origin of coordinates. The same conclusion has, 
I believe, been deduced by MacCullagh from the known 
reciprocal properties of the ellipsoid. 


If two only of the parameters J, m, n, v were permitted 
to vary, it would no longer be possible that the plane (70) 
should generate the wave surface as the locus of its suc- 
cessive intersections, but we might still ascertain the con- 
dition under which the plane might move in contact with 
the surface and the equations of that line of double cur- 
vature, which would be the locus of its successive points 
of contact. 


As another example, let us investigate the conditions under 
which the wave surface can be generated by the mutual 
intersections of ellipsoids, concentric with itself, and having 
axes coincident with the axes of coordinates. 

We will suppose the equation of the ellipsoids to be 

2 2 


x 
pt get ps Le eeecneeees (79) 


a, (3, y, the semiaxes, being the variable parameters. 

We must in this equation, and in the equation of the 
wave surface, now regard z, y, z as the variable parameters. 
But as 2, y, z only enter these equations under the forms 
2”, y’, 2, it will be convenient to substitute z for z*, y for y’, 
z for 2’, and r for 7’, previous to differentiation and elimina- 
tion. ‘This merely amounts to regarding 2°, y’, 2° as the 
variable parameters instead of 2, y, z. We shall also, for 
simplicity, make 

1 1 1 1 
Pe =, B = m, ¥ = nN, 
and we shall write a@ for a’, 6 for 3°, ¢ for c’. 
Our equations will then be 


be + my + NZ ...crcrccrecvevens (80), 
DEY AZO vrcccsscscrvcsecscens (81), 
et le atte W Biecemccind (82). 


r-a r-b r-ce 


If now we differentiate these equations with reference to 
z, y, 2,7, we shall in the ordinary way deduce 
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1 
M+ w= ——, Am+pe= 


1 
—, 2X = ——...(83), 
r-a ae ee wae $8) 


x y ——= seveeeees (84). 


2 
Cee CE) 





2 - alle » and eee 
r-a r-b r-c 
respectively, and reducing by (82) and (84), we get 


L \ 
a( in my, nz )+ mm as 
r-a r-b r-e 


Multiply the three equations of (83) by 








lx my nz 
ne a ~~ + ———— 
r-a r-b r-e 


therefore 


From equation (82) subtract (81) divided by r, the result is 
ax b 
of . & a aes i 
r-a r-b r-e 





From the two last equations and (82), regarded as linear 


’ x y z 
with respect to ——— ——., we get 
P r-a’r-b’r-c’ 8 


q a ae 
ptq+s r-b pigqts (87), 





a 
r-a@ p+gr+s’ 








- a 
r—-b 


in which, for brevity, 
pz=em-bn, g=an-cl, s=bl-am. 
From (87) we have 








Ix + my 6 naw BL 1) + nele-<) 
Prqt+s 

_ 1 (Ip + mq +ns) - lap - mbq - nes 

% ptrtqts ‘ 


Substituting for p, g, and s their values, and observing that 

lz + my + nz = 1, we get 

—la(cem - bn) — mb(an - el) - ne (bl - am) 
em - bn+an—cel+bl-—am 





l= 


> 


or, as it may be written, 
(la + 1) (em — bn) + (mb + 1) (an - cl) + (ne + 1)(b1 - am) = 0, 

wherein, if for 7, m, m we substitute their values and replace 

c2 
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a by a’, b by 8’, c by c’, we get 


(5)(-3)(GoG-2)- NEB) 


as the expression of the required condition among the semi- 
axes a, [3, y. 

I found it somewhat difficult to verify this result, but at 
length succeeded in doing so by a process of which I shall 
indicate the principal steps. 

If in the equation of the ellipsoid and the equation ex- 
pressing the condition among the axes we make the same 
substitutions as before, we .get 


da + my + NZ= 1. rcccccccees (89), 
(la + 1)(cm - bn) + (mb + 1)(an—- cl) + (me + 1)(61-am)=0...(90), 
in which J, m, are to be regarded as variable parameters. 
We hence deduce 
ra + a(cm - bn) + b(ne +1) - c(mb +1) = 0... (91), 


and two other similar equations. 
Again, from (90) and the identical equation 


a(cm — bn) + b(an- cl) + c(bl - am) = 0, 


we get 
cm — bn an - cl bl-am 


c(mb+1)—-6(ne+1) 4 a(nc+1)-c(la+1) ~ b(la+1)— a(mb+1)° 





Let any of the above fractions be represented by z Then 
(91) may be put under the form 


rr 
a Ke vosssccssccessceeseos (92), 
or Aw + a(em — bn) = k(em—bn).......4. (93). 


In like manner, we have 
rAy + b(an - cl) = k(an- cl), 
rz + c(b1 - am) = k(bi- am). 


Adding these equations, we have 
ar = k{(cem — bn) + an - cl + bl-am)} ...... (94). 


Again, multiplying the same equations by /, m, m, respec- 
tively, and adding, we get by (89), 


r + la(em — bn) + mb (an — cl) + ne(bl - am) = 0, 
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whence, by (90), 
r= cm-—bn + an-cl + bl-am ......6. (95), 
and substituting in (94), we get 
r=k. 
Substitute this value of / in (92), and we get 


































therefore atlas th 
r-a Xr 
ee n- ol 
Similarl Ao. 
imilarly ey a 
z _ bl- am, 
—<_" = 


and adding these results together, and substituting for 
its value given in (95), we have 


x z 
++ 


=1. 
r-a r-b r-e 








Replacing then z by 2’, y by y’, &c., we have 
xz 2 2 
Pog zB rae bates 





the equation desired. 


Application to Inverse Problems of Maxima and Minima. 


That problems of maxima and minima and those of en- 
velopes are intimately connected, must have occurred to 
every one who has particularly attended to them. But the 
precise nature of their connexion does not appear to have 
been pointed out. 

Let us confine ourselves to the supposition that there are 
but two variables z and y, and let us consider by what pro- 
cess we should seek the maximum value of a proposed 
function (zx, y) or «, the variables being subject to the con- 
dition (2, y) = 0. 

That process consists in eliminating the variables z, y, and 
their differentials dz, dy, from the equations 


Cee eee Comers reneeeeeeee 
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“et,  ¥) dze+@ dp(z,y. y) dy =0 
dy 


dx 


The result will be a relation connecting w with the constants 
which enter into @(z, y) and Y(2, y). We will however con- 
sider it solely with reference to w and the constants which 
enter into (2, y). 

Now the process above explained is precisely that to 
which we should be led if, regarding z and y as parameters, 
and the abovementioned constants as coordinates, we sought 
the envelope of (96) subject to the condition (97). The 
converse problem of maxima and minima therefore, or the 
discovery of the condition (97) when the form of the func- 
tion p(a, y) to be made a maximum, and also its maximum 
value or the relation which connects « with the constants 
in $(z, y) are known, will be solved in the same way as the 
inverse problem of envelopes. 

The reasoning here exemplified is applicable, mutatis 
mutandis, to cases in which the number of variables exceeds 
two. We are thus conducted to the following rule. 

To ascertain the condition which must connect the varia- 
bles z,, z,...%,, in order that a proposed function $(2,, 2,...2,; 
A,, A... y may have its maximum or minimum value deter- 
mined by. a proposed relation y(w, a,, @,...@,,) = 0, connecting 
that maximum or minimum value wu ‘with the constants 
a,,@,...@,, Which enter into the proposed function. 


due de VOY) gy a0 
a+ dy Y 


Rute. Determine in the ordinary way the conditions 
under which the function 


U— P(L,. X,...%,5 A, A,---G,,) 
shall obtain its maximum or minimum value, regarding 
U, @,, @,...@, as variables subject to the conditions 
N(U, a,, a,-..a,) = 0 

The result will be a relation — een 2,, Z,...2,, which we 
will represent by ¥(z,, z,...2,) = 

If m+1=n, the above is the ditties sought. 

If m+1<~z, the above relation still ‘suffices, but we 
can also add to it any m- m-—1 arbitrary relations among 
By Rly 

If m+1> n, we cannot in general effect our object. 

It may suffice to give a single example of this theory. 
We choose a statical problem. 
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One end of a straight beam rests against a vertical wall, 
the other rests upon an unknown curve. Required the form 
of that curve in order that, in consistence with the laws of 
mechanics, a given relation may exist between the length 
of the beam and the height of its centre of gravity. 

Let the axis of y coincide with the vertical line in which 
the top of the beam is found, and let the altitude of the top 
be y’; also let 2 and y be the coordinates of its other ex- 
tremity which moves on the unknown curve. Also let / 
be the length of the beam, and 4wu the height of its centre 
of gravity. Then we have 


P= a+ (y'-yy, 
and, by the principles of statics, 
u=yty' =a minimum. 
If from these equations we eliminate y’, we get 
ze’ +(Qy-uy=T’, 

This is an equation connecting the quantity uw, which is 
to be made a minimum with the variable coordinates zy 
and the length 7. If we knew the relation between z and y, 
we should in the ordinary way be able to determine the 
relation between the minimum value of w and J. This 
would be the direct problem. But in the present instance 
the relation between wu and / is supposed to be given, and 
that between z and y to be sought. 

Let the relation given between w and / be represented by 
x(u, 1) = 0, we have then the two equations 

2’ +(2y-uy= 7, 
x(u, 2) = 0. 
And if from these equations and their differentials relative 
to w and /, we eliminate the latter quantities, we shall obtain 
the required relation between z and y. 
Thus if the relation between wu and / be 
u= al, 
we get the following equations, 
x’ +(2y-uy -P=0, 


u-al=0, 
(2y - u) du + ldl = 0, 
du - adl = 0, 


the two last of which give 
1+ a(2y - uw) = 0. 
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From this equation and the two first of the previous system, 
we get, by elimination of wu and J, 
V(a’ - 1) 
+ ——z. 
2 
This indicates that the beam rests upon a straight line. 
Suppose in the next place that the relation between u 


and / is of the form 
8pu - p* - 16]? = 0, 


Y= 


a form to which the solution of a certain direct problem 
leads. We get the system 


2’ +(2y-uy-P=0, 
bpu — p* - 162° = 0, 
p-4(u- 2y) = 0, 
the last equation obtained by eliminating the differentials. 
From these we readily get 


yn Pt Sy p_ Spu- Pp _ p+ 16py, 
— 16 16” 


and, substituting in the first equation of the system, we find 
2 


2 
+ 16 
2+ ° Os PY 
16 16 
or 2° = py, 
whence the curve on which the beam rests is a parabola 
with its axis vertical. 

It is theoretically quite as easy to ascertain the forms of 
surfaces on which bodies of a given shape shall rest in equi- 
librium according to given laws. Probably many of the 
questions which have been discussed in this paper might also 
be solved by direct methods. But it has been my special 
object in the preceding investigations to exhibit those reci- 
procal relations in the theorems of the Differential Calculus 
which, at the same time that they lead to practical ends, 
afford interesting subjects of inquiry and contemplation. 

The application of these principles to the Calculus of Varia- 
tions opens an interesting field of investigation, in which I 
regret that I have not at present leisure to engage. 

P.S.—In the interval between the forwarding of the above paper to this 
Journal, and the appearance of its First Part, (May 1852), the general 

rinciple which it involves was independently announced, at least for 
omogeneous functions, by Mr. Sylvester (Journal, Feb. 1852, p. 74). 
From a statement which has been made to me by that gentleman, I 
believe that the priority of discovery, as well as of publication, is due to 


him, and I willingly resign my own claims in favour of one who has done 
so much to enrich the kindred branches of analysis. 
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ON CERTAIN THEOREMS IN THE CALCULUS OF OPERATIONS. 
By W. Srorriswoopz, M.A., Balliol College, Oxford. 


In the Philosophical Transactions for the year 1844, 
Professor Boole enunciated certain theorems relating to 


the operative symbol D = z s , and applied them to the 


integration of a large class of differential equations, and 
to the evaluation of certain definite integrals: and in the 
Cambridge and Dublin Mathematical Journal, Nov. 1851, 
Mr. Carmichael has extended this method by demonstrating 
the analogous theorems relating to the operative symbol 


v= does 


” dz, mn dx, 
I propose to make some still further extensions: to the cases 
(1) in which the order of the variables by which the symbols 
of differentiation are multiplied is not the same as that of 
the variables with respect to which the differentiations are 
to be performed ; (2) in which the variables by which the 
symbols of differentiation are multiplied are any linear func- 
tions of the given variables. 


Section I. 
Suppose that the series 


$15 Sy vee 


JvJy 


represents any permutations of the series 

ihc. 
and that V;, Vj,.-- are operative symbols analogous to vy, 
thus: 


Vi =, =~ + te 
' de, da, 


© ua + 
1 dz, "dx," 


Again, adopting a similar notation, the permutation 
Aide 

of the series Oy Rigas 

will be represented by the series 

Ji Pag stvececiensesiasovaseceece’ 


Vi = %; 
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and the corresponding operative symbol by V; ;; so that 


d d 
Vi,i= i, dz, + <* dz, + sccccccccccccce (4), 
and generally 
Vi,..5,6 = %,., £ +2) Z iS cscs cap eepas (5). 
‘ 4) d: 1 Vig dz, 


And further, writing 


n n 


Vejsi = see Xj, ;, a. + soo Uj Xj, pr ey + seo 
dz, dz, 


er (6), 
d” 
+ (006 Bj Bi, + o00 Bjji + 00+) eink, 
Y 
it will be found that Yj,; = ViVi — Uyijcveeeereeeeeeeeees (7). 


Similarly, 
Vasies = ViViVi -— Vi,jVi- ViVis — ViVi,i + Viai,et Vi,ai (8), 
and so on for any number of operations. But on account of 
the non-interchangeability of the order of the permutations, 
it does not seem generally possible to give a concise expres- 
sion for the operation eae 

aise 


If, however, the permutations are of such a character as to 
admit of an interchange of order, the operation in question 
may be expressed in a very brief and elegant way. Suppose, 
then, that P(7), P(j) represent the permutations (1), and 
P(j,%),... permutations of the form (3); then, whenever 
either the second or the first and last conditions of the 
following system are satisfied, 
P(j, k)= Ph, 7), Plh, )= PU, k), Plt, 7) = PU; 1).-.(9), 
there will result 
Vije= Vigo Vice= Vins Vig = Vii covers (10). 
And if, besides, either the first condition or the last two 
conditions of the following system be satisfied, 
PL j,(k, t)} = P{(K, i), J} } cv ceeeeees (11), 
Pik, (@, J)} = PUGS) A} 
the equation (8) may be written in the following symmetrical 
form, 
Vain = ViViVi — ViVi,a — ViVa,6 — VaVi,5 + 2Vi,5,4¢+-(1 2). 
This may, for convenience, be called the symmetrical case. 
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It is not difficult to form the permutational equations cor- 
responding to (9) and (11) for the four systems P(?), P(/), 
P(&), P(1); and when they are satisfied, there will result 


Viewis = VIVINGV: 
~ ViViVigg — ViV iV — ViViVi,: 
— ViVVi,4 — AVN: -— ViVi, 
+ 20,054,104 2050.40 + 205,04 20M iin 
+ ViVi,“ + Vi,iVa,i + Ve,Vi,5 
= 6V,, kJ, 
The analogy between the structure of these functions and 
that of determinants suggests the following symbolical 
notation : 
(¢, t) = Vis (757) wa Vi» (k, k) = Vy5 eee 
(J; #) (AJ )=Vj,49 (k, t)(@, k)=Vu,is (4,7) (931) =Vijrr 
(9, 4)L7) G &) =Vi,4,09 (k, 1) (2, k) (0, ¢) =Vi,i,09 
(7) (Ls) = Vi,iier 


...(18). 





(14), 


in which it will be observed, that whenever a letter occurs 
twice in the left-hand members of these equations, it is 
to be inserted once as a suffix in the right-hand members ; 
a remark which will sufficiently explain the general forma- 
tion of the new symbols. ‘The equations (7), (12),... may 
then be written as follows: 








Vii = (2, t) (2,7) eee eeccccecccoce (15), 
(Js *) (JJ) 
Vise @ 1G, © CF) Gy B) | cccrescscese (16), 
(93) (93.9) (95 &) 
. , (k, t) (h,7) (h, hk) 
and genera 
‘ , Pre 6G 8) GF) ee GO| cvcesesceees (17). 


(22) (DJ) (Js OD 


4%) bs) GY 
Or, adopting Mr. Sylvester’s notation, 


fe 47) a i,j, k 
Visi ee) Vissi or ip 
7 aa 


Verret le y;.. 8) 
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These formule enable us to find a symbolical solution of 
a certain class of partial differential equations; in fact, if 








°r fi d" By d" 
2, Te + 2,"2! : amen 
+ S22" a Feo = Vpee sei (18) 
1 ig ore dz dz’... eso leer jet eerees ’ 


in which the number of quantities @, 7,...7, is m, and 
at+B+...=a,+B +..2Xt pt... =pt ot... =m.(19). 


Then, supposing the order of the permutations to be 
interchangeable, «.e. supposing the case to be a symmetrical 
one, the operative function on the left-hand side of (18) 


ft, fyb ; 
: eg i. Th Te ee (20): 


and if there be formed other similar expressions 


eae ‘Aen J") 
ee A Oe ol ae 
the differential equation 


’ d” 
(Az,*2f...+ Bu,*zf...+ . 


) ae 





, d 
+ (Aza fr... + Bo,'zPy... +...) 





dx," (21), 
NLC a EES Spee ee eee CeO 8 
d"u 
x 
+ (Adz)z".. .+ BSz, af.. + +) Toedes... 
i Astle daennduliciaiaineatiehaniibacenneit =@0 J 


(© being any function of the variables z,, z,,...) may be 
expressed thus: 


ft, Jo- | oo L os 
A Ld, Sl +B BS y cd + 000 Oo... (22), 
and its symbolical solution will be 
u= F(V) © + FV) 0.....ccccceeeee (28), 
t A 
; fob y wlll Ta 
where F(v) = [44 Li, Sroncd + .f.:. at (24), 
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Calculus of Operations. 


Section II. 


Let a d d 
B= both + al 
1 2 
- d Be Dvnwanneness (25), 
By Eu at bn a + ‘| 


where 


Fy, = 4,27, + 8,2, +, &, = a,2, + Bye +... 
(26). 


E., = a,,2, + B,,, Fees §,, = at, + 8,2, tose 


POP OHHH EEE EEHH EEE EEEE EEE H FO EEEEHEH EEE EEE EE EEE EE EEES 


a ad’ da’ d’* 
Fo = ¢..8., dz? + en da, Feet (32. + &£.) dz,dz, +...(27), 
Fray = Ae, (4,.84+ By bat) 7 = (4,.€.,+ B,.E..++++) an + see 
1 2 
— hm d 
™ EE —{(a,,0,,+B, a4 vee), 4 (,,8,,+8,,8,.+. 11) Byte. } a 
1 


-{(a,,4,,+8,,0,,+. +0) @ + (a,,8,,+B,.8,,+- my ee = 


COOH EH EEE EEEHE EEE EEEEH EEE EHHEEE OOH EEE EEE EEE EE EES 





21 21 
tt Buta t= 519 AuBytByBut-™ 19 2 


21 21 .+.(29) 
At) By t += 5,» 434+ BrBa+ ++ 95 see , 


POPPE OHHH OEE OEE HEE EEEEHHEEHEEEEES EEE EE HE EE EEE EEED 


all which may be comprised in the following formula: 














a, @,++- || a, B,,... 

B., B.,- Gig My2*** 

sah cn a: Re eee 30 
11 12 _ 
21 21 
21 22 
eoccccccccce J 





which equation is to be understood disjunctively, ¢.e. each 
constituent of the product of the two determinants on the 





ae 


ae 
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left-hand side of the equation, developed as indicated in (29), 


is to be equated to the corresponding constituent of the deter- 


minant on the right-hand side. ‘Then 

















eee | ee ee cs wed ee - 
ware Wat 1g Jde yan” 92° J de, S 
alot ad Weal , (31) 
suppose. In the same way we might write =~" , 
Ag, Bgy eee || Oy, App eee || OH, Byers | 
B,, By. B,, Ba++ | % Byys +s | 
ssbeiiness | aaiieene: EE Saanieens 
= | 3821 321 
<i, TR Cerrar (32), 
321 321 
21 32°" 





and there would result 


_ ia! — ih mt hem — bm — a 
(= sBrte -# ee in +4 +2 (33) 
3+2+1 6 3,2°™1 2°"3,1 oer . 3, 2,1 2,3, 1° ° 4 


And similarly, the process might be carried on to operations 
of higher orders. To this class of index symbols there cor- 
responds symmetrical cases analogous to those mentioned 
in §1. For supposing that, instead of (28), we consider the 
following equation, 


~ 


Fis = Ae - (48, « By €.++++) dz. ~ (H,, + nite) dz. eRe 
1 2 
mies d 
= £,2,- { (04,,04,, +B yQyst++)@,4+( OB, +88 +--+) Zit} = 
1 


— {(4,,0) +B Mats) + (MyByy+BygByyt+++) Lyte} < 


CORPO ORE H HEE EEE HEHE EEE EEHEE EEE EEHEHEEESESES EE EEES 








| bat ee « + aS oy Fn : + 
dad wade wheel "eS Gale ele 4 


suppose. ‘Then, if the disjunctive equation 


18 13 _ 21 21 

mas” nw, 

12 12 21 21) reeeeeeeeeseeee (35) 
si: 93°"* #1 sR” 


Seeeeeeseeee eevee ereeee 
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Calewlus of Operations. 


holds good, there results 


lt 


1,2 2,1° 


And consequently, adopting a notation analogous to that 
given in (14), ¢@e. writing 


(1,1)=2,, (2,2)=2,, (1, 2)(2, 1)= 2, ,...(87), | 


| er eee (38). 
(2, 1) (2, 2) 


Similarly, if the disjunctive equation 


we have Ea = 





PI PY 9P W 

uw" he” 

PY PY a 9P IP 7 acon (39) 
21 22 °° 21 22 


hold good for all values of » and g from 1 to 8 inclusive 
(p and g however always being different); there will result, 
from the three cases 

P:V=2,35 pr,V=3,13 Pra, Qe (40), 
the following relations, 


— 
_ 
2,3 


hi 


— — 
= - 
— = o- 


1,39 
And further, if the system, of quantities 


PY par 
2 foe 


pqyr pqy Poorer ereeeeeeeeeess (42) 
21 22 eee 


eee eeeseseees 


are independent of the order of the quantities p, g, 7, there 
will result a ty 


ti 
ll 


and consequently (33) becomes 


— — | jo — — a — 
= a a -_- — 
_ > mt ght het Pied 


34241 sa — Ay Are, s re EAE, 2B, o,1++0(44); 
and, extending the notation (37), this may be written 
(1, 1) (1, 2) (1, 8) 


(2, 1) (2, 2) (2, 8) 
(3, 1) (8, 2) (8, 8) 


— 
_ 
tad 


34241 
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And generally, if the system 


a2, 4; 11,468; 
ll 12 

Sifyneety Hyena) erterseeseereeens (46), 
21 23 Ct” 


Pee eeeeeeeeseseseeene 


for all values of 7 from 2 to x inclusive, and for all values of 
t,, t,,--.4; from 1 to m (m being the number of the variables) 
inclusive, remains unchanged by any permutation of the 
order of ¢,,...4;; the case will be symmetrical, and 


a cal™ (1,01, 2)...(1, 2) eeeubeen (47), 
(2, 1) (2, 2)...(2, 2) 


(m, 1) (m, 2)...(m, 2) 
which may for convenience be written, as in §.1, as follows, 
1, 2,...2)] 
¥ 2,...mf 


This expression will enable us to find a symbolical solution 
of another class of partial differential equations, namely the 
following : 





d"u d"u d"u 
U —— +...+4W —_— }4...=®@... 
dz,” ? V des sirius dzdz,’... 7 abit 
where ptor+...=U, 


U=AU,+ BU, +... 
V=AV,+ BV,+... 


eee ee eererereserereseesees 


the general type of U,,U,,...V,,V,,...W,, W,,... being 


Us= (a2, +82, +...) (4,0, +B,2, +...) » £6.48 

Ve (a,'2,+B,'7,+...)(4,2,+B,/2,4+...)..= &b...8" 

csi alaahlibaabacactepeindel salieaivekuneasnciincsineinnarsas (50), 
We=2 X(a,'2,+B, z,+-.-) (a, 2,48, 2,+-..)...= SEE..E 


COCO S HHS HHEE EE EEEE EEE ES ESE EE ESESHHEEEETEE EEE EEE EEE EE EEE EES 


and it being further supposed that 


EE...Eo" + EE...’ +...4 DEE...E aR... (51) 


is resolvable into linear factors. 
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Calculus of Operations. 


Then the equation (41) may be thus transformed : 


it. ae f1', 2',..en" 
A B wwe WD ics one ; 
Tm Oe ee c. pe, . ent tia 
and, as before, its solution may be thus expressed : 
= B(E) © + B/E) O .....cseececees (53), 


1, 2,...” c. Gesd ‘' 
oe) =[a (hOB, Toa 
whens Ot) [ ae Neg S a 





ON A PHYSICAL PROPERTY OF THE GENERATORS OF THE 
WAVE SURFACE. 


By Witt1am Watton. 
In the May Number of the Mathematical Journal for 
1852, I have shewn that the wave surface may be generated 


by the movement of a curve of double curvature, defined 
by the equations 





y’ i z at. A 
BY 
2 2 
<-S= a CREE Tes (1), 
2 2 
—-“*=@-0 
nu po J 
and subjected to pass through the three directors 
z=0) 
yt2=a’)’ 
y=0) 


2+ = by’ 


z=0 
x + y’ = Ce ? 

the condition of passing through these directors being in 
fact, as there shewn, equivalent to the two algebraical 
conditions 

1+A+pt+v=0, 

ra? + wb? + ve* = 0. 
NEW SERIES, VOL, VIII.-Feb. 1853. 
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I propose now to shew that these generators possess a 
remarkable physical property. 
In the paper referred to 1 have shewn that 





2 
ac tal sg 
x a 
2 
ee (2). 
BM 
a 
a ae 
v ) 


Differentiating the equations (1), we see that 
de:dy:de::™:%:", 
zZ¥ 2 
and therefore, by (2), 


oe ee ee ee 
de: dy: dz i: 7—]! Bi a sonnese (3). 





But, a, 8, y, being the direction-cosines of the line of vibra- 
tion at any point 2, y, z, of the wave surface, we know that 
(see Griffin’s Double Refraction, p. 11) 
‘.-.-* 
-v B-v  c-o 





a: Biya 5° 


Also (see Griffin’s Double Refraction, p. 18) 


z@-v y B-v z ¢-v 








7 PoP ase a Fe 
ae a Pe 
Hence aiBiyt Sip aia dsminnones (4). 
From (3) and (4) we have 
dx dy dz 
=" R"s Tucci iiss (5). 
a Y 


The equations (5) establish the following proposition : 

“ The line of vibration at any point of the wave-surface is 
a tangent to the generator which passes through that point.” 
Or, which amounts to the same thing, 


“The tangent at any point whatever of any generator of 
the wave-surface is a line of vibration at that point of the 
surface.” 


Cambridge, July 28, 1852. 


Saker eet 
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THE CONDITIONS OF SIMILARITY OF TWO SURFACES OF 
THE SECOND DEGREE NOT SIMILARLY PLACED. 


By Tuomas Weppte. 
Let 4,2°+ A,y*+A,2°+ 2B y2+2B,cz+2Bzy =U...... (1), 
and a,x + ayy’ + a,2° + 2byz + 2b,cz + Wey =U......(2), 


(where U and w are of the first degree) be the equations to 
two similar but not similarly placed surfaces of the second 
degree. 

Let (1) be transformed so that the new coordinate axes 
may be parallel to its principal axes, then its equation will 
be of the form 

PP 4 Ff + PP OD ceressussesaeee (3). 


In like manner let (2) be referred to parallels to its principal 
axes, and its equation will become 


BE + PG + Pe OW .cercccceserserees (4). 
Now though the two surfaces are no longer referred to the 
same axes, yet either system of axes may be turned round 
(carrying its surface along with it),‘and made to coincide 
with the other system: if this were done, the two surfaces 
would then be not only similar but similarly placed, and 
hence the conditions of similarity are 


< _,  e (5) 
Py P, Ps 


But (Gregory’s Solid Geometry, chap. 1v.) P,, P,, P, are the 
roots of the ‘discriminating cubic’ 
(P-A,)(P-A,)(P-A,) mt BX P-A,)- B.(P-A,) 
- BY P-A,) - 2B, B,B,=0...(6), 
that is, of 
P*-(4,4.4,+.4,) P*s(4,A,+.4,4,+.4,4,-B?-B?-B?) P 
-(A,A,4,+2B B,B-A,B’-A,B}-A,B,)) = 0...(7). 
In like manner, p,, p,, p, are the roots of 
p-(a,+ a,+ a,) p'+(a,a,+ a,a,+ a,a,- b,°-b2—b,) p 
- (a,a,a, + 2b,b,,- a,b,’- a,b," a,b,’) = 0...{8). 


Now it is evident from (5), that (A being properly assumed) 
if we substitute AP for p in (8), (and divide by 2’), the 
resulting equation will be identical with (7); hence equating 
bd2 
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the coefficients and eliminating X, we find the two conditions 
of similarity to be 


A,A,+ A,A,+ A,A,- B?-B;-B? _a,a,+.a,a,+4,a,-b?-b,-b, 
(A,+.4,+.4,) 7 (a,+4,+4,)° 
A,A,A,+2B, B,B,-A,B}-A,B2- A,B; 
(4,+4,+4,} 








2 2 2 
= @,a,a,+ 2b,b,5,- a,b, -a,b, -a,p, 
(a,+ a,+.a,) 








When the surfaces (1) and (2) are referred to oblique axes, 
the conditions of similarity (which are of course much more 
complicated) may be found in the very same manner, the 
‘ discriminating cubic’ in this case being 


(P-4,)(P-A,)(P-A,) - (fP-B,)'(P-A,)-(gP-B,)(P-A,) 
-(hP-B,)(P-A,)+2(fP-B,)(gP-B,)(hP-B,)=0...(10),t¢ 
where f, g, and h are the cosines of the angles which the 


axes make with each other. 
The analogous condition of similarity for two conics 





Az’'+ By’ + 2Cry =V.......cccceeees (11), 

and az? + by? + Dory = 0 .....cccecesees (12), 
AB-C’ ab-¢ 

PEER. nesenntonanncne 13), 

amnnty (A+B) (a+6) cm) 


(the axes being rectangular), is ascribed by Mr. Salmon 
(Conic Sections, p. 204, 2nd edit.) to Mr. Jellett. It may be 
investigated in the same manner as (9) from the quadratic 


(P— A)(P— B) —C? = 0 on. .cccreceees (14). 
If the axes be oblique, then, instead of (14), we shall have 
(P-A)(P- B)-(fP-CY =0......... (15), 





* By nage | each member (multiplied by 2) of the above equation 
from unity, it will assume the form 


A,*+A,4+A,+ 2B2+2Bi+2B? < a,*4a,? + a.) + 2b," + 2b," + 26,* 
(A,+A,+ A,)* gi (a, +a, +45) . 





+ I am not aware that (10) has been published before; certainly it is 
not generally known. I intended giving the investigation in my Chapters 
on “Analytical Geometry of Three Dimensions relative to Oblique Axes,” 
in the Mathematician, but the discontinuance of that work prevented the 
completion of my design. It will be observed that (10) differs from (6) 
only in having f/P — B,, 9P- B,, hP—B,, instead of —B,, —B,, — B,. 
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where f is the cosine of the inclination of the axes; and the 
condition of similarity will in this case be 


AB-C ab -c* 





In the preceding investigation the two surfaces (or conics) 
have been supposed referred to the same axes. If, however, 
they be referred to different axes, the conditions of similarity _ 
will evidently remain unchanged providing both systems of 
axes be rectangular; but if the axes be oblique the con- 
ditions, which are easily found from (10) or (15), will be 
somewhat different; thus (16) will become 

(AB-C*)(1-f") _(ab-¢') (1 -f") 
(4+B-2fC¥ = (a+b-2f"cP ’ 
(AB-C*)sin*w — (ab-c*)sin*w' - 
sad (A+ B- 20 cosw) @+b- 20 coswyi 7" ), 


w and w’ being the inclinations of the two systems of axes. 











York Town, near Bagshot, 
Jan, 21, 1852. 





EASY METHOD OF FINDING THE MOMENTS OF INERTIA OF 
AN ELLIPSOID ABOUT ITS PRINCIPAL AXES. 


By the late G. W. Hearn.* 
THE equation to the ellipsoid being 


x y 2 


atta! eecccccoces eccecccece (1), 
make z = az’, y = by’, and z= cz’; then, at the surface, 
PE ALON svicincisitninttpnies (2). 


Let A, B, C be the moments of inertia about the axes of 
Z, Y, 2, respectively, and p the density ; therefore 


A= pfff(y'+2) drdy dz = pabef [ {By + cz*) dz'dy'dz' 
= abe{b’.2m'y” + c.3m'z"}...(3), 


where (z'y'z’) denotes any point within the sphere (2), and m’ 
the element (of the sphere) at that point. 





* Communicated by Mr. Weddle. 
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Now, in the case of a sphere, we evidently have 
Sm'x? = Tm'y? = Sm'2? = Im'(z? + y?+ 2?) = Sm'r”, 
and m' = p.4nr°.dr' ; 
also, (2), the limits of r’ are 0 and 1, therefore 
Saan‘ad® 1,6 J7..! 4 * 
=m'r" = 4p [, r'dr' = sp ; 
and Sm'z" = Sm'y” = Tm'z" = erp. 
Hence, (3), A = abe(b?+c°) ap = ji wpabc(b* +c’). 
But , the mass of the ellipsoid, = 4zpabe, therefore 
A=!M(b+); 


and B and C may of course be found in a similar manner. 





THEOREMS ON COMBINATIONS. 


By the Rev. Tuomas P. Kirkman, M.A, 


Ir has been observed by Mr. Cayley, somewhere in the 
Philosophical Magazine, that two systems, and only two, 
of triads can be made with 7 symbols abcdefg, so that the 
* systems shall have no common triad, and that each of them 
shall exhibit once every duad possible with the symbols. 


From this it follows that 

A. With seven symbols can be formed 21 triads, so that 
every duad possible shall be three times employed. 

These 21 triads are those which remain unemployed in 


the two systems of seven. 
To every triad, abc, belongs a complementary quadruplet, 


defg. It is easily seen that 
B. Two systems of seven quadruplets can be made with 


seven symbols, each system twice exhibiting all the 21 duads, 
and so that the systems shall have no quadruplet in common. 


C. A system of 21 quadruplets can be made with seven 
symbols, so that every possible duad shall be six times em- 


ployed. 
These are the 21 quadruplets that remain after the forma- 
tion of the two systems of seven. 
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If abcd, abce, abcg are three of these 21, then will cdeg, 
bdeg, adeg be three others. 
With 9 symbols can be made seven different groups, each 
of twelve triads, every group exhibiting all the duads once. 
'This is not new. 


D. With 13 symbols can be made three different groups, 
each of 26 triads, each group containing all the duads once. 

The following, 

Aaa, abe aab bbe cca 

Aa,a, 111 182 183 148 

Abb, 184 241 242 231 

Ab,b, 223 144 144 184 

Acc, 241 283 2381 242 


Acc, 348 
312 
424 
432 
where the second column is a,b.c,, a,b,c,, &c., is such a 


group. If 1 and 3 be exchanged, and also 6 and ¢, a second 
is formed ; and a third, by exchanging in the first 1 and 4, 
and cyclically permuting cba. Whether any more such 
groups can be made without repeating any triad of the 
three groups, I know no simple method of deciding. 

If we write out the duads of 8 things, hek/mnop, thus, 


hi hk hi hm hn ho kp 

ko wp tk tl im mm io 

In lo mo kp kl km In 

mp mn np no op lp Im 
we may prefix to the columns in order the seven letters 
abcdefg, thus forming the triads ahi, ako,...bhk, &. We 
can then cyclically permute abcdefy in these triads five 
steps, and thus make five systems, each of 28 triads, in 
each of which systems all the seven abedefg will once be 
combined with all the eight hiklmnop. If we form with 
the seven the 21 triads of Theorem A, and add to these 
three of the five systems of 28 triads, we shall have 15 
symbols thrown into triads till every duad has been thrice 
employed, without repeating a triad. The two remaining 
systems of 28 form, with the two systems of 7 triads men- 
tioned at the beginning of this paper, two distinct arrange- 
ments of 15 things in triads, each exhibiting all the duads 
once, and having no triad in common. ‘The sum of the con- 
structed triads contains every duad five times. 
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If we now write out the pairs of the 8 symbols abcdefgp, 


tes, ab ac ad ae af ag ap 


cg bp be bd be bf bg 
df dg eg cp cd ce eof 
ep Sf fp fy pw wp de 
and prefix to the columns in order the two sets of 7 letters 


lh, kn, mh, ko, im, ol, in, 


thus forming the 56 triads lab, hab, leg, heg, ...kac, nac,... 
oag, lag, &c.; it is evident that we shall twice combine 
every one of the 8 abedefgp with each of the 7 hiklmno, 
and that we shall have twice employed all the pairs possible 
with the eight. Also our 56 triads are all distinct from 
those above formed with the 15 symbols; for we have 
before made none containing a pair only of the seven 
abedefg, and of those which we have just made contain- 
ing p, none have occurred before ; /ep and (dp, for example, 
which we have just formed, are new, because /p was com- 
bined before only with the five letters fgabc, and not with d 
or e. If we now form two distinct sets of 7 triads with 
the 7 elements Aiklmno, each set exhibiting all the duads, 
we shall have triads completely new, as containing each 
three of these elements: these 14, added to the twice 28 
just made, are a system of triads made with the 15 symbols 
to exhibit every duad twice. ‘These being added to the 
system before formed which contains every duad five times, 
make up a system of triads, all different, which contain every 
duad seven times. The remainder of the possible triads will 
contain every duad six times. ‘Thus we can add the theorem 


E. With 15 symbols triads can be formed, so as to exhaust 
every possible duad once, twice, three, four, five, siz, seven, 
eight, nine, ten, eleven, twelve, or thirteen times, and so that 
no triad shall be twice employed, whichever of these numbers 
we fix upon. 


F. With (12n+8) symbols can be formed triads so as to 
exhaust the duads 6n—-\ or 6n+2 times ; and with (12n +7) 
symbols, so as to employ every duad 6n + 1 or 6n +8 times. 


This latter theorem is proved by writing all the triads 
possible with 6% +1 (or 6x+ 3) things, and prefixing 6n-1 
(or 6% +1) of these things to the duads made with the 
remaining 6n+2 (or 6%+4) things, which can easily be 
done without repetition of any triad. 
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From Theorem D follows easily that 


G. With 27 things triads can be made till every duad has 
been either twice or thrice employed. 


Mr, Salmon, discussing, at p. 196 of his Higher Plane 
Curves, the double tangents of curves of the fourth order, 
has laid bare, by a single stroke of his bright analytic 
wand, the pleasing property, that 28 things can be thrown 
into quadruplets till every duad has been five times em- 
ployed. I find that this is a case of the following theorem: 


H. 4(3n+1) things can be arranged in quadruplets till 
every duad has been 2n+1 times employed. 


To prove this we take 12n+3 symbols, viz. the three 
bed, the 4n unaccented letters efghz..., the 4n accented 
efghiy'..., and the 4n subaccented e,f,g,h,t,7,..., and 
arrange them thus: 


bcd 

bef céf’ def, eee, ff'f, 9¢'9, hf ‘h, te’?, 
bgh  eg'h’ dg h, egg, flth, ggi, hh, igh, 
by ty’ diy, ett, Oj, gtk, hl, : 
bl ck’ dk, = ekk, fll, gh'm, hin, 


Here the second vertical rows of the even columns after the 
second are always the same 2n accented letters, and their 
third vertical rows are the 2m cyclical permutations of the 
same series subaccented. The second vertical rows of the 
odd columns after the third are all one accented series, while 
their third rows are that series subaccented and cyclicall 

permuted, the series being the remaining half of the 4n 
letters. 

The number of the columns is 4m + 8, equal to that of the 
unaccented letters abcde..., any one of which heads every 
triad in one column. 

The number of triads in every column, excluding the 
triplet ded, is 2n. 

It is evident that each of the 12”+8 letters occurs 2” + 1 
times, and that no duad is twice employed. If then we 
prefix a to every triad, we shall have quadruplets abcd, 
abef, ace'f’, &c., in which a is combined 2 +1 times with 
every other symbol. Let us suppose that @ is thus prefixed 
throughout. 
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We next execute the law, that if «880 and aBu@ be two 
quadruplets, 5049 shall be a third. It will thus come to 
pass that every duad will be employed 2” +1 times, and 
no more. For every unaccented duad will occur 2n+1 
times, as cd or ce. ‘The former occurs in adcd, and the 2n 
quadruplets edef, cdgh, cdij, &c., made by our law from the 
first column. ‘The second and fourth columns give us ace'f' 
and aee'e,, whence comes cef’e,; as also ceh’g, from acg'h' 
and aeg'g,; and in the same way 2n quadruplets containing 
ce can be added to cdef. 

Also, every duad containing @ and an accented or sub- 
accented letter, occurs 27 + 1 times, as ae’, which is found in 
ace'f’, aee'e,, age'g,, &e., from the 22+ 1 even columns: 
ae, occurs in ade, f,, aec'e,, and 2n-1 times more from the 
6th, 8th, 10th, &c. columns : ah, occurs in adg,h,, afl’h,, &e. 
made from the third and 2n more odd columns. ‘The duad 
ee, occurs once in aee’e,; and if we write under this quadru- 
plet the other 2n, which contain the duad ae’, our law will 
give us 2 more containing ee,. 

The duad ef’ occurs once in ace'f’, and 2n times more in 
the quadruplets e’f'g'h', e'f't'7', &c., made from the second 
column. 

The duad ef, does not appear in the quadruplets which 
contain the letter a; but aee'e, and ade, f,, appear, wherefore 
ede'f, is a quadruplet, under which, if we write the remain- 
ing 2x which contain ed, we shall deduce by our law 2n 
more containing ef. In this manner it can be proved that 
any duad possible with the 12%+4 symbols occurs 2n+ 1 
times, and the Theorem H is established. 

I shall conclude with a theorem interesting both in itself 
and for the simplicity of its demonstration. 


J. 2" young ladies can all walk out in fours day by day 
till every three have once walked together. 


First, let 2 be even and = 2m. 


Take for the 4" symbols the m-plets that can be made 
with the four letters abcd. very triplet formed of these 
symbols is completed in one way only into a quadruplet by 
the simple rule, that no quadruplet shall have only three 
r‘” places either like or unlike. 

Thus the triplet (supposing m = 6) 


abbadd . bbcaab . cdaaaa 
becomes by this rule 
abbadd . bbeaab . cdaaaa . dddade. 
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In fact, if three r** places in the triplet are all different 
letters, the 7" place of the fourth symbol is the remaining 
fourth letter; if they are all one letter, the fourth r™ place 
is that one; if they shew two letters only, the fourth shews 
the odd one. 

Let any of these 4".(4"-1)(4"-2): (1.2.8.4) quadruplets 
be chosen at random. It will either exhibit, or not, some 
four e places (for one or more values of e) comprising all 
the letters abed. Such values of e in the above quadruplet 
are the first places and the sixth. Let the four places 
answering to the least such value of e be suffered to stand; 
in this case e = 1, the units’ places, dbac. Permute now 
cyclically abed in the four (e+ 1)" places: this gives, in- 
cluding the one before us, four 4-plets, having no symbol 
in common, and all alike in their e places. In these four 
permute abcd cyclically in the (e+ 2) places, which pro- 
duces 4° quadruplets, having no common symbol: and if 
the same cyclical permutations be effected in all these in 
their four (e+ 3) places, there will arise 4° such 4-plets. 
Continuing these permutations of abcd in all the m places 
except the e”, we obtain 4"° 4-plets, in which the 4” 
symbols are exhausted. It is easily seen that every quadru- 
plet in this group of 4”° will, if thus treated, produce this 
same group, and nothing more. ‘Thus it is proved that 
every 4-plet, which exhibits four unlike e places, deter- 
mines a group in which all the symbols are exhausted, and 
can only determine its own group. 

Take next a quadruplet in which no four e places 
exhibit the four letters. ‘There must be in it four e” places 
exhibiting a pair, and also four e,"" places exhibiting a pair ; 
for Aa.Ab. Ab. Aa cannot be one of our 4-plets, because 
the symbol Aa is repeated in it. Let such a quadruplet, 
for example, be 


(...abbb) (...acdb) (...bedb) (...50b0). 


We take the lowest values of e and e,, which in this instance 
are e=2, e,=8, counting from the right. We conceive abcd 
to have rank or magnitude rising in that order: then we 
exchange the pair in the e places for the excluded pair, 
the less for the less and the greater for the greater. ‘This 
gives two 4-plets, including that before us. Next, in the 
e," places we exchange the pair exhibited for the excluded 
pair, the less for the less and greater for greater. This 
makes our two into four 4-plets, having no symbol in com- 
mon, any one of which, treated in the manner laid down, 
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will produce all the four. If we now continually cyclically 
permute abcd in all the places except the e® and the e,", 
we shall make our four quadruplets into 4”", all different 
in their elements, and therefore comprising the 4” symbols. 

We have thus proved that every triplet possible with the 
4" elements or m-plets, determines one quadruplet which 
determines one group of 4"". That is, any three young 
ladies who choose to walk together on any day, determine 
the arrangement of all the 4” for that day. 

To prove the truth of the theorem when x is 2m+1, 
we add to the former 4" m-plets made with abcd, the 4” 
m-plets made with abed. We then join to our rule above 
given, in which a and a, 6 and b, &c., are like letters, the 
following: no guadruplet shall have only three italic or roman 
symbols. This determines, with the preceding rule, the 
fourth element to be added to any triplet. ‘Thus, if out 
of 512 young ladies the three (abbd), (abd)), (adaa), choose 
to walk together to-day, their companion must be (adac), 
and this quadruplet determines the arrangement, for the 
day, of the 512. 

For such a 4-plet must either have, or not, both italic 
and roman symbols. If it has not, let them be all italic. 
We can, by the preceding argument, form by it a group 
of 4"' 4-plets comprising all the italic symbols, and under 
these we can write the same group in roman letters. ‘This 
completes the arrangement of the 2.4” ladies for the day. 

If the quadruplet has both italic and roman symbols, it 
must either have, or not, some four e“ places exhibiting 
four unlike letters, for one or more values of e. Let it 
have them, and take the least such value; then let the 
four e places stand, while the cyclical permutations are 
effected in every other four r places. This gives us 4" 
4-plets having no symbol in common, under which, if we 
write the group of 4"", which differs therefrom only in 
the exchange of italic and roman letters, we shall have 
the 2.4” ladies arranged for the day. 

If the quadruplet having both roman and italic letters 
exhibits no four e® places containing four unlike letters, 
it must exhibit four e places containing a pair of unlike 
letters. Let such a quadruplet be, m= 4, 


abbd . abbd. adad . adad, 


in which the least such value of e is e=2. As these tens 
or second places, 4, b, a, a, are all different, though only 
of two names, we can let them stand, and cyclically permute 


























On a Class of Ruled Surfaces. 45 


as before in the other places, thus obtaining 4"" quadruplets 
having no symbol in common. ‘Then, putting in the same 
e places dd for bb, and cc for aa, less for less, as before, 
we obtain, by a like course of cyclical permutations in the 
remaining places, another group of 4”° 4-plets, which, 
added to the preceding, completes the arrangement for the 
day. And it is easily seen that any quadruplet of any of 
these groups of 2.4", if treated in the manner prescribed, 
will give rise to its own complete group and to nothing 
more. Thus the Theorem J is established. 

When n=4 in J, the triplets combined with any letter a, 
are those required for the solution of the problem of the 
15 young ladies. But I do not see in the case of n=6 
any step towards a like handling of 63. 


Croft Rectory, near Warrington, 





ON A CLASS OF RULED SURFACES. 
By the Rev. Gzorce Satmon, 


Tue remarks of Mr. Cayley in the last No. on “ Ruled 
Surfaces in General” (vol. vil. p. 171) have led me to ex- 
amine more particularly the nature of the surface generated 
by a right line resting on three directrices, which we shall 
suppose to be curves of the degrees m,, m,, m,. 

First, then, it is plain that the directrices are in general 
multiple lines on the surface of the degrees respectively 
m,m,, mm,,mm,. For through any point on the first curve ° 
pass m,m, lines of the system; the intersections, namely, 
of the two cones having this point for a common vertex, and 
resting on the curves m,, m,. 

The degree of the surface is equal to the number of 
lines of the system which meet an arbitrary right line; 
it is therefore equal to the number of intersections of the 
curve m, with the ruled surface, having for directrices the 
arbitrary right line and the curves m,, m,; or it is equal 
to m, times the degree of this latter ruled surface. And 
by a repetition of the same argument it appears that the 
degree of the surface is 2m,m,m,. 

The intersection of two lines of the system gives rise to 
a double point on the surface. Let us therefore examine 
how many other lines of the system can intersect a given 
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one. And it is evident that this number is equal to that 
of the intersections of the curve m, with the ruled surface 
whose directrices are the curves m,, m,, and a right line 
resting on both. The degree of this latter ruled surface is 
found by examining the nature of a plane section through 
the right line. And it is found that the right line is a 
multiple line of the degree mm,-1, and that there are 
besides in any such plane section (m,-1)(m,-1) lines of 
the new system. The degree of the latter ruled surface 
is therefore 2m,m,-—m,-m,, which meets the curve m, in 
points not on the right line, whose number is 


(2m,m,—m,-m,) m,—(m,m,—1) =.2m,m,m,—-M,m,—mM,mM, -m,m,+1. 


If we consider the section of the ruled surface passing 
through any line of the system, we know that it must be 
this right line and a curve of the degree 2m,m,m, - 1, 
intersecting the right line in that number of points. "And 
these points are distributed as follows: 


mm, — 1, m™. LL, = 1, mm, — i 


where the ake line meets each of the directrices ; the 
2m,m,m,— m,m,— M,m,— mm, + 1 points just mentioned, where 
the right line meets other lines of the system ; and the 
single point of contact of the plane of section with the ruled 
surface. 

It is to be observed that there are a number of right lines 
of the system which are double lines on the surface ; those, 
namely, which rest twice on one of the directrices, resting 
also on each of the other two. The number of such lines, 
resting twice on the curve m,, is prov ed, by reasoning similar 
to that used before, to be m,m, times the degree of the ruled 
surface generated by a right ‘line resting twice on m,, and 
also on an arbitrary right line. But if we consider the 
section of such a surface through the arbitrary right line, 


we shall find that there will be ” ae -1) 


the arbitrary right line itself, which is a multiple line of 
the degree h,, (h, being the number of apparent double 
points of the curve m,). It follows, then, that the total 
number of double right lines on the surface is 


{m,(m, - 1) fmm, - 1) a 
1.2 1.2 . 
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I am not able to tell the order of the double curve in this 
case; but I may mention that when Mr. Cayley observes 
(p. 178, near the end) that it does not appear that there 
is anything to determine z, he overlooks that he has proved 
that the reciprocal of the skew surface is one of the same 
order as itself, and consequently that the theory of reciprocal 
surfaces must afford equations connecting the characteristics 
of the double curve with those of the ruled surface. When 
the curve z is simply a double line, the equation in question 


al m(m— 2) (m—4) = 82(m-— 4). 


The proof of this will appear in a paper on Reciprocal 
Surfaces, which I wrote about three years ago and which 
I hope soon to publish, But ordinarily I believe that the 
curve 2 will include multiple lines of a degree higher than 
the double (as, for example, in the case discussed in this 
paper): and I have not examined the effect of such multiple 
lines in diminishing the cuspidal and double edges of the 
tangent cones to surfaces. 


Trinity College, Dublin, 
Sept. 7, 1852. 


Notr.—I take this opportunity of saying, in reply to Mr. Walton’s 
article in the last Number, that I see no reason why we should not 
close our controversy on the terms of arbitration proposed by Professor 
De Morgan, namely that Mr. Gregory’s conventions shall be banished 
from the regions of Algebraic Geometry to those of Geometrical Algebra, 
where for my part I have no desire to follow them. In fact Mr. Walton 
does not deny the only point for which I am anxious to contend, viz. 
that the curvilinear loci obtained by Mr. Gregory’s rules have no geome- 
trical connexion with the plane curves represented by the same equations. 
And if this be so, they cannot be expected to throw any ve on any 
difficulties, real or supposed, in the theory of plane curves. I have only 
to add that I believe 4 Walton was hasty in asserting (vol. vil. p. 239) 
that “if f(x, y) = 0 be transcendental, a conjugate point not double but 
single may easily present itself,” and that the case of a conjugate point 
appearing to have a real tangent is explained by observing that such 
a point results from the union of two or more ordinary conjugate points. 





AN ACCOUNT OF SOME TRANSFORMATIONS OF CURVES. 
By Anprew S. Harr, 


Amone the methods of Transformation of Curves men- 
tioned by Mr. Salmon in his treatise on the Higher Plane 
Curves, is the method of inversion which was introduced 
to the notice of geometers by Dr. Ingram and Mr. Stubbs 
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in the Transactions of the Dublin Philosophical Society for 
1843, and which appears worthy of further development. 


. . a , 
The inverse curve is formed by substituting - for p in the 


polar equation of the given curve, or, which is the same 
? - re Fy for z and y in the equation 
referred to rectangular coordinates. 

Thus, if the equation of a given curve be 

U, + u, + u, + &e. + u, = 0 
(where w, is the absolute term, and w,, u,, &c. the aggregates 
of all the terms of the first, second, &c. degrees), the equa- 
tion of the inverse curve will be 

u(2r+y*) + u(2syy + u,(2* + yl? + &. + u, = 0, 
an equation of the 2n" degree having three multiple points 
of the n™ degree, viz. the origin and the two circular points 
at infinity. But if the origin be on the given curve, wu, =0, 
and the degree of the inverse curve will be 2n-1, the origin 
will still be of the m degree, and the circular points at 
infinity of the (n- 1)" degree. If the origin be a multiple 
point on the given curve, the degree of the inverse curve 
and also of its circular points will be diminished by the 
degree of this multiple point. Again, if the given curve be 
circular (¢.e. if it pass through the two circular points), the 
equation of the inverse will be divisible by z’+ y’, its degree 
and the degree of the origin will be reduced by two, and the 
degree of the circular points at infinity by one. If the given 
curve be bicircular, each of these reductions will be doubled, 
and so on. Also, since the origin is the inverse of the line 
at infinity, the inverse of any parabolic curve will have a 
cusp at the origin. 

For example, the inverse of a right line is a circle passing 
through the origin; but if the origin be on the given line, 
the inverse is a right line. The inverse of a conic is a 
bicircular biquadratic having a double point at the origin, 
but if the origin be on the conic, the inverse is a circular 
cubic; if the conic be a parabola, the inverse has a cusp at 
the origin; and if it be a circle, the inverse is also a circle, 
if the origin be not on the curve: but if the origin be on 
the given circle, the inverse is still farther reduced and 
becomes a right line. 

The application of these principles to curves of higher 
degrees is obvious, and I now proceed to some of the prin- 
cipal geometrical relations of inverse curves to one another. 
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First it is to be observed, that while as a general rule 
every point on one line has its corresponding point on the 
inverse line, the origin and the two circular points at infinity 
are to be excepted, as we have seen that their presence on 
any curve gives rise not to corresponding points, but to a 
reduction of degree of the inverse curve. 

Secondly, with these exceptions every multiple point cor- 
responds to one of the same nature on the inverse curve, 
and every contact or intersection of two lines corresponds 
to a contact or intersection at the same angle of the inverse 
lines. Hence, also, since a focus is an infinitely small circle 
having double contact with the curve, its inverse is a focus 
of the inverse curve, except in the case where the origin 
is a focus to which correspond in the inverse curve two 
imaginary cusps at the circular points at infinity. Thus, if 
the origin be a focus of a conic section, the inverse curve 
will be a limagon, which becomes a cardioide when the 
given curve is a parabola, and the inverse of a circular 
cubic or bicircular biquadratic, when the origin is a focus, 
becomes a Cartesian oval. 

Thirdly, if a@ and 4 be the points inverse to A and B, 

AB 
ab = ~—__., 
OA.OB 
point A from a right line is to the distance of the inverse 
point from the circle inverse to the line measured in the 
direction of the origin as OA to the diameter of the circle. 

Examples of these properties will be found in Mr.Salmon’s 
Treatise and in the volume of Transactions already referred 
to. I will only add that, as it is proved (Higher Plane 
Curves, p. 177), that confocal circular cubics cut at right 
angles, it follows by inversion that all confocal bicircular 
biquadratics (including Cartesian ovals) cut one another 
orthogonally at their eight points of intersection; in fact, 
if any of these points be taken as origin, the tangents will 
be parallel to the asymptotes of the inverse confocal circular 
cubics, and it is therefore sufficient to prove that they are 
perpendicular. Also, since a circular cubic has four tangents 
parallel to its asymptote, which touch at four of the inter- 
sections with the confocal cubic, it follows by inversion that 
there are four circles which touch a bicircular biquadratic 
at any point O, each of which touches it a second time at 
the points A, B, C, D, which are four of the intersections 
of this biquadratic with the confocal passing through O; the 
three remaining intersections are the intersections of three 
pairs of circles which pass respectively through OAB, OCD; 
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O being the origin, and the distance of any 
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OAC, OBD; OAD, OBC; and each pair of these circles 


cut one another at right angles. 

It would be easy to multiply examples. The above may 
serve to shew the fertility of this method in geometrical 
results. 


Trinity College, Dublin, 
July 28, 1852. 





ON THE METHOD OF VANISHING GROUPS. 
By James Cockte. 
[Concluded from Vol. vu. p. 118.] 


XXVI. If a system of simultaneous and homogeneous 
equations admit of finite algebraic determination by any 
process without its being necessary that more than a cer- 
tain number of undetermined quantities should enter into 
each of the given equations, I call that number the explicit 
limit of the process as applied to the system. If, & priort 
and independently of the given system, each of the indeter- 
minates involved in it can be represented as a linear and 
homogeneous function of not Jess than a certain number 
of other indeterminates, without our results being thereby 
rendered illusory, I call the latter number the correspond- 
ing ¢mplicit limit of the system. 

If a limit can be found, below which the process becomes 
illusory, we have an absolute limit of the process. If we 
denote by the order of an equation the number of indeter- 
minates which it contains, the limit of a system correspond- 
ing to any process is the least order under which it is 
determinable by that process. 

In the application of indeterminate processes to the theory 
of equations, the implicit limit very early forces itself upon 
our attention. A simple investigation (which shows the 
importance of examining and illustrates a method of deter- 
mining that limit) will be found at pages 128—130 of 
Mr. G. B. Jerrard’s Researches. Developing Mr. Jerrard’s 
idea and extending its field by his own peculiar resources, 
Sir W. R. Hamilton, in his Jnguiry, has afforded us the 
means of determining the implicit limit of Mr. Jerrard’s 
process in every possible case. 

If instead of the implicit limit, we sought no more than 
the absolute limit of Mr. Jerrard’s process, and of all linear 
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solutions, it would not be difficult to determine it. Adopting 
Mr. Sylvester’s nomenclature and notation (Journal, new 
series, vol. vi. p. 17—18), and also putting every equation 
of a given system under the form 

QA" + Qr""* + Qn? +... + QV 4+ Q = 0, 
let us assume that all the quantities Q, vanish. Then if 
for all values of m, from 1 to 7 inclusive, the quantities Q,, 
which are X, in number, could be made to vanish, we should 
obtain a linear solution of the system. This evanescence 
depends upon the solution of the system indicated by the 
change of & into K, and this again upon the linear solution 
of the system derived from the last by the change of K, 
and X, into 'K, and K;' respectively. By successive re- 
ductions we should ultimately be conducted to L + 2. 

The result thus arrived at does not directly furnish us 
with the implicit limit, inasmuch as we have not shewn 
how the quantities Q, are to be made to vanish. And, 
for all that appears, the very operations by which equations 
are obtained in which such relations are satisfied may con- 
duct to illusory results. But, comparing the above with 
Sir W. R. Hamilton’s formule, we see that the implicit 
limit of Mr. Jerrard’s process is the absolute limit of all 
linear solutions, however obtained. 


XXVII. The expression 4,4,k,..k, or « indicates, through- 
out this paper, that the system given for determination con- 
sists of k, linear, k, quadratic, /, cubic,..., and /, r'* equations. 
When, in place of &, numbers or letters used as numbers 
are inserted, commas are placed between them and their 
meaning ascertained by a reference to their position, as in 
the notation of Sir W. R. Hamilton and Mr. Sylvester. 
The evanescence of the formula indicates the finite algebraic 
solution of the system, or the reduction of its solution to 
that of equations involving only two indeterminates. 

The symbol (27; @) denotes the double operation con- 
sisting (1) of the performance of y,,, and (2) of the grouping 
the resulting powers two and two together and making 
each of the r groups thence arising vanish. Whenever 
we have a vanishing group, we must use it to eliminate an 
indeterminate from EVERY expression into which it enters. 
If we call &” and &’*” the leading indeterminates of the 
group p,p,,,, it will in general be convenient to consider 
one of the leading indeterminates as eliminated. 

I use the symbols 7, s, and vg as characteristic of the 
respective methods of Mr. Jerrard, of Mr. Sylvester, and 
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of vanishing groups. When the characteristic of a process 
is prefixed to a bracketed «, the compound symbol repre- 
sents the explicit limit of the process as applied to the 
determination of the system. Thus, 


J(0,1,1)=5, 8(0,1,1)=4, vg(0,1,1)=4. 


I have given no symbol for the memorable process of 
Sir W. R. Hamilton; but in the above instance, and in 
general, the implicit limit of 7, as determined by Sir William 
Hamilton, is given by s. ‘The symbol e will denote ordinary 
elimination. 


XXVIII. If we assume that 
k,=a, k,=8,...,k,,=6b, k,=a, 


the general explicit limit of the pure method of vanishing 
groups may be represented by either of the identical ex- 
pressions 


vg (k,k,...k,), vg (x), or vg (a, B, Y> é, Ey ey b, a), 
of which the last is equal to Y, as given in IX. and cor- 
rected in X. Let w represent either of the identical ex- 
pressions 
4, 5,...,7r-1,7 


” 8, Ey eeey b, 7 wit (Ak,..-k,,k,)5 


and suppose that 
T=a+ 2°p, (1, 2, i, 4, eeeys w) eeeee . (16), 


where the quantities 1, 2,...,« are y+1 in number, the 

first y-1 of them being the quantities affected with the 
negative sign in the original expression for YT, and - 0 being 
supposed to be added to the (y- 1) exponent. Then, 
as y passes successively through the values 4, 3, 2, and 1, | 
the quantities included in the last brackets become, in 
respective succession, 


(1, 2,1, 0,2), (1,2, 0,w), (1,0, w), and (1, w), \ 


the singular discontinuous 2 disappearing from the last two 
expressions. When y = 0, the equation 





gives the explicit limit. It is to be observed that 
vg (a, 8) =a + 28, (w = 1); 
vg (a, B, 0°°, 1) = a+ 264% = a+ 24/3.2°-1), (w= 2), 
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XXIX. Consider first the system of quadratics 


u,=0, u=0,.., u,=0, u=0, 
in which 
vg(0, 2) = 2* and s(0, 2) =4(2* + 2+ 2), 


and consequently for values of z greater than 2 the pro- 
cess s has an advantage over vg. There is a modification 
(g,) of vg in which the explicit limit is given by 


a renee (| 
and which may be represented as follows, 
(2°; 0) u> (2°*; 9) Us, a (2*; 0) Uz.39 (2; 6) U,o9 


wu, =f.(3)=0, u,=f{3) = 0. 

The functions @ vanish by groups, and f by ordinary 
elimination, in which case e(0, 2)=3. Whenever we 
arrive at vg(0, 1) = 2, we have the ordinary solution of a 
quadratic, of which the method of vanishing groups is the 
indeterminate development; e entails upon us the solution 
of a biquadratic. But for the values z= 2, 3,..., 7, we thereby 
obtain an advantage over the linear solution.* 





* The scheme of XXXII. enables us to arrive at (18). For if we have x 
quadratics and 
v'(0, 2) = 271 + Q**#=y, 


and perform (27); 6), (2%; 6),.., (2%; 0) in due order on the first z—2 
of them, they will be reduced each to the form f(y-2*!) and, with 
the above value of y, admit of solution by vg. The last two quadratics 
will be solved by the remaining two of the grouped quantities (of which 
271 — (27% + 2°54... 42% 42) or 2 
still remain) by the aid of e. 
We may now replace 2** by 2*%+42*4 in the expression for y. And, 
pursuing this process continuously, we shall arrive at 
v'(0, z) =y = 27" 4 2754 274+... 
the last term being 2 when z is even, and 4 when z is odd. Of course 
the properties of the functions , &c. would enable us to modify this 
formula, but I shall not pursue the inquiry. 
I would however observe, that in the relation (obtained by any means we 


please) ¥(0, p) a q 
whenever we find that 2*¢ is less than 2**.3, we may change (18) into 
gy, (0, 2) = 2*¥q = 2*? (0, p), 


with an advantage great in proportion to their difference. Thus, one of 
the results of XX XI. furnishes us with the formula 


9,(0, x) = 27*.9, 
the quantity 2**.9 being less than 2**.3 or 274.12. 


I have thought it for the most part unnecessary to encumber the in- 
vestigations in the text with linear equations. The implicit limit (/) 
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XXX. A combination of Lagrange’s method of multi- 


pliers with an extension of the principle of linear solution 





of the system (0, z,..) is always connected with the implicit limit (7) 
of (a, 2,..) by the relation 
teal. 

The explicit limits in Mr. Jerrard’s process are not in general connected 
by a similar relation. When linear equations are introduced, Mr. Jerrard 
increases the explicit limit by a number greater than that of the linear 
equations. 

In concluding the subject of quadratics I may observe, that if in XXV. 
we make 

viwtrAym=2, v-wir,'n=y, 
p-Aym-AWA MA Wer, BW n=tF, 
gq - Ay*n® - QDs m* = 8, and 2r,"'m = u, 
the system there given is equivalent to 
wity+r=0, 
ytur+s=0; 
and if U and U’ be functions of g undetermined quantities, then, in general, 
x and y are linear functions of all those quantities, and ¢ and wu linear and 
r and s quadratic functions of the same g—2 of them. Various observa- 
tions (for instance, the transformation 
w=ozeziin y=y +H) 
arise upon the system last arrived at; but I must now pass on to ulterior 
objects. 
et U, V, and W denote three homogeneous quadratic functions of five 
undetermined quantities. Then by XVI. we have, omitting the indices of y, 


20 = hye + he +f*(3) = pg + £7(3), 

p and g respectively replacing the p, and p, of XI. Let 2”, s’, and ¢ be the 
undetermined quantities in f. We may consider U, V, and W as functions 
of pgr’s't; for U already has that form, and V and W may by transformation, 
or a process of reduction, be made to take it; and, completing squares by 
means of the terms involving » and p’, we are at liberty to make 

V = (ap + bq) + upg + Pp + Qq +R, 

W =(a'p +09) + upq+ Pp+Qq+k. 
The three equations U=0, V=0, We=0O, 
will be satisfied whenever the system 

U=V-pU=W-wU=0 

is satisfied. And if we make 

ap+bg+p=X, and dpibgip'=Y, f 
p and p’ may be so determined as to reduce the last two equations of that 
system to the respective forms 

X*4+S8Y+T7=0 and ¥*+8X+ 7’ =0, 
where S, S’ are linear, and 7, T’ quadratic functions of 7’, s‘, and ¢. We 
may replace the first equation of the system by 
XV+vX4+VV 40" =0, 

where v” is a quadratic and v, »’ are linear functions free from X and Y, 
In three homogeneous functions of four or more indeterminate quantities 


it may be important to consider two of the variables as distributed in the 
manner indicated in the last three equations. 
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gives results not unworthy of notice. Construct out of the 
given system z-z equations, each of the form 
AU, + AU, + oe +AU, = O = TAU, 
and let the solution of these equations, together with that 
of the z equations 
u,=0, U,=0,...,%,= 0, 
involve the solution of the given system of x quadratics. 
Let the terms included under S be z’ +1 in number, and 
non =u aps Af + A’, any =,..\u wi A,_£ + bee 
By means of the z - z linear equations 
A,=0, A,=0,...,.4,, = 0, 
eliminate z-z indeterminates from A,', A,’,..-,A',, We 
shall thus have z-z reduced equations each of the form 
> .rAu = BE" + B, 
and if we eliminate x- 2 other indeterminates by means of 
x-z equations B=0, and continue this operation z’ times, 
we shall ultimately arrive at z - 2 equations of the form 
D>") Aw = a'é” of: a” 12 deen ale pie? + f(y) eer 


By means of the z’ ratios of the 2’ +1 quantities X, let each 
of the z' quantities a’, a’,...,a° be made to vanish; and, this 
being done for each of the z-z equations of the form last 
given, let our results be denoted by 


S(Aw), = f(y), BA), = f(y) +++» BAt),.. = Fz-.(y)- 
Let the number of quantities required for the solution of 
the given system by the present process be (0, x), a yet 
unknown function of z. Then, from the course of our 
eliminations, y = ¥(0, 2) - 2(e4-2+41), 
and, from the conditions of the question, 
y=~(0,2-2), z=y~(0,2)-1, 
j where yf’ is the known operation best fitted for our purpose. 
Hence 


WO, z) = P(0, e-z) + (a@-z+ 1) {W(0, z) - 1}...(19). 
XXXI. Let z=1; then, putting y, for y, 
¥,(0, «)= v0, @-1)+2; 
and if we make y' and yf, identical, and treat this last as an 


equation in finite differences, availing ourselves of e in 
determining the constant, we find 


Y,(0, 2) = 34? + 2). cc cs eeee 








. (20), 
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which is true for all values of z greater than 1, and has 


always an advantage over s. In the present instance we 
may make 


Di Au = A,u, — A,ed,, DAW = A,U, — Ajelyyeeey DAM = ALU, —A__ el 


22? sms9°° a-1'a 19 
and then solve w, = 0 by means of &'. 

This process is equivalent to another which should proceed 
by causing &” to disappear by ordinary elimination, and £' by 
making its coefficient vanish. 

In (19) let z= 2, then 


¥,(0, 2) = W(0, z- 2) + (w-1).2...... (21); 

and, if we make z= 4 and y’ the same as e, we find 

¥(0,4)=84+38.2=9; ¥,(0, 4)= 10; 
and, in this instance, y, has an advantage over y,, and a still 
greater one over s. The two = functions will be 

A,u, + A,w, + A, = 0, and pw, + mu, + Me, = 0, 
and the remaining equations to be solved will be 
u,=0 and wu, = 0. 
So we should find 
¥(0,5)=6+4.2=14; ¥(0,5)=15; 8(0, 5) = 16. 


With this fragment on multilinear solution (as I should 
propose to call it) I shall leave the subject of simultaneous 
quadratics, and proceed to systems in which quadratics are 
combined with one higher equation: my object being, not 
to enter into the general question of the implicit limit of the 
Method of Vanishing Groups, but to point out cases in 
which the explicit limit of that method is the implicit limit 
of that of Mr. Jerrard. 


XXXII. To the process exhibited in the following scheme 
I appropriate the characteristic v, It is a modification of 
the Method of Vanishing Groups. After performing (r; @) 
on f,, I, as a matter of convenience, place to the right of the 
result the effect of the eliminations on the functions whose 
suffixes are greater than m. 


(27; 0) f(z) =f,(z2 - 2*); fle - 2°"): 

(24; 0) fe 2) = f(e- 2"); fle- 2-2"): 
(2°77; 0) f(z - x) = f(z - 2"); fle - z,'): 

(2°; 0) f_(z-2'_,) =fi_(z- 2°); flz-2',,): 
(25 0) f(e-2',,) = h? +h, + f{z- 2); 
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in which scheme z,’ represents 
ort 4 OF 4 4 gel 4 gem, 
and consequently 2’,_,= 2*- 2. 


XXXIII. The explicit limit of this process is 
v0, 2, 0°, 1) = 2° + ¥(z) =2, 
where y is any of the functions which we have used in the 
theory of quadratics. For, the determination of the system 


is, by the scheme of XXXII., reduced to the solution of z 
quadratics, each of the form 


S(z- 2) =f {P(x} = 0, 
and which consequently admit of solution. These being 
solved, we have only to eliminate an indeterminate between 


the linear ‘h, +h, V(-1) = 0, 
and the given s' equation, and the system is determined. 
When z = 2 we have 

v,(0, 2, 0°°, 1) = 2? + e(2) = 7 = 8(0, 2, 0", 1). 
For z= 1 we have 

vg (0, 1, 0°, 1) = 2" = 4 = (0, 1, 0", 1). 

In both these cases our explicit limit is the implicit limit of 
Mr. Jerrard’s process. 


XXXIV. The combination of the theory of linear trans- 
formations with that of vanishing groups gives one or two 
interesting results. Let a solution of the system 


0, 2, 0, 1=0, 


be required, and let z be the explicit limit. Then, using f 
to denote the quadratics, we have, as in XXXII, 


(2; 0) f(z) =fi(e - 2); fle-1): 
(2; 0) f(z-1) =f(2- 3): 


and, if z= 7, we have, without the aid of equations higher 
than biquadratics, the following linear transformations, 


S(2-38) =f (4) = 22 + 02+ 2 + ao + 2, 


F(z - 2) =f(5) = aa? + aa? + apne + afa? + a,'22; 


whence f, and f,, under the last form, are satisfied by sub- 
stituting - D2") for z,’ in f(5), and solving the result by 
vanishing groups, that is to say, by breaking it up into two 
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equations of the form 
bia? + bfa2=0, b242 + b22? = 0. 


After all the eliminations there will yet remain one disposable 
quantity in the final s'*, by means of which it may be solved. 


XXXV. A second result deduced by the aid of linear 


transformation is the following. Let 
0, 3, 0, 1=0, 


be the system for determination, and let z be the explicit 
limit. Proceed as follows : 


(2°; 0) f(z) = f'(z - 2°); fle - 2”): 
aS fe-By ah ther hg+he+ fi(2- 2°); 
make F(z - 2) = 0 and f(z - 2°) = 0, 


which can be done by ordinary elimination and the solution 
of a biquadratic, provided that 


z-2=8, or z=11. 


The solution of the given system is now reduced to that 
of the given s", of 


Aptherherhi=0 = 3/2), 
and of f(z-2 - 2)=0=f(z-6); 


the last 2 being subtracted in f, to indicate that two of the 
quantities involved in that function are determined by the 
solution of the equations f' = 0. 

Now f{z- 6) or f,(5) may be represented as a quadratic 
function of five indeterminates h,, h,,...,4, And, as in 
XXXIV., we may, with the aid of a biquadratic, pass, 
by linear transformation, from the system 


Z(h*)=0, f{5) = 0, 
to the other system 


Z(z*)=0, 3(a@2*)=0; 


and solving this last system by ordinary elimination and 
vanishing groups, as in XXXIV., we shall find one un- 
determined ratio in the final s®; in other words, an s‘ 
determination of the given system. The explicit limit of 
this combined process is the implicit limit of Mr. Jerrard’s 
process as applied to the system last discussed, for 


s(0, 8, 0", 1) = 11, 

















On the Method of Vanishing Groups. 59 


XXXVI. There are other perhaps not less important 
applications of linear transformation to the theory of equa- 
tions. In fact it is not difficult to see, that three simul- 
taneous homogeneous quadratics involving five unknowns 
admit of finite algebraic solution without demanding the 
solution of an equation higher than an equation of the fifth 
degree. For, by known processes, two of the given equa- 
tions may be simultaneously transformed into pure homo- 
geneous quadratics involving five new unknowns linearly 
connected with the given ones. Let z,, z,,...,%, be the new 
quantities, then the transformed quadratics may be written 


a, S.2°=0, S.az’=0, 3.bz°+ S.cx,2,+7,3.dz=0, 
where the last = only includes four terms, or 
d.dz = dx, + dv, + dx, + dv, =D. 

Now if by means of D=0 we eliminate z, from the trans- 
formed system, we shall have three resulting quadratics in 
2,, X, Z,, and z,, which, when respectively divided by z,’, 
may be made to form a system of pseudo-homogeneous quad- 
ratics completely resolvible by a process similar to that by 
which Frend solved the problgm known as Colonel Titus’s. 
This process entails upon us the necessity of solving a 
biquadratic: by means of others, that need not be further 


adverted to, we may avoid the occurrence of an equation 
higher than a cubic. 


XXXVII. The whole indeterminate department of the 
theory of equations has a peculiar interest attached to it, 
inasmuch as it suggests an inquiry into the extent to which 
the limits supposed to be affixed to the solution of systems 
of simultaneous equations by the researches of Sir W. R. 
Hamilton and Mr. Sylvester may be legitimately considered 
as impassable. So far as their views have yet been developed 
they do not seem to include such cases as those discussed in 
XXX. and XXXI., which appear to have burst through 
the bounds prescribed in their investigations. However this 
be, I shall not now attempt to enter into the question. But, 
in concluding this series of papers, while I owe an apology 
for the imperfect manner in which the subject has been 
handled, I may be allowed to express a hope that the general 
indeterminate method here discussed will be found, from 
its simplicity of conception and uniformity of process, to 
admit of being easily grasped in its most general form, while 
in its application to more elementary cases (the transformation 
of the general equation of the fifth degree to the trinomial 
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form, for example) it possesses the great advantage of having 
its explicit limit identical with the implicit one of linear 
solution, while its processes are all purely algebraic. The 
next great question will be, how far the indeterminate pro- 
cesses are limited to obtaining linear solutions, and whether 
another range may not be given to them. But this question 
I must leave. 


2, Pump Court, Temple, 
October 15, 1852. 


Erratum.—Art, XII. line 8, for +p, read —p,. 





ON A THEOREM CONCERNING THE COMBINATION OF 
DETERMINANTS. 


By J. J. Sytvester, F.R.S. 
Ler ‘A represent the line of terms ‘a,, ‘a,,...'a 
x 
ee ere“ fs Seer 


m? 
. 
m 


Let ‘A x'B represent = (‘a,x 'b,), where of course there 
are r terms within the symbol of summation. 


Again, let *A represent the line “a,, ’a,,...’a 




















os a sXe ig es 
“4 3 ‘a,, ‘a, %,%,; 
and let , AX 2B represent 2 | he. x 4, ., \, 
'a,, ‘a, . : i ae Ae 
om 2 | denoting the determinant ('a,.’a,-'a,.’a,), 
oe 
'b,, 'b, 
‘4, ts, ce « RASA, 








there will of course be m.4(m-1) terms comprised within 
the sign of summation ; and so, in general, let 

‘A 'B 

7A *B 

°A| x | *B| m being less than x, 


mA mB 
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and where in general "A denotes ‘a,, 'a,,..."a \ 
% represent 


and 'B denotes 'd,, 'b,,.. 
2 n 
1 1 1 
ny» Whgs+++ Gh Diy "Digs By 
2 2 2 2 2 2 
>| Ahyy Ahgse+» Gh, | x Ons Daye by, 


m m 


\ 
{ 
"Ah» "Ags Ah "Ons "Digs si" Op | 


Now let (r) be any integer less than (m), and let 
_ m.(m—1)...(m=-7+ 1) 
. i ae 





’ 


and let G,, G,,...G@, denote the mw rectangular matrices of | 
the forms 
Ag, 


A,, | respectively, 


and let H., H,,...Hu denote the w rectangular matrices of 
the forms B 
6 


Bs, \ respectively. 


eeseee 


1 





Now form the determinant 
Gs; Gx R...3 & 
G,xH,; G,x H,..; Gx Hu; 


CROCHET OTHE EHH EE EEE HERE EEE E EE OE EES 


Gux H,; Gux H,...; Gux Hn; 


then, if we give 7 the successive values 1, 2, 3...m, (in which 
last case the determinant in question reduces to a single 
term), the values of the determinant above written will be 
severally in the proportions of 


K, K", Kim”, ... KH", K; 


that is to say, the logarithms of these several determinants 
will be as the coefficients of the binomial expansion (1+ z)”. 
When we make r=m, and equate the determinant cor- 
responding to this value of r with that formed by making 
r=1, the theorem becomes identical with a theorem pre- 
viously given by M. Cauchy, for the Product of Rectangular 
Matrixes. 
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It would be tedious to set forth the demonstration of the 
general theorem in detail. Suffice it here to say that it is 
a direct corollary from the formula marked (4) in my paper 
in the Philosophical Magazine for April 1851, entitled “ On 
the Relations between the Minor Determinants of Linearly 
Equivalent Quadratic Functions,” when that formula is par- 
ticularized by making 


q,, "1? Diso? — } 
min 


bia» 5 b 


represent a determinant all whose terms are zeros except 
those which lie in one of the diagonals, these latter being 
all units, which comes, in fact to defining that 


m+l? “m+2? *°* 


| 


m+e 


b 


mre 


=1, and ~ = 0. 














mre 


The important theorem here referred to is made almost 
unintelligible by an unfortunate misprint of 6, '0,, 70, “0,, 
in place of °0,, '0,,°0,,"9,. I may here take notice of another 
and still more inexplicable blunder in the same paper, 
formula (3), in the latter part of the equation belonging 
to which 


~ Gay +++ U9 Wyrix9 Wyyygs *** et 
Ag,9 Udgr ++ Uys  Adinsys Unsere ** UWnas 
is written in lieu of 


~ rr | ae eee Meine 
Byy Uyy ee My Ubmirs Uinsos *** Ubmsse Uy sy Giyoe oO 


nem 


7, New Square, Lincoln’s Inn, 
December 16, 1852. 





NOTE ON THE CALCULUS OF FORMS. 
By J. J. Syuvester, F.R.S. 


AcciDENTAL causes have prevented me from composing the 
additional sections on the Calculus of Forms, which I had 
destined for the present Number of the Journal. In the 
meanwhile the subject has not remained stationary. Among 
the principal recent advances may be mentioned the follow- 


ing. 
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1. The discovery of Combinants ; that is to say, of con- 
comitants to systems of functions remaining invariable, not 
only when combinations of the variables are substituted for 
the variables, but also when combinations of the functions 
are substituted for the functions; and as a remarkable first- 
fruit of this new theory of double invariability, the repre- 
sentation of the Resultant of any three quadratic functions 
under the form of the square of a certain combinantive 
sextic invariant added to another combinant which is itself 
a biquadratic function of 10 cubic invariants. When the 
three quadratic functions are derived from the same cubic 
function, this expression merges in M. Aronhold’s for the dis- 
criminant of the cubic. The theory of combinants naturally 
leads to the theory of invariability for non-linear substitu- 
tions, and I have already made a successful advance in this 
new direction. 


2. The unexpected and surprising discovery of a quadratic 
covariant to any homogeneous function in z, y of the n™ 
degree, containing (vm - 1) variables cogredient with z*’, 
xy ...y"* and possessing the property of indicating the 
number of real and imaginary roots in the given function. 
This covariant, on substituting for the (m-1) variables the 
combinations of the powers of z, y with which they are 
cogredient, becomes the Hessian of the given function.* 


3. The demonstration due to M. Hermite of a law of 
reciprocity connecting the degree or degrees of any function 
or system of functions with the order or orders of the 
invariants belonging to the system. The theorem itself was 
first propounded by me about a twelvemonth back, and 
communicated to Messrs. Cayley, Polignac, and Hermite, 
as serving to connect together certain phenomena which 
had presented themselves to me in the theory: unfortu- 
nately it appeared to contradict another law too hastily 





* This covariant furnishes, if we please, functions symmetrical in respect 
to the two ends of an equation for determining the number of its real and 
imaginary roots. The ordinary Sturmian functions, it is well known, have 
not this symmetry. As another example of the successful application of 
the new methods to subjects which have been long before the mathematical 
world and supposed to be exhausted, I may notice that I obtain without 
an effort, by their aid, a much more simple, practical, and complete solution 
of the question of the simultaneous transformation of two quadratic func- 
tions, or the orthogonal transformation of one such function, than any 
previously given, even by the great masters Cauchy and Jacobi, who have 
treated this question. 











64 Note on the Calculus of Forms. 


assumed by myself and others as probably true, and I con- 
sequently laid aside the consideration of this great law of 
reciprocality. To M. Hermite, therefore, belongs the honour 
of reviving and establishing,—to myself whatever lower 
degree of credit may attach to suggesting and originating,— 
this theorem of numerical reciprocity, destined probably to 
become the corner-stone of the first part of our new cal- 
culus; that part, I mean, which relates to the generation 
and affinities of forms.* 


4. I may notice that the Calculus of Forms may now with 
correctness be termed the Calculus of Invariants, by virtue 
of the important observation that every concomitant of a 
given form or system of forms may be regarded as an in- 
variant of the given system and of an absolute form or 
system of absolute forms combined with the given form or 
system. As regards that particular branch of the theory of 
invariants which relates to resultants, or, in other words, to 
the doctrine of elimination, I may here state the theorem 
alluded to in a preceding Number of the Journal, to wit 
that if R be the resultant of a system of (mz) homogeneous 
functions of (m) variables, written out in their complete and 
most general form (so that by definition R=0 is the con- 
dition that the equations got by making the (m) given 
functions zero, shall be simultaneously satisfiable by one 
system of ratios), then the condition that these equations 
may be satisfied by « distinct systems of ratios between 
the (n) variables is 5.:R=0, the variation 6 being taken in 
respect to every constant entering into each of the (m) 
equations. 


7, New Square, Lincoln’s Inn, 
January 1853. 





* This theorem of numerical reciprocity promises to play as great a part 
in the Theory of Forms as Legendre’s celebrated theorem of reciprocity in 
that of Numbers. Another demonstration of it, which leaves nothing to be 
desired for beauty and simplicity, has been since discovered by Mr. Cayley, 
which ultimately rests upon that simple law nage | although not on 
the face of it a law of reciprocity) given by Euler, which affirms that the 


number of modes in which a number admits of being partitioned is the 
same whether the condition imposed upon the mode of partitionment be 
that no part shall exceed a given number, or that the number of parts 
constituting any one partition shall not exceed the same number. 
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ON THE TRIGONOMETRY OF THE PARABOLA, 
By the Rev. J. Boorn, F.R.S. 
From the Philosophical Transactions, for 1852. Part II. p. 385. 

A FUNDAMENTAL theorem in the theory of elliptic in- 
tegrals is 

COS W = COS p Cosy - sing siny V(1 —# sin’w)... (338). 

The angles », x, @ may be called conjugate amplitudes. 

When the hyperconic section is a circle, ¢ = 0, and cos@ 
= cos cosy — sing sinx, whence w = ¢ + x, or the conjugate 
amplitudes are ¢+y, g and y. The development of this 
expression is the foundation of circular trigonometry. 

When the hyperconic section is a parabola, 7=1, and (338) 
may be reduced to 

tanw = tang secy + tany secg........(339). 
If we make the imaginary transformations, 

tanw = ¥(-1)sinw’, tang = v(-1)sing’, 
tany = v(-1)siny’, secp = cosg', secy = cosy’ f 

The preceding formula will become, on substituting these 
values, and dividing by v(-1), 

sinw’ = sing’ cosy’ + siny’ cos¢’, 
the well-known trigonometrical expression for the sine of the 
sum of two circular arcs. 

Hence, by the aid of imaginary transformations, we may 
interchangeably permute the formule of the trigonometry 
of the circle with those of the trigonometry of the parabola. 
In the trigonometry of the circle, » = 9 + x, and in the trigo- 
nometry of the parabola @ is such a function of the angles ¢ 
and x, as will render tan[(¢, x)] = tang secy + tany secg. 
We must adopt some appropriate notation to represent this 
function. Let the function (¢, vy) be written p+ y, so that 
tan(~+ x)= tang secy+tanysecg. This must be taken as 
the definition of the function + x. 

In like manner, we may represent by tan( + x) the func- 
tion tan @ secy — tany sec@. 

In applying the imaginary transformations, or while tang 
is changed into v(-1) sing, secg into cos, and cot®@ into 
- V(-1) cosecg, + must be changed into + and + into -. 

+ and + may be called logarithmic plus and minus. As 
examples of the analogy which exists between the trigono- 
metry of the parabola and that of the circle, the following 
expressions in parallel columns are given ; premising that the 
formule, marked by corresponding letters, may be derived 
singly, one from the other, by the help of the preceding 
imaginary transformations. 
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On the Trigonometry of the Parabola. 


Since 
sec( + p) = sec’ + tan’d, and tan(¢+ ¢) = 2 tang secd, 
sec (p+ d) + tan(p+ d) = (secd+ tang)’. 
Again, as 
sec($+ +g) = see($+$) seog + tan ($+ 4) tang, 
and tan(d+ + ¢) = tan(p+ ) secd + sec(H+ g) tang, 
it follows that 
seo(p+$ +g) + tan($+ $+ $) = (seed + tang)’ 
and so on to any number of angles. Hence 
sec(p+¢-+¢...tonp)+tan(h+G+¢...to np)=(sech+tang)"...(342). 


Introduce into the last expression the imaginary transforma- 
tion tang = v(-1) sing, and we get Demoivre’s imaginary 
theorem for the circle, 


cosn + V(-1) sinnd = {cos + v(-1) sing}". 


Let be conjugate to y and @, while w, as before, is 
conjugate to g@ and y. Then we shall have 


tanw = tan(p+ y+ y), or 


tan(d+ x+y) = tang secy sec + tany sec) secp 
+ tany seco secx + tang tany tany.... (@.) 


sec($+ x+y) = sec secy secy + secd tany tany 
+ secy tany tang + secy tang tany.... (p.) 


and sin(@+x+7) = .(o.) 


whence, in the trigonometry of the circle, 


sin($+ x+y) = sing cosx cosy + sinx cosy) cosh 


sing + siny + siny + sing siny sind 
1+sinx siny+siny sing +singsiny ” 





+ siny cos¢ cosx — sing siny siny......... (p.) 
cos(h +x +P) = cosh cosx cosy - cos sin siny 
- cosy siny sing — cosy sing siny ......... (r.) 


tang + tany + tany — tang tany tany 
tan (+x+¥) 1-tany tany — tany tan ¢ - tan ¢ tany cenlt) 
Let (4.w), (4.f), (4.x) denote three parabolic arcs, measured 
from the vertex of the parabola whose parameter is /. 
F2 
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The normal angles of these arcs are w, d, and x; o, >, 
and yx being conjugate amplitudes. Then 


z dd ada fox 
2 (k.p) =ktand sec + Er » 2(kx)=ktanx secx+h aan? 
2(k.w) = k tanw sec@ + 4 [<e ; 
COs @ 


. d d d 
whence, since J ae . To oe 
cosw Jcosh Jcosy 





= 0, because w, d, and x 


are conjugate amplitudes, 
(k.w) - (kp) - (Kx) = & tan tang tany. ... (343). 
Let y, y', y" be the ordinates of the arcs (4.¢), (4.x), and 
(kw). Then y=k tang, y' =k tanx, y’=f tana, and the 
last expression becomes 
(kw) — (ke) - (hex) = oe sdooeess (000). 
If we call an arc measured from the vertex of a parabola 
an apsidal arc, to distinguish it from an arc taken anywhere 
along the parabola, the preceding theorem will enable us to 
express an arc of a parabola, taken anywhere along the curve, 
as the sum or difference of an apsidal arc and a right line. 


D- 





™, 


oe 
Thus let ACD be a parabola, O its focus and A its ver- 


tex. Let AB=(k.), AC=(kx), AD =(k.o) and ue =h. 
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Then (343) shews that the parabolic arc (AC+A B) = apsidal 
arc AD-h; and the parabolic arc(4D- AB) = BD=apsidal 
arc AC +h. When the arcs AC’, AB’ together constitute 
a focal arc, or an arc whose cord passes through the focus, 
¢ + x =47, and h is the ordinate of the conjugate arc AD. 
Hence we derive this theorem, 


Any focal are of a parabola is equal to the difference 
between the conjugate apsidal are and its ordinate. 


The relation between the amplitudes ¢ and a, in this case, 
2 cosw 

— cos@” 
angle of 30° with the axis, we get cosw=1, or y=5h. Here 
therefore the ordinate of the conjugate arc is five times the 
semiparameter. 

We may in all cases represent by a simple geometrical 
construction the ordinates of the conjugate parabolic arcs, 
whose amplitudes are ¢, x, and o. 

Let ABC be a parabola whose focus is O, and whose 
vertex is A. Let AO =g=4k; moreover, let AB be the 


Thus when the focal cord makes an 





is sin 26 = : 











arc whose amplitude is ¢, and AC the arc whose amplitude 
is x. At the points A, B, C draw tangents to the para- 
bola, they will form a triangle circumscribing the parabola, 
whose sides represent the semi-ordinates of the conjugate 
arcs, AB, AC, AD. 
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We know that the circle circumscribing this triangle passes 
through the focus of the parabola. Now 
Ab=gtangd, Ac=gtanyx, bd=gtandsecy, cd=g tany secd; 
hence bd+cd=g(tan¢ secy + tan, sec ¢), 
therefore g tanw = bd + ed. 


When AB, AC together constitute a focal arc, the angle 
adc is a right angle. 

The diameter of this circle is g sec secx. 

The demonstration of these properties follows obviously 
from the figure. 

In the trigonometry of the circle, we find the formula 


tan*9 tan’? tan’? 





3 = tand - ee - + &e. .... (a.) 
And if we develop by common division the expression 
cos 9 





= cos0(1+sin’# + sin‘d + sin’ + ... &c.), 


1 


cos@ 1-sin’0 
and integrate, 


dé , sin*@ sin®’@  sin’@ 
— = sin8 + + + + &c 
c 


os 8 3 5 7 ion ag 


If we now inquire, what, in the circle, is the are which 
differs from its protangent, by the distance between the 
vertex and its focus; or, as the protangent is 0 in the circle, 
and the focus is the centre; the question may be changed 
into this other, what is the trigonometrical tangent of the arc 
of a circle equal to the radius. ‘This question is answered by 
putting 1 for > in (a.), and reverting the series 


t 3(4 . 5/1) 7 
_ tan*( ) , tan’( ) _ oan'()) 5 &e., 
3 5 7 


we should get, in functions of the numbers of Bernoulli, the 
value of tan(1), as is shewn in most treatises on trigonometry. 

Let us now make a like inquiry in the case of the parabola, 
and ask what is the value of the amplitude which will give 
the difference between the arc of the parabola and its pro- 
tangent, equal to the distance between the focus and the 
vertex of the parabola. Now if @ be this angle, we must 
have (4.0) - g secO tan@ =g. But, in general, 


dé 


cos0” 














1 = tan(1) 


(4.0) - g sec@ tan® = g 
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MACS 24 , cd 
Hence we must have, in this case, fewer 1. If we now 


revert the series (b), putting 1 for J aa ‘ on on 


this particular value of the series, 





‘ sin*@ sin’@  sin’@. 
1 = sind + —— + ——+—~} &e, 
an arithmetical value for sin@. This we shall find to be 
1 - 
sin 8 = “ - =i» © being the number called the base of the 


naperian logarithms. Hence sec@+tan@=e; or, if we 
write ¢ for this particular value of @ to distinguish it from 


every other, seceé + CARS SO. ccce eves oo ew fh 


We are thus (for the first time it is believed) put in pos- 
session of the geometrical origin of that quantity so familiarly 
known to mathematicians, the naperian base. From the 


above equations we may derive 
1 -1 1 -1 
e 
, tane = 





secé = 





or tane = 1'175203015, whence ¢ = °8657606, 
or ¢= 49° 36’ 15", 
The corresponding arc of the parabola will be found to be 


bO) =k[1 4+ 24 —_ 

0) =k) 1+ —+ + C. |....(347). 
(4.0) [ 1238 12345 1234567 ] a 
If we assume the theory of logarithms as known, we may at 
once arrive at this value, for in general 


dé 
IE 5 = log(sec8 + tan8) 
and as this is to be 1, we must have sec@ + tan@ =e, as 
before. 

If we now extend this inquiry, and ask, what is the mag- 
nitude of the amplitude of the arc of the parabola which 
shall render the difference between the parabolic arc and 
its protangent equal to m times the distance between the 
focus and the vertex, we shall have, as before, by the 
terms of the question, 


(4.0) — g secO tan® = 7g ....csceecceees (348). 





But, in general, - 
(k.0) - g sec@ tan@ = 9 {3 
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hence we must have 
dé n 
2 = [ = log(sec@ + tan@), or sec@+tan@=e"...(349). 


Now we may solve this equation in two ways, either by 
making » a given number, and then determine the value 
of sec@ + tan@, which may be called the base. Or we may 
assign an arbitrary value to sec@ + tan@, and then derive the 
value of m. ‘Taking the latter course, let, for example, 


sec +tan@=10, then = log10, 


tx : 
or — is the modulus of the second system of logarithms. 
% é 
Hence, if we assume any number of systems of logarithms 
on the same parabola, and take their bases 


(secO+tan@), (sec@’+tan@’), (sec@" + tan6"), ... &e., 


the moduli of these successive systems will be the ratios of 


half the semiparameter to the successive differences between 
the base parabolic arcs and their protangents. 


In the naperian system, g the distance from the focus to 
the vertex of the parabola, is taken as 1. The difference 
between the parabolic arc and its protangent when equal 
to g, gives g(secO+tan@)=eg. In the decimal system 
g (secO, + tan@,)=10g, and the difference between the cor- 
responding parabolic are and its protangent being zg, if we 
make this difference xg equal to the arithmetical unit, we 


shall have mg =1, or g= : = modulus of the system. Hence, 


in every system of logarithms whatever, g the distance be- 
tween the focus and the vertex of the parabola, is the 
modulus of the system. Every system of logarithms may 
be derived from the same parabola, but the naperian system, 
in which the focal distance of the vertex is itself taken as 
the unit, may justly be taken as the natural system. In 
the same way we may consider that to be the natural system 
of circular trigonometry, in which the radius is taken as 
the unit. The modulus in the trigonometry of the parabola 
corresponds with the radius in the trigonometry of the circle. 
But while the base in the trigonometry of the parabola is 
real, in the circle it is imaginary. In the parabola, the 
angle of the base is given by the equation sec@ + tan@=e. 
In the circle, cos8+Vv(-1) sind=e""", and making 9=1, we get 


cos (1) + V(-1) sin (1) = et), 
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Hence, while e’ is the parabolic base, e”"” is the circular base. 
Or as [sece + tane] is the naperian base, [cos(1) + V(-1) sin(1)] 
is the circular or imaginary base. ‘Thus 


[cos (1) + V(-1) sin(1)]* = cos} + V(-1) sind. 


Hence, speaking more precisely, imaginary numbers have 
real logarithms, but an imaginary base. We may always 
pass from the real logarithms of the parabola, to the 
imaginary logarithms of the circle, by changing tan@ into 
v(-1) sind, sec@ into cos9, and e’ into e””. 

As in the parabola, the angle @ is non-periodic, its limit 
being 47, while in the circle 3 has no limit, it follows that 
while a number can have only one real or parabolic logarithm, 
it may have innumerable imaginary or circular logarithms. 

In the parabola we thus can shew the geometrical origin 
of the magnitudes known as the base and the modulus. 
We might too form systems of circular trigonometry analo- 
gous to different systems of logarithms. We might refer 
the arc of a circle not to the radius, but to some other 
arbitrary fixed line, the diameter or any other suppose. 
Let the circumference be referred to the diameter, then 7 
will signify a whole circumference instead of a semicircle, 
and 47 will represent a right angle. Having on this system, 
or any similar one, found the lengths of the arcs which 
correspond to certain functions, such as given sines or tan- 
gents, we should multiply the results by some fixed number, 
which we might call a modulus (2 in this example), to 
reduce them to the standard system; but such systems 
would obviously be useless. 

If ¢ be the angle which gives the difference between the 
parabolic arc and its protangent equal to g=4%; (e+ 6) is 
the angle which will give this difference equal to 2g, (s+¢+¢) 
is the angle which will give this difference equal to 3g, 
and so on to any number of angles. Hence, in the circle, 
if 3 be the angle which gives the circular are equal to 
the radius, 29 is the angle which will give an arc equal 
to twice the radius, and so on for any number of angles. 
This is of course self-evident in the case of the circle, but 
it is instructive to point out the complete analogy which 
holds in the trigonometries of the circle and of the parabola. 

The geometrical origin of the exponential theorem may 
thus be shewn. 

Assume two known logarithmic bases (seca + tana), and 
(sec8+tan§), and let us investigate the ratio of the differences 
of the corresponding parabolic arcs and their protangents. 
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Let sece + tane be the naperian base, and let one difference 
be zg and the other yg. The ratio of these differences is 
y 


therefore am if we make y= zz. Hence 


seca + tana = (sece + tane)*=e*, and (sec@ + tanf) = e’. 
Therefore (seca + tana)” = e*” = (sec8 + tan8)*. 
Or, as y=2zz, (seca +tana)* = secf + tanB. 


Let A be the first base, and B the second. Then B= A’. 
This is the exponential theorem. 

Let A be the naperian base, then z=1, and A =e. 
Hence B=e’. 

Given a number to find its logarithm, may be exhibited 
by the following geometrical construction. 

Let OAP be a parabola. Through the focus O draw 
the perpendicular OQ to the N - 
axis AO. Through A let a i 
tangent of indefinite length 
be drawn. On this tangent 
take the line AN to represent ,. 
the given number. Join NO, 
and make the angle NOT 
ulways equal to the angle .| 
NOQ. Draw TP at right a 
angles to ZO. This line will 4 
touch the parabola in the 
point P, and the arc of the ™ 
parabola AP- PT will be 
the logarithm of AN. 

When AN’ = AO = the 
unit g, the angle N’OQ is i, 
equal to half a right angle. hin 
Hence the point 7’ in this case will coincide with A. The 
parabolic arc therefore vanishes, or the logarithm of 1 is 0. 
When sec@+tan@=1, 0=0. 

When the number is less than 1, the point NV will fall 
below N’ in the position m. Hence nOQ is greater than 
half a right angle. Therefore 7’ will fall below the axis in 
the point 7’; and if we draw through 7” a tangent Z"p, 
it will give the negative arc of the parabola 7p, correspond- 
ing to the number dz. Fractional numbers, or numbers 
between +1 and 0, must therefore be represented by the 
expression g (sec @ — tan @), since tan@ changes its sign. 


aa 
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When the number is 0, » coincides with A, and the 
angle NOQ in this case is a right angle. Therefore the 
point 7” will be the intersection of AZ” and OQ. Hence 7" 
is at an infinite distance below the axis, and therefore the 
logarithm of +0 is - 0. 

Hence negative numbers have no logarithms, at least no 
real ones; and imaginary ones can only be educed by the 
transformation so often referred to, and this leads us to 
seek them among the properties of the circle. For as 0 
always lies between 0 and a right angle, or between 0 
and the half of +2, secO+tan@ is always positive; hence 
negative numbers can have no real or parabolic logarithms, 
but they may have imaginary or circular logarithms; for 
in the expression log {cos + y(-1) sin9} = $v(-1), we may 
make J=(2n+1) m, and we shall get log (-1)=(2n+1)rv(-1). 

Hence also, as the length of the parabolic are 7'P, without 
reference to the sign, depends solely on the amplitude 0, 
it follows that the logarithm of sec@-tan@ is equal to the 
logarithm of sec@+tan@. As (sec@ + tan @) (sec@ —- tan@) = 1, 
we may hence infer, that the logarithm of any number is 
equal to the logarithm of its reciprocal, with the sign 
changed. 


When @ is very large, sec + tan@ = 2tan9, nearly. Hence 
if we represent a large number by an ordinate of a parabola 
whose focal distance to the vertex is 1, the difference between 
the corresponding arc and its protangent will represent its 
logarithm. 


Along the tangent to the vertex of the parabola, as in 
the preceding figure, draw, measured from the vertex, a 
series of lines in geometrical progression, 

g (secO + tan@), g (sec + tan@)’, 
g (sec@ + tan 6)’...... g (sec + tan §)”. 

Join N, the general representative of the extremities of these 
right lines, with the focus O. Erect the perpendicular OQ, 
and make the angle NOT always equal to the angle NOQ. 
The line OT will be = g sec, the line OT =g sec (0+ 0), the 
line OT, = 9 sec(0+ 0+ 6), &c., and we shall likewise have 

AT=gtan0, AT =gtan(0+6), AT,=gtan(0+0+6), &. 


This follows immediately from (342); for any integral 
power of (sec@ +tan@) may be exhibited as a linear function 
of sccO+tan®. If O=6+6.6... &., since 


sec(0:6+6:6 &c. to nO) + tan(0+0+0-0 &c. to 8) = (secO+ tan 8)". 
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Hence the parabola enables us to give a graphical construc- 
tion for the angle (0+0+ &c.) as the circle does for the 
angle (0+ 0+ &c.). 

The analogous theorem in the circle may be developed 
as follows:—In the circle OBA take the arcs 


AB = BB = BB, = B,B,,... &e. = 24. 
Let the diameter be G; then 
OB = G cos$, OB, = G cos29, OB, = G cos34...&e. 
and AB=G@ sin, AB, =G sin29, AB, = G sin39...&c. 





Now as the lines in the second group are always at right 
angles to those in the first, and as such a change is denoted 
by the symbol v(-1), we get 


OB + BA =G {cos4 + v(-1) sin 9}, 
OB + B.A=G{cos29 +¥(-1) sin 29} = G{cos9 + v(-1)sin 9}; 
OB, + B,A=G{cos39++/(-1) sin39}=G{cos9+/(-1)sin9}* &. 


The known theorem, that a parabola is the reciprocal 
polar of a circle, whose circumference passes through the 
focus, suggests a transformation, which will exhibit a much 
closer analogy between the formule for the rectification of 
the parabola and the circle, than when the centre of the 
latter curve is taken as the origin. 

Let OBA be a semicircle ; let the origin be placed at O; 
let the angle AOB=3; and let G, as before, be the diameter 
of the circle. Through B draw the tangent BP; let fall on 
this tangent the perpendicular OP = p, and let BP, the pro- 
tangent, be equal to ¢. 

Now as p=G cos‘}, and ¢ =G sin cos, as also the angle 
AOP = 29, if we apply to the circle the formula for rectifica- 
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tion in (33), we shall have the arc 
AB = 8 = 2G {cos 9d9 - G sin} cos. 


Make the imaginary transformations cos = sec@, and 
sin} = ¥(-1) tan@, and we shall have 
8 dé 
Ga) 2| secO tan 0, 
the expression for an are of a parabola, diminished by its 
protangent. 

The protangent to the circle, which is exhibited in this 
formula, disappears in the actual process of integration ; 
while in the parabola, the protangent which is involved in 
the differential, is evolved by the process of integration. 

As in the parabola, the perpendicular, from the focus on 
the tangent, bisects the angle between the radius vector 
and the axis of the curve; so in the circle, the radius 
vector OB drawn from the extremity of the diameter, 
bisects the angle between the perpendicular OP and the 
diameter OA. 

There are some curious analogies between the parabola 
and the circle, considered under this point of view. 

In the parabola, the points 7, 7’, 7,, which divide the lines 


g(secO+tan@), g [sec (0+ 0) + tan (9 + @)] 


into their component parts, are upon tangents to the para- 
bola. The corresponding points B, B, B, in the circle, 
are on the circumference of the circle. 

In the parabola the extremities of the lines g (sec @ + tan @) 
are on a right line 47’; in the circle the extremities of the 
bent lines are all in the point A. 

The locus of the point 7, the intersections of the tan- 
gents to the parabola with the perpendiculars from the 
focus, is a right line; or in other words, while one end 
of a protangent rests on the parabola, the other end rests 
on a right line. So in the circle, while one end of the 
protangent rests on the circle, the other end rests on a 
cardioide, whose diameter is equal to that of the circle, 
and whose cusp is at O. OPP,A is the cardioide. 

The length of the tangent AN to any point JN is 


g (sec + tan 8) = 2g tan 9, 
when 6 is very large. The length of the cardioide is 2Gsin9. 
It is singular that the imaginary formule in trigonometry 
have long been discovered, while the corresponding real 
expressions have escaped notice. Indeed, it was long ago 
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observed by Bernoulli, Lambert, and by others—the re- 
mark has been repeated in almost every treatise on the 
subject since—that the ordinates of an equilateral hyperbola 
might be expressed by real exponentials, whose exponents 
are sectors of the hyperbola, but the analogy, being illusory, 
never led to any useful results. And the analogy was 
illusory from this, that it so happens the length and area 
of a circle are expressed by the same function, while the 
area of an equilateral hyperbola is a function of an arc of 
a parabola. The true analogue of the circle is the parabola. 
Let @ be the conjugate amplitude of » and y, while @ is 
the conjugate amplitude, as before, of ¢ and x. Then, as 


fH aftr. £2, ana [SP [24 «fe, 
cosm Jcosw cosy cosw Jcosh Jcosx 
we shall have 
fe d¢ dx dy 
—=|——+ |/—~+ ; 

cos@ cosh cosx Jcosy 
and if (4.0), (kp), (%.x), and (A.W) are four corresponding 
parabolic arcs, 
(kt) — (ug) = (Fey) - (Rap) = eta (ey) tan( $y) tan (y2J)...(850), 
which gives a simple relation between four conjugate para- 


bolic ares. 

Let, in the preceding formula, 6=x=,, and we shall have 

(k.w) - 3(k.p) = & tan*(p + $) = 8k tan’ sec’d... (351). 

We are thus enabled to assign the difference between an arc 
of a parabola and three times another arc, o = ($+ ¢ + ¢). 

If in (w), (841), we make P= =y, tan@ = 4 tan’ + tang. 

Introduce into this expression the imaginary transformation 
tang = /(-1) sin®, and we shall get sin 30=—- 4 sin’6 + sin8, 
which is the known formula for the trisection of a circular 
arc. (351) may therefore be taken as the formula which 
gives the trisection of an arc of a parabola. 

When there are five parabolic arcs, whose normal angles 
$, X, ¥, v, 2 are related as above, namely, 


w=$+x, B=orvaP+ysy, DaPsysryry, 
we get the following relation, 
(4.0) ~ (k.g) ~ (Bex) - (Ka) - (Kv) 
= k tan(o+x-+v) tan(y+y-+ v) tan(p+ p+ v)...(352), 
a formula which connects five parabolic arcs, whose ampli- 
tudes are derived by the given law. 
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The theorem given in (342) is a particular case of this 
more general theorem 


sec(a+B+y+d+ &c.)+tan(a+B+y+8+ &.) 
= (seca+tana) (sec@ + tan§) (secy+tany) (secd+tand) &e. 


We might pursue this subject very much further; but 
enough has been done to show the analogy which exists 
between the trigonometry of the circle and that of the 
parabola. As the calculus of angular magnitude has always 
been referred to thé circle as its type, so the calculus of 
logarithms may, in precisely the same way, be referred to the 
parabola as its type. 

The obscurities, which hitherto have hung over the 
geometrical theory of logarithms, have it is hoped been now 
removed. It is possible to represent logarithms, as elliptic 
integrals usually have been represented, by curves devised 
to exhibit some special property only ; and accordingly, such 
curves, while they place before us the properties they have 
been devised to represent, fail generally to carry us any 
further. The close analogies which connect the theory of 
logarithms with the properties of the circle will no longer 
appear inexplicable*. 





ON ELECTRODYNAMIC INDUCTION. 
By Riccarpo Fe ict. 
[Extracted from a Letter to the Editor.] 

*** Monsieur Tortolini m’a écrit que vous voudriez bien 
insérer, par extrait, mes travaux dans votre Journal accrédité. 
Je vous remercie infiniment de I’ offre, de laquelle je profite 
dés ce moment; en vous priant d’accueillir |’extrait sui- 





* The views above developed, on the trigonometry of the parabola, 
throw much light on a controversy long carried on between Leibnitz and 
J. Bernoulli on the subject of the logarithms of negative numbers. Leibnitz 
insisted they were imaginary, while Bernoulli argued they were real, and 
the same as the logarithms of equal positive numbers. Euler espoused the 
side of the former, while D’ Alembert coincided with the views of Bernoulli. 
Indeed, if we derive the theory of logarithms from the properties of the 
hyperbola (as geometers always have done), it will not be easy satisfactorily 
to answer the argument of Bernoulli—that as an hyperbolic area represents 
the logarithm of a positive number, denoted by the positive abscissa + z, 
so a negative number, according to conventional usage, being represented 
by the negative abscissa — 2, the corresponding hyperbolic area should 
denote its logarithm also. All this obscurity is cleared up by the theory 
developed in the text, which completely establishes the correctness of the 
views of Leibnitz and Euler. 
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vant, d’un mémoire qui sera publié prochainement dans les 
Annales de ? Université de Toscane. 


Memoire sur (Induction Electro-Dynamique. (Extrait). 

A’ Vaide d’un nouveau méthode expérimental que l’on 
trouverd decrit dans les Annales des Sciences, publiés 4 
Rome, par M. le Professeur 'Tortolini, année 1851, il est 
facile d’ établir avec toute certitude les faits suivants. 


1. La force des courants induits en ouvrant, ou bien en 
fermant, le circuit de la pile, est simplement proportionelle 
a celle des courants inducteurs. 


2. Le théoréme relatif au conducteur sinueux, énoncé 
dans la théorie d’ Ampere, se vérifie aussi dans le cas de 
induction. 


3. Dans le cas de deux anneaux, dont |’un est l’induit 
et l’autre l’inducteur, égaux, paralléles et avec leurs centres 
sur la méme droite normale a leurs plans, la force des 
courants induits, en interrompant le circuit de la pile, croit 
proportionellement aux diamétres, lorsque le rapport qui 
existe entre les distances des ces plans et les diamétres des 
mémes anneaux, est une quantité constante. 


4. La somme A de tous les courants induits sur un 
circuit conducteur par un circuit voltaique, fermé et en 
mouvement, pendant que ce dernier circuit passe d’ une 
position (dans laquelle il ne pourrait produire soit en 
Pouvrant soit en le fermant aucun courant induit sur le 
prémier conducteur) & une autre position quelconque, est 
égale au courant B induit que |’on peut obtenir en ouvrant 
ou en fermant le méme circuit inducteur placé exactement 
dans la derniere position. Il est évident que c’est du 
mouvement relatif, des deux circuits, que l'on entend 
parler. 

Cela posé, et en suivant la méthode suivie par Amptre, 
dans la théorie des phénoménes électro-dynamiques, on 
voit que les faits 1°, 2°, déterminent la forme la plus générale 
possible de la fonction algébrique qui exprime la force 
électro-motrice, d*E, induite sur |’ élément ds dans la direc- 
tion du méme élément, par un élément ds’ inducteur, en 
ouvrant ou bien en fermant le circuit de la pile. Et par 
consequent on aura la formule 


(a) 
re 
PE =- ard em cs. stina oe GE 
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ot r dénote la distance des éléments; a une quantité pro- 
portionelle a la force de la pile ; %, x constantes qui doivent 
étre déterminées par l’expérience. Mais la valeur de n est 
facile a connaitre en vertu du 8° fait; et par un calcul 
trés-facile on trouve n=1; c’est-d-dire la formule 
A. Be.) ded oe, (2). 
ds.ds rds ds' 
On peut maintenant remarquer, que le premier terme de 
son second membre, disparait dans les intégrations, pour 
un circuit fermé, et l’ on ecrira 
. ak dr dr ‘ 

d’*E te gh OS a8 even ee eee (8). 

Pour le cas des courants induits par le mouvement du 
circuit inducteur, on voit, trés-clairement que le fait 4° 
resout le probléme sans ajouter a |’analyse aucune nouvelle 
difficulté. 

La formule (3) donne des resultats assez simples lorsque 
on l’applique au cas du magnétisme dans l’hypothése de 
Amptre. 

Voila, Monsieur, ce que j’ avais a vous communiquer de 
plus important dans le dit mémoire. * * * 


Pisa, March 30, 1852. 


TE -~a( 








ON THE INDEX SYMBOL OF HOMOGENEOUS FUNCTIONS. 
By Rosert Carmicuart, A.M., Fellow of Trinity College, Dublin. 
[Concluded from Vol, v1. p. 284.] 


In the first article of the following paper, the Index 
Symbol is employed to illustrate a useful general theorem 
in the Calculus of Operations. In the second and third 
articles, the general applicability of the same symbol to the 
integration of large classes of differential equations, ordinary 
and partial, is exhibited and illustrated. In the fourth 
article, this symbol is employed for the solution of systems 
of simultaneous partial differential equations, a department 
of the Integral Calculus as yet comparatively unnoticed, 
and possessing much that will interest the mathematician 
and physicist. Finally, in the fifth article, certain excep- 
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tional cases are discussed, which will occur in this, as in 
any other, method of integration. 


y.uv = uv + vu, 


1. y being a distributive symbol such that | 
it can be readily proved that 


eY.uv = e’ue”v, 
whence it follows that | 
eY.uvw... = eV ue’ v.e¥w... 
Hence eV .u" = (eYuy, 
and therefore, if F denote any algebraic function, 
eY.F(u) = F(evu). 
This valuable theorem is due to the Rev. Prof. Graves. 
Now the distributive symbol 
= ptt gt ken, 
satisfies the above law, and therefore 


PV F(U) = F(T) ...cceccecevese (I.), 


where © and U are any functions whatsoever of xyz &c. 
With this symbol y, however, are connected* the two 
useful theorems 


F(y).u,,= F(m)u,, F(v).u,V=u,.F(v +m)V...(11.), 


where w, is an homogeneous function of the m™ degree in 
zyz &c., the generalizations of the elementary formule 


F(z 5) 2" = F(m) 2”, F(z z) a" X -2°F (2 £ + m) X, 
better known in the shape | 
¥(5) e™ = F(m) e” r( 45) e"O= Fs + m) o. 
dé a do 


Hence, if U be a mixed rational function of zyz &c., broken 
up into its homogeneous terms, thus 


Z—+y- 
Yi 





U=u,+u,+u, + &e.+u,, 





* Camb, and Dub, Math. Journal, Nov. 1851. Phil. Mag., Feb. 1852. 
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we obtain the remarkable theorem 


e’.F(U) = F(u, + eu, + eu, + &e. + e"u,). 


As a second example of the general theorem (I.) we may 
investigate the algebraic value of the symbolic quantity 


eon F(O,), 


where ©,, ©, are known homogeneous functions of the 
degrees m, n, respectively. Now 








enV © = {14+70,,+ ofesm) ©’, + &.} O = =. =; 
(1-m®,)” 
and therefore ¢"Y.F(O)=F ss . 
(1-mO,,)” 
e+y+z 





Thus eV, F(a y%+2") =F [ ' 
~ anges) {1-(ax+by+ex)}* 


2. There is one class of linear differential equations with 
constant coefficients, whose integration, in general, presents in- 
surmountable difficulties to the student. In it the right-hand 
member or absolute term consists exclusively of exponentials 
or circular functions, sines, cosines, &c., and may be written 


in the form F(é; sin8, cos6). 


For the solution of such equations, different processes have 
been employed, varying with the character of each example, 
useless in practice when the order of the equation is elevated, 
and unsuggestive of any susceptibilities of extended applica- 
tion. 

It is proposed to shew that, through the instrumentality 
of the Index Symbol, this class of equations can be integrated 
by a process simple and uniform, equally susceptible of 
employment in equations of the higher orders as in those 
of the lower, and directly indicative, in either case, of a 
corresponding class of partial differential equations with the 
appropriate form of solution. 

The type of the first class is 

d"y d™y d”*y 
dor * Pape * oa 
This, being reduced to the form 


d : ag 
P(5) y = SAe ; 





+...+ Ty = f(e', sin8, cos@). 
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where a may be positive or negative, fractional or integer, 
real or imaginary, becomes, by the substitution z = e’, 


d , 
F(z 5)! 2Az", 


and the solution, obtained at once in terms of z, gives in 
terms of @ 

= =A —— + ord. comp. funct. 
and when a is imaginary, we may restore the circular 
function. 

We have said that this class of ordinary differential equa- 
tions has its analogue amongst partial differential equations, 
and that the method of solution of the former is directly 
suggestive of that of the latter. 


Thus, the class of partial differential equations whose type is 

yet Py" z+...+Tz=f(e', e%, sin8, sing, cos6, cos), 

d ad 
=— + — 

dd dd 
can be thrown into the form 

F(y)2= 34, ,¢° 

where, as before, a and b may be positive or negative, 


integer or fractional, real or imaginary. By the transforma- 
tions z=e°, y=e%, this becomes 


d d . 
Ble d+y %)*> F(y)z= 3A, ,2'y’, 


and the solution, obtained at once in terms of z, y by the 
method furnished in either of the papers before quoted, is 
in terms of 0, ¢, 


where v 


ervitrp 
“? F(a +b) 
When the roots of F(v)=0 are all real and unequal, this 


complementary function or arbitrary portion of the solution 
is of the form 


z= 3A + corresponding comp. funct. 


v,(e*, e%) + v,(e*, e*) + ¥,(e’, e?) + &e., 


where n, p, g, &c. are the values of the roots, and W,, ¥,, by, 
&c. are homogeneous functions of the given degrees n, p, q, &c. 
but whose forms are arbitrary. 
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When there are a equal roots whose common value is ”, 
its form is 
V,(e’, e*).(0+ h)** + x, (e*, e%).(0 + p)*” + &e. + o,(e°, e%) + &e., 
where y,, x,, &c. are different arbitrary homogeneous func- 
tions of the degree n. 

Finally, when there are pairs of imaginary roots, the form 
of the arbitrary portion of the solution is 

Prrpuerilrs &*) + Wap ar(@’s e%) + &e. + He’, ef) + &e. 


We proceed to furnish some illustrations of the above 
method of solution, which would seem to establish its value 
as a practical good. The equations proposed for solution are 
selected from Gregory’s Examples. 


(L.) dy dy 


—*-- 2m —~ + m’y =sin a8. 
ae" ag 4 
The method of investigation given for the solution of this 
simple equation is extremely artificial, and seemingly un- 
susceptible of extension. 
By the transformation z =e’, it becomes 


(2 ad - m)y = 1 ian a indie © 
dz 2v(- 1) 


therefore 
1 gy) ga(-}) 


its 2V(-1)L{av(-1)-m}* {av(-1)+m} 


or, replacing the circular function, 








m ms. 
:|+ ex" logx+c,2” ; 


(m? — a’) sina® + 2ma cosa@ 
(m* + a*)? 





7 +e™(c.0+<c,). 


By the transformations z=e*, y =e", and a repetition of 
the same precise process which we have now employed, can 
be obtained the solution of the partial differential equation 


(se 9 Ba * a)” m( m ii) + mz = sin(aO + bd), 
in the form 
(= -(a + by} sin(aO + bp) + 2m(a + b) cos(a + bd) 
{m* + (a+ by}? 





z= 
| +B, (c?, e).(p+¥), +¥, (0%, &%), 
where ® , ¥, are different arbitrary homogencous functions 
of the m degree. 
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pty dy | 1 

II. —= = ——+ 

(II.) on + 38e— qt a- 

Expanding the * gare member, wy becomes 
(2z +1)y = 1+ 227 + 32° + &c.; 


therefore 14242 4 be, + loge + % 
y= ( 2 ; ee? 


L 
. a We C, 
or y=log(=*,) +2 loge + = 
Similarly, the solution of the partial differential equation 


1 
2 2 ea ee ee 
(z’r + Qeys + y°t) + 8(aptyg)+z a-6,)? 
where ©, is a given homogeneous function of the first degree 
in Z, y, is, by the second fundamental theorem, 
1 





0, 
z= le (; “a ve u_,(logz + logy) +v_, 


where w_, v., are different arbitrary homogeneous functions 
in z, y, of the degree - 1. 


1 


dw dw dw ry 
(IIL.) < s ae t ss 
Thrown into the symbolic shape, this becomes 
zy 


(Vv _ a) w= a > 
and therefore the solution is 


i 2 
is ges ee 
l-a z 


a? 


where «, is an arbitrary homogeneous function in the quan- 
tities z, y, z, of the degree a. 
More generally, the solution of 
ss S 66 ~ enn oe 
de aya Oe” 
where ©, ©, are known homogeneous functions of z, y, z, 
of the mand nt degrees respectively, is 


1 
oo = —————_——_ =+uU. 
(m-n)-a © r 


n 





n 
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=0. 





d"z ? d"z n(n—1) d"z 
LV. —— n-1 n-2, ,2 be 
sities ag 9 dx""dy re. @ da dy 


By the third article of the paper, to which the writer has 
already taken the liberty of referring, it appears most readily 
that this equation is susceptible of the symbolic shape 

V(V-1)(V-2)...(V-m+1)2=0. 
Consequently its solution is, at once, 





ZHUt+U + Uti $+ U. 
More generally, the solution of the equation 
d"z +ne'y d"z be n(m—1) ay? az 
_ da" da"dy 1.2 dx" *dy’ 
is 


Ei 











+= 0,4 O, 


. e, A e, 
sa a(a-1)...(a—n+1)  b(6-1)...(6-n+1) 

The simplicity of the method employed in this last 
example, when compared with the artificial and laborious 
processes which have hitherto been employed for its solution, 
seems to exhibit, in a remarkable degree, the power of the 
Index Symbol as an instrument of integration, and the 
facility with which it admits of manipulation. It is obvious 
that (11) in the Examples is only a particular case of the 
general theorem now established. 





+ UU +. +U 


n-1° 





3. Hitherto we have confined our attention to the inte- 
gration of classes of differential equations, ordinary and 
partial, in which the coefficients are constants. There are, 
however, two classes of equations in which the coefficients 
are symmetric functions of the variables, which can easily 
be reduced to those discussed. 

In the first, the coefficients are symmetric functions of the 
independent variables. Its type is 


Alms Ary oe a(m + Arf" (n + bee. 


dx*"dy 
a(a—1) -2 2 d*z 

= (m+ Arf? (nm + Ay) dat *dy + &e.} 

| i ~ 


d®z d*z 
 ppeditied B-2 See 
B \(m +22) qh + (m+ da) (n + ry) da "dy 


5 











B(B 3 1) -2 \2 dz 1 
+ - 1.2 (m + rz (n + ry) da? *dy + ~~ 





+ &C. 
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Making the substitutions 
m+rAc=rr', n+ry=ry’, 

and breaking up Q into sets of homogeneous functions, its 
solution can be obtained at once. The corresponding class 
of ordinary differential equations is most easily solved in this 
way, and the transformation employed for its solution by 
Legendre (Mémoires de ? Academie, 1787) rendered unne- 
cessary. 

In the second class, the coefficients are symmetric functions 
of the dependent variable. Its type is 

Az” *y%2 + Bee y"z + &e. = O, + O, + &., 
where ©, ©,, &c. are homogeneous functions of z, y, of the 
degrees n, p, &c. respectively. Putting 
2" =2', 
the equation is obviously reducible to the form 
A'y*2 + BY" 2 + &. = 9, +0, + &e,; 

the solution of which can be at once obtained by the method 
furnished in the paper before quoted. 

Thus, the equation 


2" (a'r + Qeys + y’t) + es +49) + C2"=0 +0, 
becomes v(v-1) 
eat +BY 4 chen + Op 
m(m — 1) 
Let the roots of 
v(v -1)+ B(m-1)¥V + Cm(m - 1) = F(y) = 0 
be 8 and c, and the solution is 


“a = a 
2" = m(m — Fa * Fen} tm tM 


where w,, wu, are arbitrary homogeneous equations of the 
degrees 5} and ¢ respectively. 
We may derive from Gregory’s Examples some pleasing 
illustrations of this method of solution. Thus, the equation 
dz 


dz 
ort G7 ye-2) 


assumes the symbolic shape 


— 
Vv sin” lo Qxy ; 
and its solution is therefore 


= sin(zy + w,). 











<M S Ee 














“<9 ERP RT ee F 
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4. We may, in some cases, employ the Index Symbol 
to great advantage in the investigation of the solutions of 
systems of partial differential equations. The results exhibit 
themselves in a remarkably symmetrical and elegant form. 

Thus, if we had the system 


r = f(z, Y), 
§ = f(z, Y)s 
t = f(z, Y)s 


multiply the first equation by z*, the second by 2zy, the 
third by y’, and adding, we get 

zr + Qxys + yt = vf, + yf, + yf, 
Break up the right-hand member, as before, into sets of 
homogeneous functions, and the whole assumes the symbolic 


shape V(v-1)2=0,+0,4+0,+ &; 
and the required solution is 
a a +U 
m(m—-1) n(n-1) ae 


where w,, wu, are arbitrary homogeneous functions of the 
degrees 0 and 1 respectively. 

The apparent method of solving such a system would be, 
to integrate the first equation twice with respect to z, sup- 
posing y constant, thereby introducing two arbitrary functions 
of y; to integrate the second equation alternately with respect 
to z and y, thereby introducing two more arbitrary functions, 
the one of y and the other of z; and to integrate the third 
equation with respect to y twice, thereby introducing two 
more arbitrary functions of z. Finally, by a comparison 
of the solutions thus got, we should endeavour to determine 
the characters of the resultant arbitrary functions as far as 
possible. 

It is obvious that our method of solution will apply 
to the system 


fe = fe", e”, sing, sin, cos¢, cosy), | 
Bi = fe*, e”, sing, sin, cosd, cosy), )» 





2 
i = fe, ev, sind, siny, cos¢, cosy), | 


as well as to many others which readily suggest themselves. 
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5. It is indispensable that we should discuss an excep- 
tional case, which will sometimes occur in the employment 
of the present, as of any other, method of integration. 

This arises from the circumstance that the inverse process 
may generate an infinite coefficient, and can be illustrated by 
the partial differential equation 


The solution of this equation, as given by our method, is 





8 
Zo —"™—4+4,3 
m-a 
in which, when a =m, the first term becomes infinite. 
To clear away this difficulty, assume, in the general 
solution, 





Ma a mm a? 
which gives 6 -9Oe 
8 z= -™—“40, 
m-a 


This becomes indeterminate when a =m; therefore, differen- 
tiating with respect to m both numerator and denominator, 
and remembering that 


2 TAG) 


- 2 





we find for the solution in the exceptional case 


m m 


By an obvious extension it appears that the solution of 
dw dw dw 





— —— —- =0 
ie ee ee mw = 90 
is w = 0, (82* BY *8F) so 


which, of course, may be generalized for m independent 
variables. ‘Thus, the solution of 


ya, 
dz 4 dy 
‘. ar (‘825 ) ale 


9 
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Again, the solution of 


ae sie 

dz dy ° 
wd ee | Sal 
18 = o(E 48) aces ) 


The integral of this equation, as given by Gregory, is 
incomplete ; and the same remark will apply to his solutions 
of the equations numbered in the Ezamples (7), (9), (26). 
Such a result might indeed be anticipated from the method 
of integration employed. It is, of course, a priori obvious 
that, as these partial differential equations are more or less 
symmetrical in x and y, their solutions should possess the 
same character. 

Particular instances of the occurrence of such exceptional 
cases are furnished by the ordinary differential equations 

dy 


qo = es or oS ay = 02", 

d*y d\ 2 M1), gett M(-1) 
and age * 7 Y = osm, or (= sys aya +2 ) 
when a =m. 

As regards this latter example, it may be observed that 
the partial differential equation corresponding is 


d*z Gz dz 
6° +2 dod¢ + dq? 
and its solution 
cos (m0 + np) 
~ “a (m+ ny 


+a’z = cos (m0 + nd), 


+ Way's €*) + Wa yae’s &f). 


The partial differential equation corresponding to the ex- 
ceptional case is- 
d’z Tze dz 
—— + 2——~ + —7 + (m+ ny z = cos(m + ng) 
ae’ dbdq dg ( ) ( $)s 
and its solution 
_ sin(m0+np) 0+¢ 
- Amen) ~ 2 
The methods of integration hitherto in use seem inadequate 
to contend with the difficulties which the integration of 
such an equation would present. 





+ Weonendu(rXerr &) + Wetnen) o(-re?s €)- 


Trinity College, Dublin, 
October 1852, 





SOLUTIONS OF TWO PROBLEMS. 


By Anrtuur Couen, Magdalene College, Cambridge. 


Tue following problem is not without historical interest, 
and the solution given in Gregory’s Examples is rather 
complicated. 


“To find a point within a given triangle, such that the 
sum of the distances of the point from the three vertices 
of the triangle may be a minimum.” 


Let (a,d,), (a,b,), (a,5,) be the coordinates of the three 
vertices A,, A,, A, of the triangle. Let z,y be the co- 
ordinates of the required point X. Let XA,=7,, X4A,=7,, 
XA, =1,. 

Let 6,, 8,, 8, be the angles made by 7,, r,, 7,, respectively, 


with the axis of z; and let, finally, ¢,, ¢,, $, denote the 
angles between (r,,), (7,7,), (7,7,), respectively, then 


u=V{(x-a,*)+(y-b,)} +V{(e-a,*)+(y-b,)} +V{(e-a,)+(y-8,”)} 
is to be a minimum, therefore 


du du 
—=0, ~—=0, 
dz dy . 


Z-a, «-a 
therefore ty 24 $= 0, 
r, r, 








y-b, y-b y- 4 


“4 a "A 


, 


therefore cos@, + cos@, + cos@, = 0,, 
sin 8, + sin8@, + sin8, = 0, 
*, sin(O, - @,) + sin(@,-8,)=0, .». ¢,=¢,= 9,3 


and, more generally, if it be required to make u =f(r,, 7, 7,) 
a maximum or minimum, we obtain, in a similar manner, 


gf f OF 
dr, _ dr, _ dr, 


2. 





sing, sing, ~ sn ?, 
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The theorem that the geometrical mean of n positive 
quantities is less than their arithmetical mean has been 
proved in Liouville’s Journal by means of the Differential 
Calculus. If, however, the Differential Calculus be em- 
ployed, the following proof seems to be shorter than the 
one given in the French journal. 


It may be easily proved that the absolute maximum value 


of w = (z,...2,)" with the condition that 2, +...42,=c=4,+...+@, 


is found by putting z,=z,...=z,, and it is therefore G,t...+4, 


and any other value being less than the absolute maximum 


1, a,+...4+a 
value, we have (q,...a,)" is less than —-—"__*, 





MATHEMATICAL NOTE. 


By Prorrssor De Moraan. 


In a Letter of Newton to Collins, dated Nov. 8, 1676, 
there is so remarkable an assertion relative to the extent 
to which Newton had carried the integral calculus, that the 
little notice it has received is to be wondered at. Looking 
at the evidences which the Principia offers of the possession 
of more methods than were ever published, such an asser- 
tion is not to be lightly passed over, extraordinary as it 
may be. 


The following extract was published by William Jones, 
in his Analysis per Quantitatum Series, §c., Lond. 4to. 1711. 
The most interesting part of this work was reprinted in 1712 
in the Commercium Epistolicum, so that it fell into com- 
parative neglect. How what follows came to be omitted in 
the Com. Epist. it is difficult to say. Both in date and 
matter it would have been much to the purpose: it may 
be that Newton had subsequent doubts as to the correctness 
of the assertion in all its extent. The whole Letter is in 
the Macclesfield Collection (vol. 11. pp. 403-5), to which the 
editor has added the following words: “ An extract from 
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this Letter is published in the Analysis per Quant. Series, 
but with interpolations.” This is not correct: the extract 
made by Jones (from which the following is taken) agrees 
to a syllable with what is printed in the Macclesfield Col- 
lection. 

“There is no Curve-line express’d by any Equation of 
three terms, tho’ the unknown quantities affect one another 
in it, or the Indices of their Dignities be surd quantities 
(suppose az + bry’ + cy7 = 0, where z signifies the Base, 
y the Ordinate, A, w, o, t the Indices of the Dignities of z 
and y, and a, 6, c known quantities with their signs + or -,) 
I say, there is no such Curve-line, but I can, in less than 
half a quarter of an hour, tell whether it may be Squar’d, 
or what are the simplest Figures it may be compared with, 
be those Figures Conic Sections, or others. And then by 
a direct and short way (I dare say the shortest the nature 
of the thing admits of for a general one,) I can compare 
them. This may seem a bold assertion, because it’s hard 
to say a Figure may, or may not, be Squar’d, or Compar’d 
with another; but it’s plain to me by the fountain I draw 
it from, tho’ I will not undertake to prove it to others. 
The same Method extends to Equations of four ‘Terms, and 
others also, but not so generally.” 


Nov. 26, 1851. 





PROBLEMS. 


1, A VARIABLE ellipse always touches a fixed ellipse and 
has a common focus with it. Find the locus of the second 
focus—(1) when the axis-major is constant ; (2) when the 
axis-minor is so. 


2. Find the locus of the intersection of pairs of tangents 
to a cycloid which are at right angles to one another. 


3. Prove the following expressions for the general dif- 
ferential coefficient of tanz. 
a _ (-1)" 2%" (1+ A) tanz _,, 
da™ 4(1+A)+A*(1+tan*z)  ” 


* iia (-1)" 2" A (A + 2) (1+ tan’z) om 


tanz 








da" 4(1+ A) + A*(1+tan’z) 
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4. A perfectly rough sphere is laid upon a perfectly rough 
plane, inclined at a given angle to the horizon. This plane 
is then made to revolve uniformly about an axis perpen- 
dicular to itself. Determine the motion of the sphere. 


5. (a) What would be the density and pressure of air 
at an immense distance from the earth, if the earth were 
at rest in a space of constant temperature ? 


(5) If the earth and moon were both at rest, at immense 
distances from one another, in a space of constant tempera- 
ture, what would be the pressure and density at the surface 
of the moon? [Work out numerically, taking 0° centrigrade 
as the constant temperature; 2114 times the weight of a 
pound at the earth’s surface, as the atmospheric pressure 


at the earth’s surface ; lb. the mass of a cubic foot 


1 
12°383 
of air at 0° and under that pressure; 7912 miles the diameter 
of the earth ; 2160 miles the diameter of the moon; ‘163 the 
force of gravity at the moon’s surface as compared with that 
at the surface of the earth.] 


6. Find the attraction of a solid sphere of which the 
density varies inversely as the fifth power of the distance 
from an external point, on any point external or internal ; 
the mutual attraction between two particles varying inversely 
as the square of their distance. 


7. If a ball weighing W be shot from an air-gun, the 
volume of the barrel of which is U, by means of the ex- 
pansion of a quantity of air which occupies the space V 
under the pressure P at the commencement of the motion, 
the mass of the air being very small compared with that 
of the ball, and the mass of the ball very small compared 
with that of the gun; shew that, provided the cooling effect 
ef the expansion be not, during the motion of the ball 
through the barrel, sensibly compensated by the communica- 
tion of any heat to the air from the matter round it, and 
provided there be no sensible loss of effect by friction, the 
velocity of the ball on leaving the gun is 


29 1 rr 3 
= =— 41-| = -II 

eh ei (7) } Alt 
where II denotes the atmospheric pressure, and / the ratio 
of the specific heat of air under constant pressure to the 
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specific heat of air in constant volume, which may be taken 
as a constant quantity. Find the proportion which the work 
spent in communicating the motion to the ball bears to that 
spent in producing noise and in overcoming fluid friction 
near the mouth of the gun.—/St. Peter’s College Examination 
Papers. Third Year. June 1852. 


8. (a) If an infinite number of perfectly elastic material 
points equally distributed through a hollow sphere, be set 
in motion each with any velocity, shew that the resulting 
continuous pressure (referred to a unit of area) on the in- 
ternal surface is equal to one-third of the vis viva of the 
particles divided by the volume of the sphere.—St. Peter’s 
College Examination Papers. June 1852. 


(6) Prove the same proposition for a hollow space of any 
form. 


9. If in the case of homoloidal spaces, we denote the 
volume formed in space of r dimensions, from +1 next 
inferior spaces by V; and through each of their r + 1 points 
of intersection draw parallel lines meeting the opposite spaces 
in points, the volume formed from which is V,; then 


V, = (-1)"9rV. 


1 


If the lines pass through the same finite point, give the 
corresponding formula. 


10. If (abc) denote the area of the triangle formed from 
the points abc, and (1238p) the area of the triangle formed 
by the polars with regard to a central conic of these points, 
divided by the radius of its circumscribing circle, and i‘ 
be the product of the squares of the semiaxes of the curve, 
and O,0,0, the perpendiculars from the centre on the polars ; 


shew that 20,0,0,(abe) = k*(123p). 


Hence, by means of the expression for the radius of curva- 
ture of a conic, compare in the limit the radii of the circles 
circumscribing the 3 triangles formed from 3 points on the 
curve, their tangents, and one chord and the tangents at its 
extremities; also the areas of the 2 first triangles. 

Evaluate the expression when one of the points is the 
centre of the conic. What is the corresponding form for 
general space ? 
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ON THE RATIONALISATION OF CERTAIN ALGEBRAICAL 
EQUATIONS. 
By Artuur CayLey, 
SuprosE z+y=0, =a, y=); 


then if we multiply the first equation by 1, zy, and reduce 
by the two others, we have 


z+y=0, 
be + ay = 0, 

from which, eliminating z, y, 
11/=0; 

b, a 








which is the equation between a@ and 4, Or, considering 
Z, y as quadratic radicals, the rational equation between 2, y. 
So if the original equation be multiplied by z, y, we have 


a+zy=0, 
b+a2y=0. 
Or, eliminating 1, zy, 
a,1|=0, 
b, 1 








which may be in like manner considered as the rational 
equation between 2, y. 

The preceding results are of course self-evident, but by 
applying the same process to the equations 


2t+y+z2=0, v=a, y=db, #+0, 
we have results of some elegance. Multiply the equation 


first by 1, yz, za, xy, reduce and eliminate the quantities 
2%, Y, 2, xyz, we have the rational equation 


1 1 1/2#0 
a 
l ec a 
1 6b a@ 


Again, multiply the equation by 2, y, z, zyz, reduce and 
eliminate the quantities 1, yz, zz, xy, the result is 


abe|l=0. 
a.i 
8. «fl 
o LL !] 
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which is of course equivalent to the preceding one (the two 
determinants are in fact identical in value), but the form 
is essentially different. The former of the two forms is that 
given in my paper “On a theorem in the Geometry of 
Position,” (Old Series, vol. 11. p. 270): it was only very 
recently that I perceived that a similar process led to the 
latter of the two forms. 


Similarly, if we have the equations 
2+yt+2+w=0, 2ve=a, y=b, 2=0, w=d, 


then multiplying by 1, yz, zz, zy, zw, yw, zw, zyzw, reducing 
and eliminating the quantities, 


, Ys 2% Wy, Y2W, 2wL,wxry, Lyz 














we havetheresult} 111/1{!.. ./. J=0. 

ee ee Ok RS 

GC «@i. eee (GS 

Pats Coe oe 

Bere oe eee | 

ne oe ae 

a ee a: ee 
abe|d 




















So if we multiply the equations by z, y, z, w, yzw, 2wz, wry, 
and zyz, reduce and eliminate the quantities, 


1, 2, 2x, ry, ww, yw, zw, xyzw 














we havetheresult}a@|.11/1..{.{fJ<=0. 

Bii.t aw age 

e148 4 « . 1 A 

oe 111 ‘ 

| are ees ye Se ie | 

oe oe oe el | 

diba 1 

abe 1 




















which however is not essentially distinct from the form 
before obtained, but may be derived from it by an inter- 
change of lines and columns. 

And in general for any even number of quadratic radicals 
the two forms are not essentially distinct, but may be derived 
from each other by interchanging lines and columns, while 
for an odd number of quadratic radicals the two forms cannot 
be so derived from each other, but are essentially distinct. 
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I was indebted to Mr. Sylvester for the remark that the 
above process applies to radicals of a higher order than the 
second. ‘To take the simplest case, suppose 


z+y=0, a=a, y=). 

And multiply first by 1, z*y, zy’; this gives 
z+y =0 
ay+xy? =0 


be . +2°y?=0; 
or, eliminating, 





| a | = 0. 
‘ @ 1 
e« 8 
Next multiply by z, y, z’y’; this gives 
2 . +a2y=0 
y +ay=0 


ba?+ay® . =0; 
or, eliminating, 





1. l/Js0 
~ = Ss 
ba 
And lastly, multiply by 2’, y’, zy; this gives 
at+zy . =0 
6 . +2y=0 
xy + zy’ =0; 
or, eliminating, 
aii = 0. 
b 1 
1 1 








And it is proper to remark that the second and third forms 
are not essentially distinct, since the one may be derived 
from the other by the interchange of lines and columns. 


Apply the preceding process to the system 


z+y+2=0, ea, yr=b, 2#=0. 


H2 
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First multiply by 1, zyz, z*y*2*, 2°z, y*x, 2’y, zy, y*z, 22, 


On the Rationalisation of certain 





reduce and eliminate the quantities, 


the result is 


Next multiply by z, y, z, y’z*, 22°, 2’y’, xyz, yen, zxy, 
reduce and eliminate the quantities, 


the result is 


Lastly, multiply by 2’, y’, 2’, yz, 2x, zy, vy’2’, y2'2", xy’2’, 
reduce and eliminate the quantities, 


the result is 

















z Y 2% ye, xyz, yen, 2ary, 2°x*, x*y* 
ie re | 
: 2} 4 
° 4 hs es 
es os 
c 1 
5 WE 
5) ey ae i 
c 1 











2 2 
a, y*, 2, 


yz, 20, xy, vy*z*, y2*z*, 2xty® 

















; a @ 
lar: | eee. | 
, ana 3 
. 6: > 
i 
ba 
i: 
e 
c 





1 xyz, 2*y*2z*, yz, 2x, vy*, y*z, 282, ay 

















ao 








a ee 
b ae | 

c 
1 souk 
1 ae ae 
1 1 
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where, as in the case of two cubic radicals, two forms, 
viz. the first and third forms of the rational equation, are not 
essentially distinct, but may be derived from each other by 
interchanging lines and columns. 

And in general, whatever be the number of cubic radicals, 
two of the three forms are not essentially distinct, but may be 
derived from each other by interchanging lines and columns. 


2, Stone Buildings, 
Dec, 28, 1852. 





NOTE ON THE DOCTRINE OF IMPOSSIBLES. 
By Witxiram WatrTon. 


In a note in page 47 of the last Number of the Journal, 
Mr. Salmon has made certain observations on the question 
of Geometrical Impossibles, in reply to my paper on the 
subject in the previous Number. I subjoin in separate 
paragraphs, for convenience of reference, all his remarks 
except one, which does not seem to me to bear upon the 
question at issue. 


(1). “I see no reason why we should not close our con- 
troversy on the terms of arbitration proposed by Professor 
De Morgan, namely that Mr. Gregory’s conventions shall 
be beniched from the regions of Algebraic Geometry to 
those of Geometrical Algebra.” 


(2). “Mr. Walton does not deny the only point for which 
I am anxious to contend, viz. that the curvilinear loci ob- 
tained by Mr. Gregory’s rules have no geometrical connection 
with plane curves represented by the same equations.” 


(3). “And if this be so, they cannot be expected to 
throw any light on any difficulty, real or supposed, in the 
theory of plane curves.” 


(4). “I have only to add that I believe Mr. Walton was 
hasty in asserting (vol. vir. p. 289) that if f(z, y)=0 be 
transcendental, a conjugate point, not double but single, 
may easily present itself.” 


(5). “And that the case of a conjugate point appearing 
to have a real tangent is explained by observing that such 
a point results from the union of two or more ordinary 
conjugate points.” 
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(1). I quite concur with Mr. Salmon in thinking that we 
may close our controversy on the terms of arbitration pro- 
posed by Professor De Morgan, whose excellent term Geome- 
trical Algebra so exactly accords with the distinction, on which 
I myself most carefully insisted in my own paper, between 
the two provinces of reasoning. 


(2). I neither assert nor deny that there is any geometrical 
connection between the possible and the impossible branches 
of the locus of an equation involving z and y; conceiving 
that the one or the other view might be adopted according 
to the precise sense attached to the phrase. 


(3). I am quite ready to admit that all the properties of 
the possible branches may be thoroughly discussed without 
any reference to the impossible ones, even where I might 
not myself see any obvious explanation of an apparent 
difficulty ; just as I should believe it possible to examine 
adequately the nature of the impossible ones without con- 
sidering the possible. 


(4). Take the equation 
wt yao {a 4 a 4 ae + ee Fae, 


There is a single conjugate point at the origin, the equation 
to the tangent of the one branch through it being z+ y = 0. 
The only objections which, as far as I am aware, could 
be urged against what I have here said, are either that an 
equation to a curve cannot be admitted to involve the symbol 
v(-1), or that v(-1) is necessarily equivalent to + v(-1). 
The former objection would be at variance with the object 
of Geometrical Algebra, which professes to trace out a cur- 
vilinear locus for any equation whatever in z and y: those 
who might entertain the latter objection I must refer to a 
paper by Gregory on the Impossible Logarithms of Quan- 
tities, in the Cambridge Mathematical Journal, vol. 1. p. 226. 
I do not say that a single conjugate point may not exist 
in curves not transcendental: take for instance the equation 


at+y=2'V(-1). 


I specified transcendental equations in particular owing to 
its being necessary, provided that we desire by transposition 
of terms, squaring, &c. to get rid of the symbol v(-1), to 
have recourse to infinite series or their symbols. 


(5). I thank Mr. Salmon for his suggestion that the 
existence of a real tangent at a conjugate point may be 
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explained by the idea of the union of two or more con- 
jugate points, as it is always I think interesting, in philo- 
sophical inquiries, to contemplate the same phenomenon 
from different points of view. 


Cambridge, Jan. 15, 1853. 





ON CERTAIN GEOMETRICAL THEOREMS. 
By W. Srorriswoope, 


THeorem I. When two systems of four points taken upon 
two straight lines, and corresponding each to each, have their 
anharmonic ratios equal, if the two straight lines be so placed 
that two homologous points coincide, the three straight lines, 
which join the three other points of the first system to the three 
homologous points of the second respectively, will meet in a 
point. 


Let 0, x, 2,, 2, be the distances of the four points on the 
first line, and 0, y,, y,, y, those on the second, measured from 
the point of intersection ; then the equivalence of the anhar- 
monic ratios of the two systems will be thus expressed : 








1% © in 0. 
% % 

1 1 

% Ys 

t f 1 

% Ys 


But if the two straight lines be taken as coordinate axes, 
this equation expresses the condition that the three straight 
lines 


C4nnw tad 
a YY 
re Pees 
a Y, 
ces tok 
@, 3 


shall meet in a point. 
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But these lines pass through the pairs of points 
0,2,; 0,4, 
0, 23 95 Yas 
0, %,3 9, Y,; 
respectively. Hence the theorem above enunciated. 


TuHeoreM II. When two systems of four straight lines, 
which correspond each to each respectively, have their anhar- 
monic ratios equal, if they be so placed that two corresponding 
straight lines coincide in direction, the three other straight 
lines of the first pencil will meet the corresponding lines of the 
second respectively in three points situated on the same straight 
line. 


If w, a, 8, y be the four straight lines forming the first 
pencil, and , a,, 8,, y, those forming the second, the equi- 
valence of the anharmonic ratios of the two pencils will be 
thus expressed : 

cotwa, cotwa, 1) =0. 


cotw8, cotwf,, 1 
cotwy, cotwy,, 1 


But if the common straight line w be taken as the axis of z, 
and the centre of one pencil as the origin; then, a being the 
distance between the two centres, and 2,, Y,3 25 Y.3 Tq: Ys 
being the coordinates of the points of intersection of a, a, ; 
B, B.s > %s» respectively, on substituting for cotwa,..., 
cotwa,,... in terms of z,, y,,... and dividing out the term @ 
common to an entire vertical row, the above determinant 
becomes 


Zz, y, 1/=09, 
x, Y, 1 
Z y;, 1 


which is the condition that the three points of intersection 
shall lie on a straight line. Q.£.D. 
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ON CERTAIN GEOMETRICAL RELATIONS BETWEEN A SURFACE 
OF THE SECOND DEGREE AND A TETRAHEDRON WHOSE 
EDGES TOUCH THE SURFACE. 


By Tuomas WeppDLE. 


Let ¢=0, u=0, v=0, w=0, be the equations to the faces 
of a tetrahedron ; then if ¢, «, v, w have been multiplied by 
arbitrary constants, the equation to any surface of the second 
degree may be denoted by 


+ ui +v'+ w+ 2dtu + 2uto + Qvtw + 2ouv + 2ouw + 2rvw = 0. 


If the surface which this equation denotes touch the edge 
(vw) of the tetrahedron, then, putting v=w-=0 in the pre- 
ceding equation, the result ¢ + u*+ 2A¢u = 0, must be a com- 
plete square, and this requires X=+1. Similarly, that the 
surface may touch the other edges, we must have w=+ 1, 
v=+1,p=+1,¢0=+1, and r=+1; and the equation to the 
surface becomes 


P+ u'+o'+ w+ 2tu + 2tv + 2tw + 2uv + Quw + 2ow = 0...(1). 


Now the double signs in this equation, being independent 
of each other, may be combined in (2°=) 64 different ways ; 
but it will on examination be found that there are eight ways 
in which the signs of (1) may be taken so that the left-hand 
member shall be a complete square, and the equation will 
then denote a plane; also there are 48 ways in which the 
signs of (1) may be combined so that it shall denote a cone 
having its vertex on one of the edges of the tetrahedron, 
(thus 2+ w+ 0? + w+ 2tu — 2tv — 2tw — 2uv - 2uw - 2vw = 0, 
or (-¢-uw+v0+w)'+(v-w)=(v+w), denotes a cone having 
its vertex at the point 4+«w=v0=w=0, on the edge (vzw)); 
hence these (8+48=)56 combinations of signs must be 
rejected, and there remain (64 - 56 =) 8 combinations to be 
considered. One of these gives 


O+u?+ 0? + w’— 2tu — 2tv — 2tw - 2uv - 2uw - 2ow = 0...(2); 
and if this be denoted by f(t, u, v, w) = 0, it will be found 
that the other seven combinations are 
S(-t, — u, 0, w)= 0, f(-t, u, -v, w)=0, f(-t, u, v, -w)=0, 

fS(-t, u,v, w)=0, f(t,-u,v,w)=0, f(t, u,-v, w)=0, 

and f(t, u,v, -w)=0: 


but since each of these may, by changing the signs of one or 
more of the quantities ¢, u, v, w, be reduced to f(é, u,v, w)=0, 
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we conclude that (2) is the most general form of the equation 
to surfaces of the second degree touching the edges of the 
tetrahedron. It must be remembered that since ¢, u,v and w 
have been supposed multiplied by arbitrary constants, (2) 
implicitly contains three arbitrary constants, as it evidently 
ought.* 

Let A, B, C and D be the angular points of the tetra- 
hedron, the faces BCD, CDA, DAB, and ABC being 
denoted by ¢=0, w=0, v=0, and w=0, respectively; also 
let E, F, G, e, f, g be the points of contact of the surface (2) 
with the edges AB, AC, AD, CD, BD, and BC, respec- 
tively ; and e,, f,, g,, Z,, F,, G,, the points in which tangent 
planes to (2) that pass through these edges intersect the 
opposite edges ; so that EF and £, are on the edge AB, &c. 

To find the equations to the point E, put »=w-=0 in (2), 
and we have ¢+u*—2tu=0, or ¢t-u=0. In a similar 
manner we shall find that the points EZ, F, G, e, f, g are 
denoted as follows: 


E, v=wet-u=0........ re: 
F, W= Ua t-— VE=O.. cc recevees «+ A4), 
G, u=v=t-we=0..... soni 





* If the surface, instead of touching all the edges of the tetrahedron, 
only touch the four edges (vw), (wt), (tw), (uv); that is, the sides AB, BC, 
CD, DA, of a twisted quadrilateral ABCD, its equation will be 


Bu? +v* + w* + Qtut Quv + 2ow + Btw + Qutv + 2ouw =0; 


or, since we may change the sign of any of the quantities u, v, w, the 
equation may be written 


Oui +o* + w*—2tu—2Quv—20w + 2tw4+ Qutv+2ouw=0..... (a). 


Hence the points H, K, L, M of contact of the sides AB, BC, CD, DA, 
respectively, will be denoted as follows : 


Hy, v=w=t-u=0 
kK, w=t=u-—v=0 
L, t¢=u=v—-w=0 
M, w=v=wtt=0 


Now the points HKL are situated in the plane t—u+v—w=0; and if the 
lower sign in (f) be taken, this plane also contains the point M. If, how- 
ever, the upper sign be taken, let the plane HKL intersect the side (uv) 
or DA in the point N: now since the harmonic planes w=0, ¢=0, w+t=0, 
and w—t=0, pass through the 7 A, D, M, and N, respectively, it 
follows that the side DA is divided harmonically in Mand N. Hence 


If a surface of the second degree touch the sides of a twisted quadrilateral, the 
four points of contact will either be in one plane ; or else, any side of the quad- 
rilateral will be divided harmonically by its point of contact and its intersection 
with the plane of the other three points of contact. 
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Surface of the Second Degree and a Tetrahedron. 





eB OO — Ww Ooccccccecrccvevered (6), 
Ea 0 WW b= Oucrcrcrccccccceces (7), 
COWS EH — OB Brrcsccsccccscccned (8) 


Hence the equations to the planes drawn through the edges 
of the tetrahedron and the points of contact of the opposite 


edges are as under. 


Equation to the plane CDE, t — U= 0 ....ccsccceeeceees (9), 
BF, b= 0 WO icccccvcsisccesess (10), 

BOG, 8 = We O.nccccccscccsccees (11), 

ABe, 0- Wm Oorcccccccrcccerees (12), 

ACE, W-U= Orrrcccccsccrccsces (18), 

MEG,” G+ Be Cis seisiesicoiassas (14). 

Again, since the equation (2) may be put under the form 
(¢-uy + (vo — wy = 2 (64+ UW) (OF W) wrreeeers (Y), 


it appears that ¢+ «= 0, and vo + w= 0, denote tangent planes, 
and they evidently pass through the edges CD and AB 
respectively. In a similar manner the tangent planes through 
the other edges may be obtained as under. 


The equation to the tangent plane through the edge 


AB touching at EF is v+w=0......... (15), 
MD sascesesccsvess F oc. WHE UH Ovcccceeee (16), 
MP is samisenscvars G0. WH 0 = Ovcccceees (17), 
GBD svrisiassvoneses © cee E+ 6m O.ccrceeee (18), 
FEF ew vavecsnesasse £ ce EF Ow Oreccreeee (19), 
Be scoccrsessersss g E+ W= Oveeeeeees (20) 
Hence the points E,, F,, &c. are denoted as follows: 
Ey 0S WHE + = Oorcrcccecccvees (21), 
Fy WHUHE4 0 HO. rcrcrecreees (22), 
Gig 620 HE 4 We ODircrccccrececes (23), 
Cy EURO 4+ WH Oecrecrcrcereeer (24), 
fy FO DWH Ue ODecrrcrererecees (25), 
Bi0 HWE UAV He D.ccrecccccceees (26). 


It is evident from equation (y) that the tangent plane 
v+w=0 meets the surface (vy); that is, (2), in one point 


only; hence the surface cannot be either an hyperboloid 
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of one sheet, an hyperbolic paraboloid, a cone, or a cylinder, 
but must be either an ellipsoid, an hyperboloid of two sheets, 
or an elliptic paraboloid. In other words, 


I. No ruled or developable* surface of the second degree can 
touch ALL the edges of a tetrahedron, so that every surface of the 
second degree touching all the edges is necessarily umbilical. 

In my first memoir “On the Theorems in Space analo- 
gous to those of Pascal and Brianchon in a Plane,” (Journal, 
new series, vol. 1v. pp. 30 and 33), I have also shewn that 
no ruled surface of the second degree can touch all the edges 
of either a hexahedron or an octahedron. I have not as yet 
met with an instance in which a ruled surface of the second 
degree touches all the edges of a solid figure. 

It appears from what has been already said, that (1) denotes 
64 surfaces ; 8 of which are planes, 8 umbilical surfaces, and 
48 cones; and it is easily seen that the whole of these surfaces 
meet the edges of the tetrahedron in the points E, E,; e, e,; 
F, Fy; £3 @, G; g, 2, only —each surface meeting the 
edges i in some six of these points. Now, taking one point 
on each edge, the preceding six pairs of points can be com- 
bined, six in each combination, in (2° =) 64 different ways 
(and no more), and therefore these different ways correspond 
to the different surfaces just mentioned. Hence 


II. If any six of the points E, E,; e,e,; F, F,; f,f,; G, G,; 
g, &,—one point on each edge—be taken, then 
either the siz points are in one plane ; 
or, are the points of contact of an umbilical surface of the second 
degree touching the edges of the tetrahedron ; 
or, one of the points is the vertex of a cone of the second degree 
which touches five of the edges in the remaining points. 


There are, as already observed, eight ways in which a 
selection of six points may be made so that they shall be in 
one plane ; the equations of these eight planes and the points 
through which they pass are easily seen to be as under: 


EFGefig, -—€+U+0+ w=. »-(27), 
Fige FG, t-uW+0+ w=... (28), 
eFZELG,, t+ U-04+ w= Osc (29), 
efGEFg,, C+ UF 0-— WH O..ecccceeee (30), 





* We have seen however that it is possible for a cone to touch five of the 
edges, and to have its vertex on the sixth edge. Such a cone may, if we 
please, be considered to touch all the edges. 
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LF. Gefg, t+ ut0+ we Ove (31), 
E,FGefg, -t-Ut+0+ We Oreccccccoeee (32), 
EP Gefg, -t+u-v0+ we Ove (33), 
EFGefg, -t+utv—-we=O..uee (34). 


It will be observed that the four planes (27), (28), (29), 
and (30), pass through the points of contact on the contiguous 
edges of the tetrahedron. 

Put the left-hand members of (27),...(34) equal to 2¢’, 2u’, 
2v', 2w’, 2p, 2g, 2r, and 2s, respectively, and it will readily 
be found that we have the following identities : 


2p = t+utotweaetltusovrw 
2g =-t-utviwetl+u-v-w 
Qr =-t+u-viwel-wiv-w 
28 =-t+ur+o0—-w=t-u-o+w 
2 =-t+ut+ot+wepigqtires 
Quu= t-ut+v+w=ptgq-r-s (35). 
2° = t+u-v+w=p-qir-s 
Qw= t+ut+ov-w=p-q-ris 
2¢ =-tiwt+v+w=p-gq-r-s 
Qu = t-wt+oiw=p-qirts 
Q0= teu -v+w=prg-ris 
Qw= l+yvtv-weptqtr-s 





The equation (2) to the surface touching the edges of the 
tetrahedron may also be written in any of the three follow- 
ing forms: 





tt! + uu! + vo! + WW = O....cecceeeees (86), 
t?+ w+ v4 w?- 2¢'u!— 2t'v'— 2¢'w'- 2u'v'- 2u'w'— 2v'w'=0...(37), 
a LS (38).* 
* If Gp + bg + Cr + 68 =O... .cccccccscceccssescenee(@) 
denote a tangent plane to (38), then will 
Wy eisniniciecnttntiietcccensi (B), 
and the point of contact will be determined by the equations 
= a 
ial tal tal Goria (4). 


And conversely, if (7) denote a point in the surface (38), so that we have 
the condition (8), then will (a) denote the tangent plane at that point. 
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The planes ¢', w’, v', w' will be the faces of a second tetra- 
hedron A’B'C'D'; and the planes p, g, r, s those of a third 
tetrahedron OO'O"0""; the faces B’C'D', C'D'A', D'A'B, 
A'B'C', 0'0"0""", 0"0""0, O''00'", and 00'0O", being those 
denoted by ¢’=0, u'=0, v'=0, w'=0, p=0, g=0, r=0, 
and s=0, respectively. I shall refer to the tetrahedra 
ABCD, A'B'C'D', and OO0'0'0", as the given, second, 
and third tetrahedra respectively ; and when two tetrahedra 
are referred to without specifying which, I mean the first 
two. Omitting the third tetrahedron for the present, I pro- 
ceed to the consideration of properties connected with the 
other two. 

At the point A’ we have wu =0'=w'=0, or -t=u=v=w; 
and at O"" we have p=q=r=0, or -t=u=v=-¥w, and so 
on; hence the angular points of the second and third tetra- 
hedra are denoted as follows: 


A’, -t= u= = w 
a = See eee aS (39), 
Cc’, t= u=-v= w 
D, t= u= v=-w 
0, t= w= v= w 
O'", -t=-u= v= w 

osecssesneed ee 
O", -t= ue-v= w (40) 
O", -t= w= v=-w 


The intersection of each pair of tangent planes (15, 18), 
(16, 19), and (17, 20) is obviously situated in the plane 
t+u+v+we=0; hence 





Similarly, if we take the more general equation 
kp* + Ig* + mr* + ns* = 0, 


it may be shewn that if 
ap + bg +er+es=0 


be the equation to a tangent plane, then 
ka +0PU + mc + ne = 0, 
and the point of contact will be denoted by 


and conversely. 

These formulas are capable of easy extension, but it is unnecessary to say 
more here, as I shall treat thé subject in a much more general manner 
before I conclude. 
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III. If a surface of the second degree touch the edges of a tetra- 
hedron, the tangent planes passing through the opposite edges will 
intersect in three straight lines in one plane. 

Moreover, since the six planes (9...14) all pass through the 
point ¢=u=v=w, we infer that 

IV. The six planes which pass through the edges of the given 
tetrahedron and the points of contact of the opposite edges, intersect 
in one point; or, which is the same thing, the three straight lines 
joining the points of contact of opposite edges pass through one point. 

Since the planes w=0, ¢=0, t-u=0, t+u=0, form 
a harmonic system, and pass through the points A, B, E, E,, 
on the edge AB, it appears that 


V. The two faces and the tangent plane through any edge, together 
with the plane passing through the same edge and the point of contact 
. the opposite edge, form a harmonic system; and hence any edge is 

ivided harmonically by its point of contact and the point in which it 
is intersected by the tangent plane through the opposite edge.* 

Again, (27...30) and (35), the straight lines (¢t’), (wa’), (vv’) 
and (ww’) are all situated in the plane ¢+u+0+w=0; hence 

VI. If (four) planes be drawn through the points of contact of 
every three contiguous edges of the given tetrahedron, these planes 
will intersect the corresponding faces of the tetrahedron in four 
straight lines in one plane. This amounts to saying that, the cor- 
responding faces of the two tetrahedra ABCD, A'B'C'D’ intersect 
in four straight lines in one plane. 

The equations to the straight lines 4A’, BB’, CC’, and 
DD are, (89), 


U=v=W 
o=we=t 
w=t=u 


and ¢=u=v, 


and these pass through the point ¢=u=v=w orO. Con- 
sequently 





* Hence when the points of contact are given, the tangent planes passing 
through the edges may be constructed. 

It is evident, however, that the six points of contact are not all indepen- 
dent, but that if three of them (which must not be all in the same face of 
the tetrahedron) be given, the other three can be found. This may be 
done in various ways, one of which is derived from the well-known plane 
theorem, that ‘‘If a triangle be circumscribed about a conic, the three 
straight lines joining the points of contact to the opposite angles intersect 
in a point,” so that when two of the points of contact are given, the third 
may be readily found. We have only to apply the construction here 
indicated to three of the faces of the tetrahedron, to find the points of 
contact of the other three edges. 
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VII. The straight lines joining the corresponding angles of the 
tetrahedra ABCD, A’B'C'D intersect in one point.* 

On account of the complete reciprocity of ¢, u,v, w and 
t', u', v', w' (see 2, 37, 35), the following is evident : 


VIII. The edges of the tetrahedron A'B'C'D' touch the surface 
(2), and the points of contact coincide with those of the edges of the 
tetrahedron ABCD. 


Since the equations to the edge C’D’ are ¢' = w' = 0, or (35) 
t-u=v0+w=0, it follows that the edge C’D’ intersects the 
edge CD in t=u=v0+w=0, or the point e,; and likewise 
the edge AB in v=w=t-u=0, or the point E. Hence 


IX. The edges A'B’, A'C', A'D', C'D', D'B, BC" intersect the 
edges AB, AC, AD, CD, DB, BC, respectively, in the points 
E,, Fy, Gy, &, fy g,; and the former edges likewise intersect the 
edges CD, DB, BC, AB, AC, AD, respectively, in the points of 
contact e, f,g, E, F, G. The former sia pairs of edges lie in the 
planes (9...14), and the latter six pairs in the tangent planes 
(15...20). 


The equations to the lines Be, Cf, Dg are, (6, 7, 8), ¢=0, 
combined with v- w=0, w-u=0, and u-v=0, respectively ; 
and hence these lines pass through the point in which the 
face BCD (whose equation is ¢ = 0) is intersected by the line 
AA’ (whose equations are w=v=w). In a similar manner 
it may be shewn that the lines B’E, C’F, and D'G intersect 
in the point in which the same line 4A’ intersects the face 
BC'D'. Hence 

X. In any face of either of the tetrahedra ABCD, A'BC'D, 
let lines be drawn from the angles of the triangle which constitutes 
that face to the points of contact of the opposite sides, then shall these 
three lines pass through the point in which the said face is intersected 
by the line joining the corresponding angular points of the tetrahedra. 

In Plane Geometry we have the following theorem: “If 
a triangle be circumscribed about a conic, the straight lines 
joining the angles and the points of contact of the opposite 
sides intersect in a point”; and it is easy to recognise that 
(1v.) is analogous to this theorem; as is also theorem (x1I.) 
(due to M. Chasles) in my third memoir “ On the Theorems 
in Space analogous to Pascal and Brianchon in a Plane,” 





* It appears from (18, 19, 20) that the three tangent planes through the 
edges BC, CD and DB in the face BCD intersect in the point —t=u=v=w 
or A’; and similarly it may be shewn that the tangent planes through the 
edges in the other faces intersect in the points B’, C’, and D’, It is hence 
easily seen that theorems (vi.) and (vi1.) justify the foot-note at p. 131, 
vol. vi. of this Journal, 
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(Journal, new series, vol. v1. p. 128). So likewise is the 
following: “If a surface of the second order be tangential 
to three planes, the planes passing through the mutual inter- 
sections of every two of them, and the point of contact of the 
third tangent plane, will intersect in the same straight line.’* 
The preceding are not the only analogous properties how- 
ever. (vil.) may be viewed as an analogue, if we present 
the plane theorem in this form: “If a triangle be circum- 
scribed about a conic and another be inscribed in the same, 
having its angles at the points of contact of the sides of the 
former, then shall the straight lines joining the correspond- 
ing angular points intersect in one point.” I dare say the 
analogy between (vit.) and this theorem will not be denied 
by most mathematicians, but in case there should be any 
doubt, I give one way of establishing an analogy. Ifa plane 
figure be circumscribed about a conic, and the points of con- 
tact of the contiguous sides be joined, a plane figure will 
be inscribed in the conic. Now if the edges of a solid 
figure touch a surface of the second degree, and planes be 
drawn through the points of contact of the contiguous edges, 
these planes will form the faces of another solid figure whose 
edges will also touch the surface; and the two solids will 
be such that the faces of each pass through the points of 
contact of the contiguous edges of the other. It hence 
follows that two solids so related bear some analogy to two 
plane figures, one inscribed in, and the other circumscribed 
about a conic, the sides of the latter figure touching at the 
angular points of the former. 

I wish to state here that theorem (1v.), and the general 
equation (2) to surfaces of the second degree touching the 
edges of a tetrahedron, were discovered by the late G. W. 
Hearn and myself, independently of each other, and about 
the same time. It also appears (from letters in my posses- 
sion) that Mr. Hearn had also investigated many of the 
preceding equations and theorems (and possibly some of 
those that follow), but he never pointed out which of my 
results coincided with his own. 

Equation (2) may be put under the form 


(-¢+u+0+w) = 4(vw + wu + uv); 





* A very elegant demonstration of this theorem, by the late G. W. Hearn, 
will be found at p. 55 of his Researches on Curves of the Second Order, It is 
however only a particular case of a more general theorem, due it would 
seem to M. Chasles, for which see Journal, new series, vol. v1. p. 1380, 
theorem (x1x.). 


NEW SERIES, VOL. VIII.—May 1853. I 
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hence vw + wu + uv = 0 is the equation to the cone which has 
its vertex at the point (wew) or A, and which envelopes the 
surface (2). In like manner we shall obtain the equations 
of the cones which have their vertices at the other angles 
of the tetrahedron ABCD, and which envelope the sur- 
face (2); and collecting the whole we have 


cw + wu t+ uv =0 
wt + tv +ow=0 
tu+uw+wt =0 
uv+ vt +tu =0 


These I shall denominate the circumscribed cones of the 
given tetrahedron. 

Again, if in (2) we put ¢=0, w=0, o=0, and w=0, in 
succession, we shall get - 


u’+v°>+ w* - Quy - 2uw - 2ow = 0 
(+0? + ww - 2iv - 2tw - 2ew = 0 
@ ++ w* - 2tu - 2tw - 2uw = 0 
?+u'+ ov? - 2tu - 2tv - Qu =0 


and these are evidently the equations to the cones whose 
vertices are at the angular points of the given tetrahedron, 
and whose directors are the conics in which the opposite 
faces of the tetrahedron intersect the surface. These may 
be called the inscribed cones of the given tetrahedron. 

Taking the difference between the first two equations of 
(41), we get (¢-uw) (v+w)=0; now v+w=O0 is the equa- 
tion of a common tangent plane to the two cones denoted by 
the two equations; hence the cones ¢ntersect only in the plane 
t—u=0: in like manner it may be shewn that the planes 
of the other conics in which the cones (41) intersect, two 
and two, are those denoted by (10)...(14); hence 


XI. The circumscribed cones intersect each other, two and two, 
in six planes which pass through one point. 


Again, taking the difference of the first two equations 
of (42), we get 
{t-u} {¢+u-2(v+w)} =0, 


and hence the two cones denoted by the first two equations 
of (42) intersect in the two planes ¢- «w=0 and ¢+u=2(v+w). 
In a similar manner we shall obtain the equations to the 
other planes in which the inscribed cones intersect two and 
two; there will be twelve such planes altogether—six of 
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them coincide with those denoted by (9)...(14), and the 
equations to the other six are as follows: 


t+u = 2(0+w) 
t+ov = 2(u+ w) 
t+ w= 2(u+t v) 
v+ w= 2(t + u) 
ut w= 2(¢t + v) 
u+v =2(¢ + w) 


Now the first and fourth of these equations are satisfied 
by ¢+u=v+w=0; the second and fifth by ¢+0=u+w=0; 
and the third and sixth by ¢+ w=u+v=0. Hence, (15...20) 
and (111.), 


XII. The inscribed cones intersect each other, two and two, in 
twelve planes—which consist of a system of six planes that intersect 
in a point, and of a system of sia planes, the corresponding pairs 
of which intersect in three straight lines in the same plane, and these 
straight lines coincide with the intersections of the three pairs of 
tangent planes to the surface (2) that pass through the opposite edges 
of the tetrahedron. 


It is evident from a comparison of (2) and (37), that if we 
accent ¢, w, v, and w in all the equations from (41) inclusive, 
we shall get the equations to the inscribed and circumscribed 
cones of the second tetrahedron .4’B’C’D’, and their mutual 
intersections. Now, (35), ¢-u'=u-t, &., U+u'=v0+w, &e. 
identically ; hence the following theorem is evident : 


XI. The {inscribed | cones of the second tetrahedron inter- 
leircumscribed muerte 
sect each, two and two, in the same planes as the pes shed 


cones of the given tetrahedron. 


Again, considering the circumscribed cones of both tetra- 
hedra, each pair of corresponding cones will intersect in the 
plane ¢+u+0+w=0; besides which there are second planes 
of intersection which are different for each pair of cones ; 
their equations are, 

-3t +u+v+w=0 
-8u+ti+o0+w=0 
- 80 +¢+u+w=0 


- 8w+t+uto =0 


and each of these passes through the point O, or ¢=u=v= w, 
Hence 


12 
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XIV. The corresponding circumscribed cones of the two tetra- 
hedra intersect each other in five planes—which consist of the single 
plane that passes through the four straight lines in which the cor- 
responding faces of the two tetrahedra intersect; and of a system 
of four planes which pass respectively through these lines and which 
intersect in the point O. 

The corresponding inscribed cones will be found to inter- 
sect each other in the preceding five planes; so that 

XV. The corresponding inscribed cones of the two tetrahedra 
intersect each other in five planes which coincide with those in which 
the corresponding circumscribed cones intersect each other. 


Besides the faces of the given tetrahedron, the inscribed 
cones of the given tetrahedron intersect the corresponding 
circumscribed cones of the second tetrahedron in the planes 

z%#+ut+v+we=0 
ju+t+o+w=0 
jo+t+ut+rw=0 
Jot+t+ur+o=0 

Also, besides the faces of the second tetrahedron, the cir- 
cumscribed cones of the given tetrahedron intersect the 
corresponding inscribed cones of the second tetrahedron 


in the planes 
%+ur+v+w=0 


fu+t+o+we=0 
f+ t+u+w=0 
jot t+u+o=0 

Hence, including the faces of the two tetrahedra in which 
these cones also intersect, we may say that 

XVI. The sixteen planes in which the inscribed cones of each 
tetrahedron intersect the corresponding circumscribed cones of the 
other, pass through four straight lines in one plane, four planes 
passing through each line. 

Moreover, besides the faces of the given tetrahedron, the 
inscribed cones of the same intersect the surface (2) in four 
planes whose equations are 

-tt +u+v+w=0 
-~-4u+t+0+w=0 
-qu0+t+u+we=0 
~hw+tt+u+v=0 
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Also, besides the faces of the second tetrahedron, the 
inscribed cones of the same intersect the surface (2) in the 
four planes 

7é+ut+v+w=0 


Ju+t+v0+w=0 
Ju+t+u+w=0 
Iw+t+ut+v=0 


Hence, recollecting that the former and latter cones also 
intersect the given surface in the faces of the first and second 
tetrahedra respectively, we may say that 

XVII. The sixteen planes in which the inscribed cones of the two 
tetrahedra intersect the surface (2) pass, four and four, through four 
straight lines that are in one plane. 

We have thus a great number of planes, (see 44, 45, 46, 
47, 48), which pass through the four lines (¢t’), (u’), (vv'), 
(ww), in which the corresponding faces of the two tetrahedra 
intersect. 

Several harmonic relations between the faces of the tetra- 
hedra and the planes just referred to, might easily be 
deduced, but I shall omit them. 

From (44) inclusive, I have only written down the equa- 
tions to the planes of intersection in order to save space. 
The investigations are extremely easy, and I shall, as an 
example, merely investigate the equations for (xv.). 

The equation to the inscribed cone of the second tetra- 
hedron having its vertex at the point .4’ is of course 


u? +07 4 w? — Qu'v' — 2u'w' - 2v'w' = 0, 
which, when expressed in terms of ¢, w, v, and w, becomes 
— 30° + 5u* + 5v* + 5’ — 2tu — 2tv - 2tw — 6uv - 6uw - Gow = 0; 
from this equation deduct four times 

u’ + v0 + w* — Quv — 2uw — 2ew = 0, 

(the equation to the corresponding inscribed cone of the 
given tetrahedron), and we get 

- 8? - 2¢(u+v0+w)+(ut+v+wy=0, 
or (¢+ut+o+w) (-3¢t+u+v0+w)=0; 


so that the two cones intersect in two plane curves situated 
in the planes ¢+u+0+w=0 and - 8t+u+v0+w=0., 

It may also be observed, that having obtained (45) and 
(47), we shall get (46) and (48) by accenting the letters in 
(45) and (47), and then expressing the resulting equations 
in terms of ¢, uw, v, and w by means of (35). 
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Putting w=0 in the first equation of (47), we have 
t=2(u+v), and these values of ¢ and w being substituted 
in (2), there results (w-v)?=0, or «w-v=0; hence the 
straight line in which the face w and the first plane of (47) 
intersect, touches the given surface. Similarly, it may be 
shewn that any of the planes (47) and a non-corresponding 
face of the given tetrahedron intersect in a straight line 
which touches the surface (2). Also, since the equations (48) 
are what (47) become when ¢, uw, v, and w are accented, it 
follows that the same is true of the planes (48) and the faces 
of the second tetrahedron. Hence 

XVIII. The twelve straight lines in which the four planes (47) 
intersect the non-corresponding faces of the given tetrahedron, and 
the twelve straight lines in which the planes (48) intersect the non- 
corresponding faces of the second tetrahedron, touch the given surface 
(2 or 37). 

It will be observed that the faces of the given tetrahedron 
and the planes (47) form the faces of a duodecangular octa- 
hedron whose edges touch the surface (2) of the second 
degree ; but as the consideration of this subject here might 
be too great a digression, I shall postpone it to the end 
of this paper. 

The equation to any surface of the second degree cir- 
cumscribed about the given tetrahedron is evidently 


Siu + gto + hiw + f'vw + g'uw + h'uv = 0. 


If this also passes through the points 4’, B’, C’, and D’, 
we must, (39), have 


-f-g-h+f'+g +h =0, 
-fi+grhif'-g -h'=9, 
f-g+h-fisg-l =0, 
and S+g-h-f'-g +h =0. 
Now the last three equations give f=/", g=g', andh=h’, 
and these satisfying the first equation, we infer that 


XIX. Any surface of the second degree passing through seven of 


the angular points of the two tetrahedra will pass through the 
eighth.* 





* Since the angular points of the two tetrahedra form the angular points 
of a hexahedron (whose faces are denoted by 


t+u=0, v+w=0, 
t+v=0, w+u=0, 


t+w=0, uw+v=0), 
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The general equation to such a surface is 
ST (tu + vw) + 9 (to + uw) + h (tw + ww) = 0...... (49), 
J, 9, and h being arbitrary constants. 


The last equation may be presented in a neat form in 
terms of p,q,r, ands. By (35) we have 


tut+vw=4(p'+¢°-7'- 8°), &e., 
hence (49) becomes 
(f+9+h) p+ (f-g-h)g+(-ftg-h)rs+(-f-gth)s=0. 
Put k=fi+g+h,l=f-g-h, m=-f+9-h, andn=-f-g+h, 
so that k+2+m+mn=0. Hence the equation to surfaces of 


the second degree circumscribed about the given and second 
tetrahedra may be written in this form: 


kp’ + Iq? + mr* + ns’ = 0 
where k+limine=of” 


XX. Any surface of the second degree touching seven of the faces 
of the two tetrahedra, will touch the eighth face. 


This theorem may be established as follows: 

In the Mathematician, vol. 1. p. 278, I have shewn that 
the general equation to surfaces of the second degree touch- 
ing the faces ¢, u, v, w of the given tetrahedron is 
L(at + bu - cv - ew) + m(at — bu + cv — ew)” + n(at - bu - cv + ew)? 

=(at+ bu +cv + ew), 
where +m'+ n= 1. 
Substitute - 4, - k"m, and - k"n, for 7, m, and n, and these 
equations become 
k(at + bu + cv + ew)’ + Wat + bu-cv-ew)’ + m(at - bu + cv - ew)’ 
+ n(at - bu - cv + ew) = 0...(1’).* 





it follows that (xrx.) is only a particular case of theorem (vi1I.) in my 
second memoir ‘On the Theorems in Space analogous to those of Pascal 
and Brianchon in a Plane,” (Journal, new series, vol. v. p. 65). But 
indeed the latter theorem itself is only a particular case of the following : 
Every surface of the second degree passing through seven of the eight points of 
intersection of three surfaces of the second degree, will necessarily pass through 
the eighth. 

I may as well observe here that, since the faces of the two tetrahedra 
form those of an octahedron, the next theorem (xx.) in the text is only 
a particular case of theorem (1x.) (td. p. 66), and this again is only a par- 
ticular case of the following: Every surface of the second degree touching 
seven of the eight common tangent planes to three surfaces of the second degree, 
will necessarily touch the eighth. 


* If we change the sign of the arbitrary constant @ in this equation, we 
shall get the more symmetrical form 
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where BB 4 cng 8" 2 ® nc csscsscccsccceevs (2'). 


Put at + bu + cv + ew = 2P, 
at + bu - cv — ew = 2Q, 
at — bu + cv - ew = 2R, 
at — bu — cv + ew = 28; 


also put -a'+b'+e'+e" = 2 
a*-b*'+0e'+e6'=28 
a+ b*-¢' +e) = QW 
a*+b7%+c-@' = 28 

We thus readily find 

-2¢ =-aP + BQ+yR+ 88 
2u’= BP- aQ+ dR+ oS 
Q20°= yP+ 5Q-aR+BS|" (4)5 
2w'= 6P+7Q+BR- aS 

and the equation (1') to the tangent surface becomes 

kP? + 1Q? + MR? + 2S? = 0.....0ceeeeees (5’). 

Hence, observing (4’) and the foot-note at p. 110, we see that 

if ¢’=0, u’=0, o& = 0, and w'=0, denote tangent planes to 

(1’) or (5), we must have 

kd + PB? + my +28 = 0 
re “7 Tq? a ms? + nr? ae 0 
ky + PR + ma? + np = 0 
k'°S + Py? + mp’ + na? = 0 


Now if we add these four equations, we get 
(hk? +04 m7 +n") (a + B+ 9+ &), 


which = 0, by (2'). Hence three of the equations (6') imply 
the fourth, and theorem (xx.) is therefore established. 





k(—at+bu+cv+ew)*+1(at—bu+cv+ew)* +m (at +bu—cv+ew)?* 
+n(at+bu+cv—ew)*=0, 
where k440 4m *+4+n7=0. 


Another form (also symmetrical) of the general equation to surfaces of 
the second degree touching the faces of a tetrahedron is made use of at 
vol. v. p. 61 of this Journal; and the demonstrations of the whole will be 
found in the Mathematician, vol, 11. p. 261, and vol. 111, pp. 278-9, 
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Add the first two equations of (6'), recollecting that 

k* +1" =-(m"* +n), therefore 

(k* +0) (+ B-y' - &) = 0; 
therefore either k*+7*=0, or a+ B= +8: 
but, (3’), a? + 6’ =4°+ & is equivalent to ad = ce, 
therefore either 4*'+7' =0, or ab=ce. 
Similarly, k*+m*=0, or ac=be, 
and k*+n*=0, or ae=be. 

Now, since the equations k*+J*=0, k*+m*=0, and 
k* +n" =0, cannot exist simultaneously (2’), we shall have 
three cases to consider: 
Firstly, ab=ce, ac=be, and ac= be. 
Secondly, such as 

k*+l*=0, ac=be, and ae=be. 
Thirdly, such as 
kt+0'=0, k*+m*=0, and ae= be. 
Taking the first of these, we must have 
either a=b=c=e, 
or, suchas a=b=-c=-e, 

Substituting the former of these in (1'), we find the required 
equation to be 

k(t+uto+wy+l(t+u-v-wyl+m(t-u+v-w)y 

+n(t-u-v+w)y=0...... (7’). 

If we were to take a = }=-—c=-e in (1’), and then inter- 
change & and J, and m and 2, (which does not affect (2')), we 
should also get (7’). 

Secondly, let #*+7°=0, ac= be, and ae = bc; hence, (2'), 
l=-k andn=-m. Also either a=6 and c=e; ora=-b 
andec=-e. Taking /=-k, n=-™m, b=a, and e=¢, in(l’), 
we get 

k(¢+u) (0+ w) + m(t-u)(v-w)=0; 
also taking 7=- k, n=- m, b=-a, and c=-e in (1'), we get 
k(t-u)(vo- w) + m(t+u) (vo + w) = 0, 
and this coincides with the former when & and m are inter- 
changed ; but the former equation is what (7’) becomes when 


l=-k and n=-™m, so that both these equations may be 
rejected as being only cases of (7’). 
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Lastly, let &*+7"°=0, k'+m*=0, and ae = be; hence 

(2'), k=-l=-me=n; and (1') is reduced to 

aetw + beuv =0: 
but since ae = be, this becomes tw + wv = 0, and this equation 
may also be rejected, seeing that it results from putting 
k=-l=-me=ni in (7’). 

From the preceding discussion it follows that the general 
equation to surfaces of the second degree touching the faces 
of the given and second tetrahedra may, (7'), be written 
K(t+ut+o+wy+l(-t-u+v+wy+m(-t+u-v+w) 

+n(-t+u+v0-w)=0...(51), 
where k, 1, m,n are arbitrary constants, subject however to 
the condition 


Be 4 F*  e*  0 O ..crccocrcvesenae (52). 
The equation (51) may also be written 
kp* + Ug* + mr? + ns = 0 .......cceeeeeees (53)*, 


also of course with the condition (52). 


Since (2) may be written in the form 
(¢-u)y+(v-w)’ - 2(¢+u) (v+w) = 0, 
we see that the equation to any other surface of the second 
degree touching the edges of the given tetrahedron is 
(at — buy’ + (cv - ew) — 2 (at + bu) (cv + ew) = 0...(a). 
Let this touch the edge C'D’ or (¢'u’) of the second tetra- 


hedron ; then, since ¢’ = = 0 are equivalent to ¢=u, and 
w=-v, we must have, (a), 


(a-b) w+(c+ ey vw - 2(a+b)(c-e) w=, 





* The faces of the second and given tetrahedra, when expressed in terms 
of p, g, r, and s, are, (35), denoted as follows: 


pt+qtr+s=0 —pt+qt+r+s=0 
—p—qtr+s=0) 04 | Poatrt+s=0 
—p+q—r+s=0 ptq—-r+s=0 
—p+qt+r—s=0 p+qt+r—s=0. 


Hence (Journal, new series, vol. vi1. p. 256, equations (5)), the faces of 
the two tetrahedra are the faces of a diagrammatic octahedron. Con- 
sequently the above investigation of (51), that is, of (53), (with the 
condition (52)) does in fact establish equations (9) (ibid. p, 258) in my 
memoir “On certain Systems in Space analogous to the Complete Tetra- 
gon and Complete Quadrilateral ;’’ and hence also equations (54) in my 
first memoir ‘On the Theorems in Space analogous to those of Pascal 
and Brianchon in a Plane,” (ibid. vol. tv. p. 37), It is on this account 
chiefly that the above investigation has been inserted. 
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a complete square ; this requires that 
(a-b) (c+e)=+ (a+b) (c-e); 
which gives ac=be or ae=be. 
Proceeding in this way, we find the conditions required 
in order that the surface (a) should touch the various edges 


of the second tetrahedron to be as follows: 
If the surface (a) touch A’B’ or C’D’, then must 


either ac = be or de =D ....ccceceeeeee (8), 
if A'C’ or B'D’, either ab=ce or ae=de...........008 (y¥), 
if A’D' or BC’, either ab=ce or ac=be ..cceccceeeeees (8). 


Hence, if the surface (a) touch any edge of the second 
tetrahedron, it must necessarily touch the opposite edge ; 
also if the surface touch any edge, say A'B’, so that one of 
the conditions (8) is satisfied, then one of the conditions 
either of (y) or of (8) will be satisfied, so that the surface 
will touch other two opposite edges. Hence this theorem: 


XXI. Every surface of the second degree touching all the edges 
of the given tetrahedron, and also one of the edges of the second 
tetrahedron, will necessarily touch the opposite edge, and likewise one 
or other of the two remaining pairs of opposite edges. 


In order that the surface (a) should also touch all the 
edges of the second tetrahedron, we must satisfy (8), (7), 
and (6), and this may be effected in three ways: 


either ac= be and Gé= BC .....cccscsscseees (e), 
or ab=ce and aeé = bE ..........ceceeees (n), 
or ab=ce and a= be .......cecceceeees (f). 


(e) gives b=+a@ and e=+e, 

(n) gives c=+a and b=+e, 

({) gives e=+a@ and c=+b. 

Substituting these values successively in (a), we readily 

find the resulting equations to be 

a(tFuy + c(v Fwy = 2ac(t+u)(v+w)......(54), 

a (tFvy + (wt uy = 2ae(t+v)(wtu)...... (55), 

a(tFwy+ V(uFtv)y = 2ab(t+w)(utv)...... (56), 
where a, 6, c, and e are arbitrary constants, and each equa- 
tion, on account of the double signs, is equivalent to two. 


Hence, every surface of the second degree touching all 
the edges of both tetrahedra, must have an equation of some 
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of the above forms. But each of the surfaces (54), (55), and 
(56), whatever may be the values of the constants, always 
touches one pair of edges of each tetrahedron at their points 
of intersection: thus (54), if the upper signs be taken, 
touches the edges CD and A’B' at their point of inter- 
section e, and the edges AB and C’D' at their point of 
intersection FE; while, if the lower signs be taken, (54) 
touches the edges CD and C’D' at their point of inter- 
section e,, and the edges AB and A'B' at their point of 
intersection E,. Hence 


XXII. A surface of the second degree that touches all the edges of 
both tetrahedra must touch one pair of opposite edges of the given 
tetrahedron, and the corresponding pair of opposite edges of the 
second tetrahedron at the points of intersection of these edges ; but 
it does not necessarily touch the other eight edges at their points of 
intersection. 


The two tetrahedra possess other properties of a similar 
kind, but I deem it advisable to omit them. 

The equation ¢u +vw=0 denotes a ruled hyperboloid, 
which being satisfied by ¢=v=0, t=w=0, w=v=0, and 
u=w-=0, respectively, passes through two pairs of opposite 
edges of the given tetrahedron. Now tu+ow=tu' +v'w’ 
identically, and hence the hyperboloid also passes through 
the corresponding two pairs of edges of the second tetra- 
hedron. Hence 


XXIII. Through any two pairs of opposite edges of the given 
tetrahedron, and the corresponding two pairs of opposite edges of the 
second tetrahedron, a ruled hyperboloid may be described. 

There are evidently three such surfaces, and their equa- 
tions are 


tu + vo =0 
te + uw = f gbewdweweeseeeensans (57); 
tw+uv =0 
or, (35), prgears+ *) 
Pp +f gy MME sinacasspasesapuns (58). 


pre=agir 


By comparing (38) and (58), we see that the given surface 
touches the surfaces (58) in the planes g= 0, r=0, and s=0 
respectively ; or ¢+u=v+w,t+v=u+w, and t+w=ut+v; 
and these pass through the lines in which the tangent planes 
(15) and (18), (16) and (19), and (17) and (20) intersect. 

ence 
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XXIV. Each of the hyperboloids just mentioned touches the given 
surface (2) in a plane. Also the plane of contact of any of these 
surfaces and the tangent planes to the given surface that pass through 
the third pairs of opposite edges intersect in a straight line. 


Equation (54) may be written in either of the forms 
{a(t ¥ u) + c(v F w)}* = 4ac(to + ww), 
or {a(t ¥ u) — c(v ¥ w)}* =+ 4ac (tw + uv); 
and (55) and (56) may be thrown into similar forms. Hence 


XXV. Every surface of the second degree touching all the edges of 
both tetrahedra has necessarily plane contact with two of the three 
hyperboloids (57). 

In the Mathematician, vol. 111., p. 278, I have shewn that 
the general equation to surfaces of the second degree touch- 
ing the faces of the tetrahedron (twvw), and which moreover 
are such that the straight lines joining the points of contact 
and the opposite angles shall intersect in a point, is 


0+ bu? +c'u"+ e'w*— abtu-—actv—aetw -bcuv—beuw-cevw=0, 
and the point through which the said lines pass is denoted by 
at = bu=cv=ew; 


if this point coincide with O or ¢=u=v=w we must have 
a=b=c~<=e, and then the equation to the surface becomes 


O+u?+ 0° + w’ — tu — tv - tw - uv - uw — vw = 0...(59). 


Hence (59) is the equation to the surface which touches the 
faces of the given tetrahedron in the points in which they 
are intersected by the lines joining the corresponding angular 
points of the given and second tetrahedra. But since (59) 
still denotes the same surface when ?’, w’, v', and w’ are written 
for t, u, v, and w, it follows that the surface (59) also touches 
the faces of the second tetrahedron in the points in which 
these faces are intersected by the lines joining the correspond- 
ing angles of the two tetrahedra. 

If we put ¢=0 in (59), the resulting equation may be 
written 

(-2u+0+w) + 38(v-w) =0, 


which requires - 2u+v+w=v-we=0, so that the tangent 
plane ¢ = 0 meets the surface (59) in one point only. 


XXVI. An umbilical surface of the second degree can be described 
to touch the faces of the two tetrahedra in the points in which the said 
faces are intersected by the straight lines joining the corresponding 
angles of the two tetrahedra. 
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Suppose every inscribed as well as every circumscribed 
cone of each tetrahedron to be limited by the corresponding 
face (of the same tetrahedron) which will thus be the base 
of the cone. A surface will be circumscribed about one 
of these cones when it passes through its vertex and the 
perimeter of its base; and will be inscribed in the same 
when it touches the base and the curved surface of the cone 
in a curve. 

The equation (59) may be written 

(-2¢+ u+v4+w) + 3(u?+v° + w® — Quv - 2Quw - 2vw) = 0; 
hence the inscribed cone, u* + v° + w® -— 2uv — 2uw - 2vuw = 0, 
touches the surface (59) in the conic in which it is inter- 
sected by the plane — 2¢+u+v+w=0, and we already know, 
(xxv1.), that the base of the cone touches (59); hence the 
surface (59) is inscribed in this cone. Similarly, putting (59) 
under the form 

t? +0? 4074 w?- tu -t - tw’ -u'' - uw’ - v'w' = 0, 
it may be shewn that the surface is inscribed in the inscribed 
cone of the second tetrahedron which has its vertex at the 
point A’. Hence 


XXVII. An umbilical surface of the second degree may be in- 
scribed in the eight inscribed cones of the two tetrahedra. 


Again, the surface whose equation is 
tu + tv + tw + uv 4+ uw + vw = 0.......4- (60), 


is circumscribed about all the circumscribed cones, for it 
is satisfied by ¢=0 and w+iuw+vw=0; by w=0 and 
tv+tw+vw=0, &c.; also, putting (60) under the form 
tu + te + tw’ + w'o' + u'w' + v'w' = 0, 

we see that it is satisfied by ¢’=0 and w'v’ + u'w' + v'w' =0, &c.; 
also, since (60) is circumscribed about both tetrahedra, (49), 
it passes through the vertices of all the circumscribed cones. 
Hence 

XXVIII. An umbilical surface of the second degree may be cir- 


cumscribed about all the eight circumscribed cones of the two tetra- 
hedra. 


The equations (59) and (60) may also be written 


and AS get i: peepee (62), 


and hence both surfaces are umbilical, as has been asserted. 
Again, 
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XXIX. A ruled hyperboloid may be described so as to touch two 
corresponding circumscribed cones of the two tetrahedra along the 
perimeters of their bases. 


The equations to these four surfaces are 
+ uv+ uw + vw =0 


w+ty + tw+vw=0 


vo +tut+tw+uw=0 


w+ tu+tvy +uv =0 


For the surface f+ uv + uw + vw =0 touches the cone 
uv + uw + vw=0, in the plane ¢=0; and since f+ wv + ww + vw 
= t? + w'v' + u'w' + v'w’, identically, the same surface touches 
the cone w'v' + uw'w'+ v'w'=0 in the plane #’=0. Also 
t? 4+ wv + uw + vw = (t+u) (t-u)+ (w+ v)(u+w), hence 
+ uv + uw + vw =0 denotes a ruled hyperboloid. 

We have already seen that the two tetrahedra ABCD 
and A'B'C'D’ are copolar, that is, the four lines joining 
the corresponding angles A and 4’, B and B, Cand C’, 
and D and D’ intersect in a point—the pole of the tetra- 
hedra. There are, however, altogether fowr ways in which 
the tetrahedra are copolar, the angular points of the tetra- 
hedron OO'O"0"" coinciding with their poles. If we write 
the corresponding angular points of the tetrahedra in the 
same order, so that if, for instance, ABCD and B’A'D'C'’ 
be the tetrahedra, the corresponding angles are A and B’, 
B and A’, C and D’, and D and C’; then the four ways 
in which the tetrahedra are copolar are as under :— 


1. The tetrahedra ABCD and A’'B'C'D' have O for pole; 
their edges AB and C'D'’, AC and B'D', AD and BC’, 
CD and A’B’, BD and A'C', BC and A’D, intersect in 
the points FE, F, G, e, f, g, respectively ; and the surface 
of the second degree whose equation is 

Fe Mis evn csinadsveqsdecsd (64), 
touches the edges of both tetrahedra at these points. 


2. The tetrahedra ABCD and B'A'D'C' have O' for pole ; 
their edges AB and D'C’', AC and A'C’, AD and A’'D, 
CD and B'A'’, BD and BD’, BC and BC’, intersect in 
the points Z, F,, G,, e, f,, g,; and the surface of the second 
degree whose equation is 

FF Fg eng i. ccscesssescesees (65), 


touches the edges of both tetrahedra at these points. 
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8. The tetrahedra ABCD and C'D'A'B' have O" for pole ; 
their edges AB and A’B’, AC and D'B', AD and A'D, 
CD and C'D', BD and A'C', BC and BC", intersect in 
the points Z,, F, G,, e,, f, g,, respectively ; and the surface 

Be Bt Ged cecccccccccscreeees (66), 
touches the edges of both tetrahedra at these points. 

4. The tetrahedra ABCD and D'C'B'A' have O"" for pole ; 
their edges AB and A’B’, AC and A'C’, AD and BC’, 
CD and C'D', BDand BD’, BC and A'D,, intersect in the 
points Z,, F,, G, e,, f,, g, respectively ; and the surface 

PVE OF ccraccnsenrsiveness (67), 
touches the edges of both tetrahedra at these points. 


Moreover the two tetrahedra ABCD and OO'O"0O"” are 
copolar in four ways. 


1’. The tetrahedra A BCD and 00'0"0" have A’ for pole ; 
their edges AB and O"0O"", AC and O'0"", AD and O'0"," 
CD and O0O', BD and OO", BC and OO", intersect in the 
points E,, F\, G,, e, f, g, respectively ; and the surface 

ON OOF IE cronnvesenrternnci (68), 
touches the edges of both tetrahedra at these points. 

2'. The tetrahedra ABCD and 0'00"'0" have B' for pole ; 
their edges AB and O"O", AC and 00", AD and OO", 
CD and OO’, BD and O'O"", BC and O'0", intersect in the 
points E,, F, G, e, f,, g,, respectively; and the surface 

OE cevscvstinerensael (69), 
touches the edges of both tetrahedra at these points. 

3’. The tetrahedra 4 BCD and O” 0" 00' have C' for pole ; 
their edges AB and OO’, AC and O'O", AD and OO", 
CD and O" 0", BD and 00", BC and O'0", intersect in the 
points E, F,, G, e,, f, g,, respectively ; and the surface 

oer ee re (70), 
touches the edges of both tetrahedra at these points. 

4’. The tetrahedra ABCD and O''0"0'0 have D’ for pole ; 
their edges AB and OO’, AC and OO", AD and O'0", 


CD and O"0"", BD and O'O"", BC and OU", intersect in 
the points E, F, G,, e,, f,, g, respectively ; and the surface 


U 


a es lk ae (71), 
touches the edges of both tetrahedra at these points. 
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Lastly, the two tetrahedra A’B’'C’D' and 00'0"0"" are 
copolar in four different ways. 


1”. The tetrahedra A’B’C'D' and OO'0O"0"" have A for 
pole ; their edges A’B’ and O"0"", A'C' and O'0"", A'D' and 
0'0"", C'D' and OO'", B'D' and OO", B'C' and OO", intersect 
in the points #,, Ff, G,, E, F, G, respectively; and the 
surface OO 6 OE innvsiccncstnreiss (72), 
touches the edges of both tetrahedra at these points. 


2". The tetrahedra A’B'C'D' and O'00'"0" have B for 
pole; their edges A’B’ and O”0O"", A'C' and OO", A'D’ 
and OO", C'D' and OO’, B'D' and O'O"", B'C' and O'O", 
intersect in the points E,, f, g, E, f,, g,, respectively; and 
the surface FO 4 OOS cotinine (78), 


touches the edges of both tetrahedra at these points. 


3”. The tetrahedra A’B’C'D' and O'0O'"00' have C for 
pole; their edges A’B’ and OO’, A'C’ and O'O", A'D' 
and OO", C'D' and O"0"", B'D' and OO", B'C' and O'O"," 
intersect in the points e, F,, g, e,, F, g,, respectively; and 
the surface Pi O46 POP incvikniinvicees (74), 


touches the edges of both tetrahedra at these points. 


4”, The tetrahedra A’B’C'D' and O"'0"0'0 have D for 
pole; their edges A’B’ and OO’, A’C’ and OO", A'D' and 
0'0", C’D' and O"0"", BD' and O'O"", BC’ and OO", 
intersect in the points e, f, G,, e,, f,, G, respectively ; and 
the surface Op PP we A i cercsicrsssiasinsad (75), 


touches the edges of both tetrahedra at these points. 
Hence the following theorem: 


XXX. Any two of the three tetrahedra ABCD, A'B'C'’D' and 
00°0"0” are copolar in four different ways; and the poles of any 
two coincide with the angular points of the third tetrahedron. Also 
through the sia points in which the edges of any two of these copolar 
tetrahedra intersect, an umbilical surface of the second degree may be 
described so as to touch all the twelve edges. 


There are, as we have already seen, twelve such surfaces, 
and it may be noted that those eight which touch the edges 
of the tetrahedron ABCD are the eight umbilical surfaces 
mentioned in (11.). 

Each of the following sets of planes forms a harmonic 
system: 0, Ww, 0+W,0-W; V+, t+U, jM=(0+ WwW) + (t+), 
29g =(v+w)—-(t+u); u-t, v-w, %w=(u-t)+(0-w), 
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Qr=(u-t)-(v-w); v+w, u-t, W=(v+w)+(u-), 
2u' =(v+w) —-(u—t); &c., &c.; hence the following theorem 
is evident. 


XXXI. Some two of the twelve planes, (3...8) and (15...20), 
pass through each of the eighteen edges of the three tetrahedra 
ABCD, ABCD’, and 00'0"0" ; also the two planes and the two 
faces that pass through any edge form a harmonic system. 


It is evident from the symmetry of the equations (35) that 
any property which the given and second tetrahedra may 
possess, will also be true (with suitable modifications) of any 
two of the three tetrahedra. ‘Thus, on substituting ¢'w'v'w' 
instead of pgrs in (50) or (58), we shall have the general 
equation to surfaces of the second degree circumscribed 
about, or inscribed in, the two tetrahedra ABCD and 
00'0" 0"; and if tuvew be written for pgrs in the same, we 
shall get the equations for the tetrahedra 4’B’C’D' and 
00'o"0". 

From this and the equations (64...75) it appears that 

XXXII. The angular points of any one of the three tetrahedra 
ABCD, A'B'C'D’, and OO'O" 0" are the poles of the opposite faces 
(of the same tetrahedron), with respect to any of the following surfaces 
of the second degree : 

1. Any surface circumscribed about the other two tetrahedra ; 

2. Any surface inscribed in the same; and 

3. Each of the four surfaces touching the edges of the other two 

tetrahedra at the points of intersection of their edges. 


Again, it is obvious that the equations to the angles of the 
three tetrahedra, namely (39, 40), and the equations 


wu=v=w=0 


v=w=t=0 
w=t=u=0 
t=u=v=0 


coincide in form with equations (3) and (4) in my memoir 
“On certain Systems in Space analogous to the Complete 
Tetragon and Complete Quadrilateral,” (Journal, new series, 
vol. vil. p. 254); also it is equally evident that the equations 
to the faces of the three tetrahedra coincide in form with the 
equations at the foot of p. 257 (bid.). Hence 


XXXIII. The angles of any two of the tetrahedra ABCD, 
ABC'D, and 00'0" 0" form the angles of a complete syngrammatic 
octangle whose syngrammatic points are the angles of the other tetra- 
hedron; and the faces of any two form the faces of a complete 
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diagrammatic octahedron whose diagrammatic planes are the faces 
of the remaining tetrahedron.* 

I now come to consider some formulas and properties 
relative to the centres of gravity of the tetrahedra, and the 
centres of various surfaces and curves of the second degree. 

Let a, 5, c, and e be such constants that 


at + bu+cv+ew=1..... qedtaienad (76), 
identically. I shall occasionally refer to this as the equation 
of identity. 

Let 2a’ =-at+bict+e 
2b'= a-bicre 

2¢' pm a i: b Pe c rt e eeeeeeeeeenees (77), 
2é = at+bt+e-e 
also 2a" = at+bicr+e 
2b" =-a-bicr+e 

” eeessore eeoeeeees 8 le 

Qc" =-at+b-cr+e (78) 
Qe" =-at+bic-e 


Hence, (35), the equation of identity is equivalent to either 
of the following equations : 


at’ + Bul + clo’ + ew! = Licsicccceseeees (79), 
Q'p + OP + Cr + O'S @ Licccccscceecees (80). 


When w=v=w=0, we have at=1 identically, (76); 
hence the plane, a¢t=1, passes through the point A, and 
it is parallel to the face BCD: but ¢ is proportional to the 
perpendicular from A on BCD; consequently the equation 
to the plane, parallel to the face BCD and at a distance from 
it equal to one-fourth of this perpendicular, is a¢t=4; and 
this plane of course contains the centre of gravity of the 
tetrahedron ABCD. Similarly, the planes bu =}, cv =}, 
and ew =}, all contain the centre of gravity; hence this 
centre is denoted by 


at = bu = CV = CW = § arcecrccrcecees (81).F 





* For the definitions of ‘complete syngrammatic octangle’ and ‘complete 
diagrammatic octahedron,’ see bs 
series, vol. vi1. pp. 255 and 257.) 

t+ The neat equations (81) to the centre of gravity of a tetrahedron were 
discovered by the late Mr. Hearn and myself independently, the demon- 
stration given above being however Mr. Hearn’s, Equations (82) and (83) 
are due to myself, 


e memoir just referred to. (Journal, new 
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Let K denote the centre of gravity of the tetrahedron 
ABCD; K,, K,, K,, K, those of its faces BCD, ACD, 
ABD, ‘ABC, respectively ; ; and L, M, N, |, m, n, the 
middle points of the edges AB, AC, AD, CD, BD, BC, 
respectively. Also let these letters accented apply to the 
tetrahedron ABCD; and the same letters with two accents 
apply to the tetrahedron 00'0" 0". 

By (81) the equations to the line AX which intersects the 
face BCD in K, are bu = cv = ew; hence, when ¢=0, we 
have, (76), bu=cv=ew=}. The centres of gravity of the 
faces of the tetrahedron ABCD are therefore denoted as 
follows : 


K, t=0, bu=cv =ews=} 
K, u=0, at=cv=ew=! 
r : ( (82). 
K, v=0, at=bueew=} 
K, w=0, at=buecv =} 


” 

Again, from these equations we see that the plane, at = bu, 

contains the points H,K,, and it passes through the edge CD; 

consequently this plane’ bisects the edge AB, and therefore 

the middle point (Z) of AB is denoted by v= w=0 and 

at = bu=%4, by (76). Hence the middle points of the edges 
of the tetrahedron ABCD are denoted as follows: 

L, v=we=0, at=bu =} 

M, w=u=0, at=cv =} 

N, uw=v=0, at=ew=}4 

1, t=u=0, cu=ew=3 

m, t=v=0, ew=bu=}3 

n, t=w=0, bu=cv=4 

If all the letters in (81), (82) and (88) be accented, it is 

evident that the equations will then be adapted to the second 


tetrahedron A’B'C'D’. And if a”, b,c’, e" be written for 
a, b,c, e, and p,q, 17,8 for t, u,v, w, they will apply to the 








* In like manner if t=0, w=0, v=0, be the equations to the sides of 
a plane triangle, and at +bu+cv=1, 


be the equation of identity, then the equations to the centre of gravity of 
the triangle are at=bu=cv=}; 


and those to the middle points of the sides are 
t=0, bu=cv=}; 
u=0, cv=at=}; 
and v=0, at=bu=}, respectively. 











8c 


pu 


or 


so 
if 
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third tetrahedron 00'0"0"". It is unnecessary therefore to 
write down the formulas for these two tetrahedra. 

The preceding equations (81), (82), and (83) may be 
viewed somewhat more generally. If instead of at+bu+cv+ew 
being =1 identically (so that at + bu + cv + ew = 0 is the equa- 
tion of the plane at infinity), we assume 


at + bu+cv+ew=0 


to be the equation to any plane; then (omitting ‘= }’) (83) 
will denote the harmonic conjugates of the points in which 
the plane cuts the edges of the tetrahedron (tuvw), the har- 
monic conjugate of each point being taken with respect to 
the two angles of the tetrahedron that are on the same edge. 
If the points (¢.¢. the aforesaid harmonic conjugates) in each 
face be joined to the opposite angles in that face, they will 
intersect in points denoted by (82), (‘=}’ being omitted) ; 
and, finally, if these latter points be joined to the opposite 
angles of the tetrahedron, the four straight lines thus drawn 
will intersect in the point denoted by (81), (omitting ‘=}?). 


Let g =et? + fu? + nv? + Ew? + 2Atu + Qutv + 2vtw 
+ 2puv + 2ouw + 2rvw = 0...(84), 
be the equation to any surface of the second degree. Multi- 
plying (84) by e, it may be put under the form 
(et + Aw + po + vw) = (A? — ef) u®... + 2(py - ET) VW; 
from which we see that e¢ + Au +mv+vw=0 is the polar 
plane of the point w= v=w=0: but 


1 Bots nu + po + mo, 
80 that “ — 0 is the polar plane of the point w= v= w= 0. 
Next, to find the polar plane of any point 
ar eer RTE OR (85), 
U u ¢t Vw ¢t Ww it 
w. Fea See eS 


or u-0+™, a7, and w= W+-—; 
so that the point (85) is denoted by U=V=W = 0: hence, 


‘ i t t 
if we write U + es, vee, and wit for wu, v, and w 





ee 
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in (84), and then differentiate with respect to ¢, we shall 
have the polar plane required. Now the result of this, after 
multiplying by a, is easily seen to be 
dp 3 
_— —- = os = Ove eeeeee 6). 
“9? du? Z**s tea 


Hence (86) is the polar plane of the point (85) with respect 
to the surface (84). 


dp 


1 
N oe 
ow 5° a et + AU + MU + VO, 
1 d 
5 = tM + poston, 
1D oqo + ut + pus me, 
1 d 
and 5° 7e 7 fut ts ous rv; 
also put a =en +AP + py + VO, 
B' = 08 + ra + py + 08, 
oy = ny + wa + pB + 78, 
and & = £ + va + oB + Ty. 


Substitute for 2S, &c. their values just given, and (86) 


becomes 
(ea + AB + py + vd) t+ (G8 + rat py + od) ut &.=0. 
Also, from (85) we get 
et+rAu+poivw Su+rAt+ pv+ow 
ea+AB+py+vd CBtrdat+py+oo 





Simplify these equations by those that precede them, and 
then drop the accents. Hence the pole of the plane 
at + Bu + yv + 8 =0......seeceeeee (87),* 
with respect to the surface (84), is 
1 dp_1 dg_1 dy_1 & 


a dt B’ du y dv 8° dw seeeceres (88). 





* Ifthe yes (87) touch the surface (84), (88) will denote the point of 
contact, and will therefore be a point in the plane. Hence, if we eliminate 


t, u, v, and w from (87) and (88), we shall get the condition necessary in 
order that (87) should be a tangent plane to the surface (84). This is the 
easiest way of obtaining the conditions given in the foot-note at pp. 109, 110. 








we me etl lUureklUrhlClC 
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These equations enable us to find the centre of the surface 
(84); for the centre is the pole of the plane at infinity, and, 
(76), the equation to the latter being 


at + bu + cv+ ew =0, 
we have only to write abce for aByé in (88), and we get 


1 dp 1 a 1 1 & (89) 
a dt bt' du ec dv e' dw eeereeeee ? 


for the equations to the centre of the surface (84). 
In a similar manner it may be shewn that if 
W= el? + Cu? + nv’ + 2Atu + Qutv + 2vew = 0...(90), 
be the equation to a cone, and 
t uu v 
— EP — vecccccccccccccccccecess 91 


those of any straight line through the vertex; then the polar 
plane of (91) with respect to the cone (90) is denoted by 


dp dp dy 
a. a +B. T+ ye 7 = 0 TTT TT TTT TT) (92). 
Also, if At + Bu + YV =O crcrceccccscsceees (98), 


be the equation of any plane through the vertex of (90), 
its polar line with respect to the cone (90) is denoted by 

1 dp 1 df) 1 dp 

“ie ee nn 

Since (90), (91) and (92), also (90), (94) and (93), are 
cut by any plane (not passing through the vertex) in a conic, 
a point and a straight line respectively, such that the point is 
the pole of the straight line relative to the conic, it follows 
that if a plane cut the cone (90) in a conic, we can find the 
equation to the polar line of any given point in that plane 
relative to the conic ; and conversely. 

Hence also we can find the equations to the centre of the 
conic in which a plane, w = 0, cuts the cone (90). From (76) 
we have 

at + bu + cv = 1 - ew, identically, 


so that the plane at+bu+cv=0, (or ew-1=0), which 
passes through the vertex of the cone, is parallel to the 
plane w=0 of the conic, and therefore the intersection of 
these planes is at infinity; consequently the pole of this 
line with respect to the conic is its centre. Hence, writing 
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abe for ary in (94), we see that the equations to the centre 
of the conic in which the plane w = 0 cuts the cone (90) are 
1d) 1 db 1 dp \e 
. “i fet Ue “erie eccccccce (95). 
Putting w =0 in (2), we see that the equations to the conic 
in which the face ABC is intersected by the surface (2) 
touching edges, are 


w=0, and f+ uv? + v — 2tu — 2tv - Quv = 0. 
Hence, (95), the centre of the conic is denoted by w= 0, 
combined with 


t-u-v_ u-t-v v-t-—4u 


a b c 





> 


which are equivalent to 


and these are evidently the equations to the straight line 
drawn from the angle D or (tuv) to the centre of the conic. 

Proceeding in a similar manner, we find that the following 
are the equations to the straight lines drawn from the angular 
points of the tetrahedron to the centres of the conics in which 
the opposite faces are intersected by the surface (2). 





u vw 
c+e b+e d+e 
Te. . w 
C+e ate ate 
: ap [tettttsstestesees (96). 


b+e at+e a+b 
t U v 
b+c ate a+b) 








* This evidently amounts to saying that the plane whose equation is 
at+bu+cv=1, 


will cut the cone (90) in a conic whose centre is denoted by 
i Py PRs 


a’ dt 6b du ec’ dv’ 


combined of course with at+bu+cev=1. 
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Now these lines evidently lie on the hyperboloid 
{(b+e)(a+c)—(b+c) (ate)}.{(a+b) tu +(c+e) ew} 

+ {(b+0)(a+e)-(a+b)(c+e)}.{(a+e) tv +(b+¢) uw} 

+ {(a+b)(c+e) - (b+e)(a+c)}.{(a+ e) tw +(b+c) uv} = 0...(97) 5 


and this hyperboloid contains the point ¢=u=v=w, or the 
point O. Hence the following theorem: 


XXXIV. Let a surface of the second degree touch the edges of 
a tetrahedron, and out the faces in conics; the four straight lines 
drawn from the centres of the conics to the opposite angular points 
of the tetrahedron lie in a ruled hyperboloid and belong to the same 
system of generators; also the point in which intersect the three 
straight lines joining the points of contact of opposite edges, is a point 
in this hyperboloid. 

By using (94) instead of (95) it is easily seen that this 
theorem is still true when instead of the centres of the conics 
we substitute the poles of the lines in which the faces are 
intersected by any plane, the pole of each line being taken 
with respect to the conic in the same face of the tetrahedron. 
It is worthy of observation too that, though the hyperboloid 
will vary for different positions of the cutting plane, yet it 
(the hyperboloid) always passes through the fixed point in 
which intersect the three straight lines joining the points of 
contact of opposite edges. 

Again, the polar plane of the point 


eal tek Ree (98), 
that is, of the straight line 

t uv 

err 
with respect to the circumscribed cone (of the given tetra- 
hedron) tu+to+uv=0 


is, (92), a(ut+v)+ B(t+v) + y(t+u)=0; 
that is, (B+y)t+(at+y)u+(a+B)v=0. 
In a similar manner the polar planes of the point (98) with 


respect to the other circumscribed cones may be obtained, 
and tabulating the whole, we have 


(y+ 8)u+(B+8)0+(B+y)w=0 
(y+ 8)¢+(a+8)0+(a+y)w=0 
(B+8)t+(a+8)ut+(a+B)w=0 
(B+y)t+(a+y)ut+(a+B)v=0 
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The four straight lines in which these planes intersect the 
faces ¢, u,v, w respectively of the tetrahedron evidently lie 
in the hyperboloid whose equation is 


(y+ 6)(B+8)(B+y) P+ (y+ 8) (a+ d@+ ye 
+(B+8)(a+8)(a+f)v°+(B+y) (a+) (a+ B)w 
+ {(8+d)(Ga+y)+(B+y) (a+ d)}. {(y + 8) tut (a+ B) vow} 
+{(y+8)(a+8) +(B+y)(a+8)}.{(B+8) to + (aty) ww} 
+{(y+8)(a+B8)+(8+8)(at+y)}.{(B+y) tw+ (a+8) wv} =0...(100). 
If we put 
X=(-a+B+y+8) t+ (y+8) u +(B+8) 0+ (B+y) w 
and 
Y=(a's+Bry+B5+5)t+(a+y)(a+8)u+ (a+B)(a+8)0+(a+B)(ary) w, 
it will be found that (100) may be made to assume the form 
(a-8)(a-y)(a-8) (t+ u+v+w)t+ XY=0, 
and hence the hyperboloid (100) always touches the plane 
£+u+v+w=0, whatever be the values of afyé, that is, 
whatever be the position of the point (98). Hence the follow- 
ing theorem: 


XXXV. Let a surface of the second degree touch the edges of 
a tetrahedron, and the four circumscribed cones be drawn; also let 
the polar plane of any point be taken with respect to each of these 
cones: these four planes will intersect the corresponding faces in four 
straight lines belonging to the same system of generators in a ruled 
hyperboloid: and this hyperboloid, whatever be the position of the 
point whose polar planes are taken, always touches the fixed plane 
in which intersect the tangent planes to —— surface 
that pass through opposite edges of the tetrahedron. 


This theorem includes some interesting particular cases, 
one of which I may mention. We have seen that (100) may 
be thrown into any of the forms 


(a-B)(a-y)(a-8)(¢+u+v+w)t+ XY =0, 
(B-a)(B-y)(B-8)(t+u+v4+w)ut+ X'Y' =0, 
(y- a) (y-B8)(y- 8) (t+ u+o0+w)v+ X"Y"=0, 
(8 -a)(8- 8)(8-¥) (t+ u+0+w)w+ X”"Y"=0; 


so that when any two of the quantities a, 8, y, & are equal, 
the hyperboloid will split up into two planes; and this will 
be the case when the point whose polar planes are taken is 
situated in any of the planes (9...14). 
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By (89) the equations to the centre of the surface (2) are 
t-u-o-w_ u-t-v-w_ v-t-u-w_ w-t-u-v 





a 7 b 7 c e : 
which, (77), are equivalent to either system of equations 
t u@ ovo w 
mm ccecccccccccccecccoed 101 
* € ¢€ @€ (101), 
t' wu v w 
or ce S <M oe Wh Ste va 5 6 coe ca auouaeeede (102). 


By (96) the equations to the centre of the conic in which the 
face t' cuts the surface (2) are 


u! v w' 
t’=0, and ——; = ———“ =; » 
c+e B+e Bre 





which are equivalent to 

t-wto+w tev-vtw tiuvso-w'. 
b re c . é ° 

uv _w 

ga" 

Now these equations, the first of (96), equations (101), the 


equations wu =v = w = 0, and the first of (39), each satisfy the 
equation 


t’=0, and 





that is, t’=0, and 


~— « 


(c-e) u+(e-b)v+(6-c)w=0, 
or, (which is the same thing, (77),) 
(e-c')u+(b-e)v+(c'-8')w=0, 
and hence we have the following theorem (which is due to 
the late Mr. Hearn), 


XXXVI. The centres of the two conics in which the surface (2) 
cuts any two corresponding faces (as BCD, B'C'D’) of the two 
tetrahedra, the centre of the surface itself, and the two corresponding 
angular points (A, A’), are in one plane. 

By (89) the centres of the surfaces (61) and (62) are 
denoted by 


» respectively. 
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Now each of these systems of equations, as well as (103), 
and g=r=s8=0 (which denote the point Q), satisfies the 
equations 
a — 
c" Ww * 


| @ 


i 
b" 


& 


Hence 


XXXVII. The point of intersection of straight lines joining the 
corresponding angles of the two tetrahedra, and the centres of the 
surface (2) touching the edges, of the surface (61) inscribed in the 
inscribed cones, and of the surface (62) circumscribed about the cir- 
cumsoribed cones, are in a straight line. 


The equations to the straight line joining the middle points 
of the edges AB and CD are, (83), 


at = bu and cv =ew: 


also the equations to that joining the middle points of A’B' 
and C'D’ are 

at =b'u' and c'o' = ew’; 
that is, 
(-a+b+ce+0)(-t+ut+v+w)=(a-bict+el(t-u+v+w), 
and (a+b-c+e)(t+u-viw)=(at+b+e-e)(t+ut+v-w). 


Now the equations to both these straight lines are satisfied 
by the equations 
t 
b 


which denote the centre of the first hyperboloid (57). 


Hence, recollecting that the centres of gravity of the two 
tetrahedra are respectively in the beforementioned straight 
lines, we have the following theorem : 


XXXVIII. The straight line joining the middle points of any two 
opposite edges (as AB, CD) of the tetrahedron ABCD, and that 
joining the middle points of the corresponding pair (A'B', C'D’) of 
the tetrahedron A'B'C'D’, intersect in the centre of the hyperboloid 
passing through the other eight edges. Hence also the middle points 
of any pair of opposite edges of the given tetrahedron, those of the 
corr ing pair of the other tetrahedron, the centres of gravity of 
the two tetrahedra, and the centre of the hyperboloid passing through 
the other eight edges, are in one plane. 


ais 


© Ww 
=-=s-, 
é c 


A great number of theorems somewhat similar to the last 
five might be given, but I shall content myself with only one 


more. 
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The centres of the surfaces (64), (65), (66) and (67) are 
denoted as follows: 


a ee 

a’ }" c" e > 
a, RE es 

nad nd a ’ 
a" b" ce" e” 
a! Hawnye 

a 5” c" "? 

r § ° 
and P £ = —=--; respectively ; 

é 


hence the straight lines drawn from these points to the cor- 
responding angles of the tetrahedron 00'0" 0" are 


q r 8 

iat ae 

Pp r 8 

a”) = TT = 7] ’ 

a c 

i Ph 

a’ b" e' , 
r 7 

aod E = 4 = -,, respectively ; 

c 


Hence 


XXXIX. The straight lines joining the centres of the surfaces 
(64), (65), (66) and (67) (which touch the edges of the two tetrahedra 
ABCD and A'B'C'D' at the points of intersection of these edges), 
to the corresponding angles of the third tetrahedron 00'0"O" inter- 
sect in a point. 


It is scarcely necessary to observe that these theorems 
admit of being generalized (by substituting poles for centres, 
&c.) 

I come, finally, to the subject alluded to at page 118. 

In my third memoir ‘On the Theorems in Space analogous 
to those of Pascal and Brianchon in a Plane,’ (Journal, new 
series, vol. vi. p. 132), I have shewn under what conditions, 
at once necessary and sufficient, a duodecangular octahedron 
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will be inscriptible in, and an octangular dodecahedron* 
circumscriptible about, a surface of the second degree, namely, 
in the former case that the four straight lines in which the 
opposite faces intersect, and in the latter that the four straight 
lines joining opposite angles, shall lie in a ruled hyperboloid 
and belong to the same system of generators. We cannot, 
of course, inquire under what conditions a duodecangular 
octahedron will be circumscriptible about, or an octangular 
dodecahedron inscriptible in, a surface of the second degree, 
because innumerable surfaces may evidently be always in- 
scribed in the former, and circumscribed about the latter :+ 
but we may inquire under what conditions, at once necessary 
and sufficient, a surface of the second degree may touch the 
edges of these figures; and these conditions it is my present 
object to ascertain. 

I begin by finding the equations to the faces of a duo- 
decangular octahedron whose edges touch a surface of the 
second degree. 

Let ¢=0, w=0, v=0, w=0, be the equations to the 
hexagonal faces of a duodecangular octahedron; then, sup- 
posing ¢, u,v, and w to have been multiplied by the proper 
constants, the equation to the surface of the second degree 
touching the edges of the duodecangular octahedron may be 
denoted by 


P+ u?+ 0° + w* — Qtu - tv - Qtw - Quv -— 2Quw - 2vw = 0...(a), 


for the edges of the tetrahedron (tuow) are edges of the 
octahedron. 
Let T=t+Bu+yor+dw=0 





* To avoid unnecessary reference, I copy the definitions of these two 
solid figures from the page cited in the text. 
1, A duodecangular octahedron is a solid figure generated by taking a 
tetrahedron, and cutting off a portion towards each angular point by a 
lane. 
2. An octangular dodecahedron is a solid — generated by taking four 
tetrahedra whose bases are respectively equal to the faces of a fifth tetra- 
hedron, and applying the bases of the former to the faces equal to them 
of the latter. 
It is obvious that the octahedron has four hexagonal and four triangular 
faces, and the dodecahedron four hexahedral and four trihedral angles, 
+t We may, however, ask under what conditions the faces of duodec- 
lar octahedron are the eight common tangent planes, and the angular 
points of an octangular dodecahedron the eight points of intersection, of 
three surfaces of the second degree. It is easy by the first four theorems 
of my second memoir ‘On the Theorems in Space analogous to those of 
Pascal and Brianchon in a Plane,’ (Journal, new series, vol. v. pp. 58 and 
60) to give these conditions, which, however, may be said to belong rather 
to the system of planes or points than to the solid figure, 














a Mma betes mp 
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denote the triangular face of the octahedron opposite to the 
hexagonal face ¢. Since the edge (w7') or wu =t + yo + dw=0 
touches the surface (a), putting w = 0 and ¢ = - yo - dw in (a), 
the resulting equation 
(y+1P 0? + (841) w+ 2 {(y + 1)(84+1)- 2} ew=0 
myst be a complete square. This requires that 
(y +1) (6+ 1) = {(y + 1) (6+ 1) - 2}, 

or (y +1)(64+1)=1. 

Proceeding in a similar manner, we find that 


(8 +1)(8+1)=1, 
and (B+1)(y¥+1)=1, 
if the edges (v7’) and (w7’) touch the surface (a). 

These three equations being solved give 
either B=y=8=0, 
or B = Y s P) co 2, 
the former of which being inadmissible, we must take the 
latter, and then we have 

-T=- ¢ +2u+2v+ 2w, 
so that -ht+u+v+w=0 
is the equation to the triangular face opposite to the hexagonal 
face t. In a similar manner the equations to the other tri- 
angular faces may be found, and collecting the whole, we have 
-tt +u+v0+w=0 
-tu+t+v0+w=0 
-4h0+t+u+w=0 
-hwitt+ut+v=0 

Hence, if the edges of a duodecangular octahedron touch 
a surface of the second degree, its hexagonal faces may be 
denoted by ¢ = 0, w= 0, v = 0 and w = 0, its triangular faces 
by (104), and the surface itself by (2) or (a). 

Now it is evident at a glance that the opposite faces in- 
tersect in a lines in the plane ¢+u+0+w=0, but 
this implies only five conditions; whereas, that a surface of 
the second degree should touch the edges (eighteen in number) 
of a duodecangular octahedron requires nine conditions. The 


four conditions — can, however, be supplied as follows. 
It is evident that each hexagonal force is circumscribed about 
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a conic, so that the diagonals joining the opposite angles of 
each will intersect in a point (by Brianchon’s theorem); and 
since there are four hexagonal faces, this will supply four 
conditions. We have, therefore, the following theorem : 


XL. Jf a surface of the second degree touch the edges of a duodec- 
angular octahedron, the opposite faces will intersect in four straight 
lines in one plane, and the three diagonals joining the opposite angles 
of each hexagonal face will intersect in a point. 

It remains to be seen whether the conditions found are 
sufficient as well as necessary; or, in other words, whether 
the preceding theorem is convertible. I shall first enunciate 
the converse theorem, and then shew that it is true. 

XLI. Jf the opposite faces of a duodecangular octahedron intersect 
in four straight lines in one plane; and if, moreover, the three 
diagonals joining the opposite angles of each hexagonal face intersect 
in a point ; the edges of the octahedron will touch a surface of the 


second degree. 

Let ¢ = 0, w= 0,v=0, and w=0, be the equations to the 
hexagonal faces of the octahedron; then, supposing ¢, w, 2, 
and w to have been multiplied by the proper constants, the 
equation to the plane in which the opposite faces intersect 
may be denoted by 

t+ut+v+w=0; 
hence the triangular faces will be denoted as follows: 
T=at+ u+v+we=0 
U=t+PBu+v+we=o 
Vet+urtyo+ w=0 
W=t+u+v + dw=0 
where it is evident that neither a, 3, y nor 6 can = 1. 

The equations to the angular points in the hexagonal face 
¢ are ¢ = 0, combined with w=V=0,u=W=0,0=We=0, 
v=U=0, w=U=0, and w=V =0 respectively; and it is 
hence easy to see that the equations to the three diagonals 
joining opposite angles are ¢ = 0, combined with 

u+yo+ dw=0, 
Bu+v +dw=0, 
and Bu+ yor w =0, 
respectively. Now these diagonals pass through the same 
point; hence, eliminating v and w from the last three equa- 
tions, we must have 


1 - y5 - By - Bd + 2Byd=0........(0). 


ccccses sO), 
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Proceeding in a similar manner with the other hexagonal 
faces, we obtain 


1- 78 - ay - ad + 2QayS=0........ (e), 
1 ~ 88 - aB - ad + 2088 = 0, 
and 1 - By - aB - ay + 2aBy = 0. 


Deduct (e) from (c); therefore 
(a - B) (y + 8 - 248) = 0, 
hence, either a= or y+ 8-2y5=0. 
Taking the latter, multiply it by § and add the product to (ce), 
therefore 1- yd =0; 


but the two equations y + 6 - 2y6=0 and 1 - yi=0 give 
y =6=1, which are inadmissible values; hence we must 
have a=. Treating every two of the four equations in 
the same way, we find 


; a= B = Y = é, 
and (c) is reduced to 
1 - 8a° + 2a° = 00. 


The three roots of this equation are 1, 1, and - 4, the last 
only being an available root, so that 


a=B=y=5=-}. 

Hence the equations (0) coincide with the equations (104), 
and all the edges of the duodecangular octahedron therefore 
touch the surface (2) or (a). 

It remains to consider this subject for the octangular 
dodecahedron. Here it would be shortest to employ the 
method of reciprocal polars, but I shall give an independent 
investigation. 

Let ¢=0, w=0, v=0, w=0, be the equations to those 
diagonal planes of the octangular dodecahedron that pass 
through the four hexahedral angles ;* then, if the edges 
of the dodecahedron touch a surface of the second degree, 
the equation to the surface may be denoted by (a), for the 
edges of the tetrahedron (¢uvw) are edges of the dodecahedron. 
Also, since the faces intersecting in that trihedral angle which 
is opposite to the hexahedral angle (wew) pass through the 





* In other words, ¢=0, u=0, v=0, w=0, denote the faces of the ‘ fifth 
tetrahedron’ mentioned in the definition at the foot of p. 142. 
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edges (wu), (tv), and (dw) respectively, their equations may 
be denoted by 
u=at, v= (Pt, and w=vyi. 
Since the edge in which the faces w = at and v = (t¢ intersect 
touches the surface (a), if we write at and (3 in (a) for uw and 
v respectively, the resulting equation 
(1 +a’ + PB - 2a - 28 - 2a3) # + w® - 2(1+a+ 8) tw=0, 
must be a complete square. ‘This requires 
1+a°+Q’ - 2a- 28 - 2aB =(1+a+ PB), 

which reduces to 

(a+1)(B+1)=1. 
In a similar manner, we get 

(a+1)(y+1)=1, 


and (B+ 1)(y+1)=1. 
These equations being solved, we have 
either a=B=y7=0, 
or a=B=y=- 2. 


The former values being clearly inadmissible, we must 
take the latter and the equations to the three faces become 
u+2t=0, 0+ 2¢=0, and w+ 2t=0. Ina similar manner 
the equations to the other faces may be obtained, and collect- 
ing the whole we see that if the edges of an octangular 
dodecahedron touch a surface of the second degree, its faces 
may be denoted as follows: 


u+2¢ =0, 0+2¢ =0, w+2t =0 
t+2u=0, v+2u=0, w+ Qu=0 
#+2v=0, uwi+2v=0, wt+2v=0 
t+2w=0, w+2w=0, v +2w=0 
where the equations to those faces that intersect in a trihedral 
angle are placed in the same horizontal line. Hence, elimi- 
nating ¢, wu, v, and w respectively from the first, second, third, 


and fourth rows of equations, we get the equations to the 
straight lines joining the opposite angles of the dodecahedron, 


(105); 


namely, u=v=w, 
t=v =u, 
t=u=w, 
and t=uevr, 


and these pass through the point ¢ = w= v= w. 
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Also the equations to the faces that intersect in one of the 
hexahedral angles, as (wvw), are 


uw+22v =0, u+ Qw=)0, 

v+2w=0, v+ 2u=0, 
and w+22u=0, w+2v =0, 
where the equations to the opposite faces are placed in the 
same horizontal line. Hence, the opposite faces intersect in 


straight lines in the plane u+v+w=0; so that the following 
theorem is established. 


XLII. If a surface of the second degree touch the edges of an 
octangular dodecahedron, the four straight lines joining the opposite 
angles will intersect in one point, and the three straight lines in which 
the opposite faces of each hexahedral angle intersect, will be in one 
plane. 


Conversely, 

XLIII. Jf the straight lines joining the opposite angles of an 
octangular dodecahedron intersect in a point, and if besides the three 
straight lines in which the opposite faces of each hexahedral angle 
intersect, lie in a plane; then shall the edges of the octangular 
dodecahedron touch a surface of the second degree. 

To prove this theorem, let as before ¢=0, w=0, v=0, w=0, 
denote the diagonal planes passing through every three of 
the hexahedral angular points: also let 


t=u=v=w 


be the equations to the point in which intersect the straight 
lines joining the opposite angles. One of these lines (namely 
that passing through the hexahedral angle (wow)) is denoted 
so that if a be properly assumed, 

, ° 

—-=U4=0=-W 

a 
will denote the trihedral angular point on this line, and the 
equations to the three faces intersecting in this point will be 
t= au, t= av, and ¢=aw. In like manner the equations to 
the other faces will be obtained, and collecting the whole 


we have t=au, t=av, t=aw 
u=Pt, u=Bv, w= Bw (f). 
v= yt, v=yu, v=yw 
w = ot, w= ou, w = bv 
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Since none of the angles of the dodecahedron must coincide 
with the point ¢ =u = = w, it is clear that none of the quan- 
tities a, 8, y, or 8 can = 1. 

Now the faces that intersect in the hexahedral angle (uvw) 
are v=yu, w= bu, 
w=v, u= fr, 
and u=Bw, v= yw, 


where the equations to the opposite faces are placed in the 
same horizontal line. Hence, these opposite faces intersect 
in the straight lines 


a 
taney 

outa 

"3°73" 

uv 

and Wweo-=-; 
By 


and if these straight lines are in the plane Ju + mv + nw = 0, 


we must have 1+ ym + 8n = 0, 


Bl+ m +8n=0, 
and Bl+ym+ n =0; 
and eliminating 7 and m from these equations, we get 
1 - 75 - By - Bd + 2Byd = 0. 
Similarly, we get 1 - yd - ay - ad + 2ayd = 0, 
1 - 38 ~ aB - ad + 2aRd = 0, 
and 1 - By - aB - ay + 2aBy =0. 
Now these equations have been already solved, and since 


in this case also none of the quantities a, 3, y, 5 can = 1, 
we must have a=B=y=5=-}. 


These values make (f) coincide with (105), and hence 
the edges of the octangular dodecahedron will touch the 
surface (a) of the second degree. 


York Town, near Bagshot, 
November 30th, 1852. 
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ON A PROBLEM IN COMBINATIONS. 
By R. R. Ansticz. 
(Continued from Vol. vit. p. 292). 


To complete the discussion of the problem in combinations 
which I have begun, I will now give the general expression, 
a particular case of which was considered in my former 
paper, and add a sketch of the proof. 

Let be an odd number ; let 3.2*'.n +1 be a prime; and 
let r be a primitive root thereto. Let p; p, be any two 
different roots of the equivalence 


2"+1=0 (modulus 3.2. + 1). 
(This same modulus will be understood in all the equivalences 
in this paper where no other is expressed.) 

Let a be any odd number less than 2". Also, as before, 
let & be the constant term, and P,P,, &., Q,Q,, &c. the 
successive members of the two cycles. Then primary ar- 
rangement 


=kP,Q, 
i =P p,-6 es. x pina Qt nat Qt as 
p,—1 
from t= 0 to 7= 3n- 1, and from 7? = 0 to 7?’ = 2’- 1, 
+ ==Pp,- a le hl P»,- a ate a Po,-e op (tists) vai” 

p,-1 pi-l pi-1 

from ¢=0 to ¢=m-1, and from 7?’ = 0 to 7’ = 2’- 1. 

First, to the letter P all the subscripts are annexed, 


t.e. none are repeated. These subscripts are the different 
terms of the series 


=> Pi-P grits 
P,P 
from 7 = 0 toy = 6m - 1, and from ¢’ = 0 to #’ = 2'- 1. 
If possible then, let 
Pi-P pirat = P,-P P yet 


p,-1 pP,-1 
where J and J' are comprised between the same limits as 
J and @. ’ 
Therefore pF srel’-*) = }, 


and, consequently, 


(J -7) + a(I' - 7’) = 3.2"nr. 
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X being some integer. Therefore J’- 7 must be divisible 
by 2°. But the difference J'-7' lies between the limits 
(inclusive) + (2*- 1), and therefore cannot be divisible by 
2’ unless it vanishes. 

Let then J'-7'=0, and divide both sides by 2’. Therefore 
J-j=6nr. Here the value X= 0 is inadmissible, since 
we cannot have J=j7 and J'=7' together. And so is any 
other value; for the difference J-y lies between the limits 
(inclusive) + (6-1). So the above equation is impossible. 

Next, to the letter Q all the subscripts are annexed: 
#.e. none are repeated. The possibility of the repetition of 
any of the subscripts of Q is easily seen to depend on the 
possibility of any of the three equivalences 

pein! _ yoo ral’ ) 


a ostl “ 
ae FW apg PA) 
part iva? — ye peal! 
It being given that both ¢ and J are less than 3n; that both 
¢ and J’ are less than 2°; and further, that we cannot have 
simultaneously ¢= J and ¢’ = J’. 

The two first of these equivalences are manifestly impos- 
sible from the same reasoning as before. From the third 
we get p = rt ar4, 

But, by the definition of p, its most general value, expressed 
as a power of r, must be 
— yt (241) 

p=r ’ 

» being some integer. Therefore 
2°(2n 4+ 1)= 2°" T-¢)+a(l' -7’). 

Impossible (as before) unless J'- 7’= 0. And if this is the 
case, still impossible, since then we must have 


2X4+1=2(I-%), 
or an odd equal to an even number. 

Again, the differences of the subscripts of duads of the 
second class cannot be equivalent, whether estimated positively 
or negatively. The an of their being equivalent is 
easily seen to rest on the possibility of the equivalences 

s+ - oe 
(p ee 1)r’ Tral =+(p-1)7" itai ; 
t.e. of the equivalences 
gh eat Ti) = 1, 


with the same conditions as before. 








OO  —— 


sa Ss ws nme pw 
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If we take the upper sign, we must have 
2" I -t) + a(I'- 2’) = 3.2" .nv, 


» being some integer. Impossible (as before) unless J'-7 = 0. 
Let then J' -«’ = 0 and divide both sides by 2”". 

Therefore [- «= 8nd, which is impossible, since the dif- 
ference J - 7 lies between the limits (inclusive) +(8n - 1), and 
the value \ = 0 is inadmissible, as before. 


If we take the lower sign, we must have 
2" T-7i)+a(I' -1') = 3.2'n + 3.2"".ndr, 


® being some integer. Impossible (as before) unless J'— 7’ = 0. 
And if this is the case, still impossible, since then we must 


have 2(I- i) = 8n + 6nd, 
a.e. an even number equal to an odd one. 
The rest of the proof may be easily inferred. 


The number of distinct species remains to be considered. 

Now in the general expression, as it stands, we give to 
the variables ¢ and @’ successive integral values, beginning 
from 0 in each case. But in proving the efficiency of the 
cycles, we are only concerned with the differences I-¢ and 
J'-7. Therefore we might have taken for ¢ or for 7’ suc- 
cessive integers, commencing from any integer as origin, 
and the cycles would still have been efficient. Now what 
effect does this change of origin of ¢ or of «’ have on the 
form of the general expression ? 


First, suppose the origin of ¢ is changed. This will have 
no effect whatever. It is true that ¢ is summed in one case 
between limits 0 and 32-1, and in another between limits 0 
and-1. But we might have used in this case the same 
limits as in the former and divided the result by 3, as we 
should only have reproduced the same triads. Now if we 
attribute to ¢ any value equal to or greater than 3n, only 
its remainder when divided by 3n will have any effect, since 
iis always multiplied by 2" and 7*” ‘=, 

Next, suppose the origin of ¢’ is changed. Suppose that 
successive integral values are to be substituted for @ begin- 
ning from % instead of from 0. ‘This will clearly be the 
same as if we wrote 7+ in place of @’ in the general ex- 
pression, and then measured the 7s from origin 0 as before. 
This certainly may change the form of the expression, but 
not the system generated, since it is the same change as 
would be wrought by multiplying all the subscripts by the 


| 
i 
: 
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same factor r#4. Consequently we do not extend the ex- 
pression by altering the origin of 7’. 

Again, the efficiency of the cycles would have been 
demonstrated in just the same way, if we had taken for a 
any odd number whatever. What effect then is produced 
on the form of the general expression by taking for a odd 
numbers greater than 2°” ? 

In place of a write 2°"X%+a; and the same effect is pro- 
duced as by writing in place of ¢, ¢+ Az’; that is, it has the 
effect only of changing the origin of ¢, and therefore produces 
no alteration in the general expression. 

Or again, if we take another primitive root; if we write 
rv? in place of r, where 8 is any number prime to 6n, it is 
easily seen (though the explanation would be rather tedious), 
that though we may change the form of the primary arrange- 
ment, it would be only for another included in the same 
expression. 

Lastly, what effect is produced on the form of the primary 
arrangement by multiplying all the subscripts by any the 
same number prime to the modulus, an operation which will 
not alter the system generated? Such a number must always 
be equivalent to some power of r. Let it = 7". 


(1). Let » be divisible by 2". Then the origin of ¢ only 
will be altered and no effect result. 


(2). Let w be divisible by 2’ but not by 2". Then the 
same effect results as there would from the simultaneous 


change of p into and of p, into 1 As will readily appear 


1 
if we write 2'(2u,+ 1) in place of w, and put for p its value 
28(2.+1) 
r ; 


(3). Let w be not divisible by 2. Then the form of the 
primary arrangement is altered entirely. The effect pro- 
duced is a change in the origin of 7’, by a quantity which 


=f (modulus 2°’). 


It follows from these considerations that the number of 
distinct species = number of odd integers less than 2" 
multiplied by half the number of permutations of 3 things, 
taken in pairs = 2°".3n(3n - 1). 


8n(8n - 1) 


If s= 9 this becomes » a8 was given in my 


former paper. 











root of 13 is 6. 
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As an example, let us apply the formula to 27 symbols. 
Here n=1, s=1, 3.2% +1=18 and is prime. A primitive 


Taking then r = 6 throughout, we can con- 


struct six forms of the primary arrangement which will 
generate six distinct systems, thus: 


I. (p=r=10, pp=-1, a=1) 
RPG + PVG + PWIr2 + P04 


+ P17 + PQQ + PAI 
+ PsP Py, + PsPoP» 


II. (9 =10, p,.=-1, a= 8) 
KD + PVT + Pia + Pw 


+ PF. + PIU + PWM 
+ PsP\ Ps + PuPsPr 


IIL. (p= 10, ASaet a=1) 


Kp. + PV Tio + PQ. + PWT 


+P YV%. + PG, + PII 
+ PcPoPs + Pr PuPsy 


IV. (p=10, p,=4, a= 8) 
KD.Q + PWV + PooVr2 + PVs 


+ P 102872 + P 12.7795 + PQs 
+ PsP2Ps * PoPsPr 


V. (p=-1, p,=10, a=1) 
KpQ + PVG + Pu%%s + Pe%s%10 


+ P99, + PW + PI57e 
+ PsPoP2t PrP Pw 


VI. (p=-1, p,=10, a= 8) 
KP. + P2912 + Pr%o%s + PoWs% v0 


+ PW + P0919 + Pwd’ 
+ PsPoP2* PiPoPs 


We might, indeed, give other forms of the primary ar- 
rangement than these, but they would all generate one or 
other of these systems. ‘These are all, I mean, which can 
result from the formula given: for the method of Mr. Mease 
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and Mr. Kirkman, I should imagine, would generate distinct 
systems from these. 


November 20, 1852. 


NotTE.—I have determined, I believe, in this and my former paper, 
the number of distinct species comprised in the formule given. But 
I now find there are more general formule, including the formule given 
as particular cases: and three formule in particular, each comprising 
many distinct species, which are applicable even when the modulus is 
composite, provided all its factors are of the form 6n+1. 


April 13, 1853, 





ELEMENTARY INVESTIGATION OF THE FORMULZ FOR THE 
VARIATIONS OF THE INCLINATION AND LONGITUDE OF THE 
LINE OF NODES. 

By R. Townsenp. 


Tue following elementary but rigorous investigation of the 
formule for the variations of the inclination and longitude 
of the line of nodes may be acceptable to the younger class 
of students entering upon the subject of the planetary per- 
turbations. 

Round the sun, as centre, let a sphere of unit radius be 
conceived described intersecting the fixed plane of reference 
in the great circle aa; that of the momentary orbit of the 


\b 





planet in the circle zy; and the plane perpendicular to the 
momentary line of nodes in the circle 6b; let p be the posi- 
tion of the planet with respect to this sphere at the moment 
in question ; pg the component of its angular motion in the 
plane of its orbit during the time dt; and gq’ the perpen- 
dicular component subtending the small distance to which it 
is forced out of that plane by the disturbing action during 
the same interval. ‘Then, bisecting the small arc pg at 0, 
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connecting g'0, and producing the connecting great circle to 
meet aa and bb at z' and y’ respectively, the plane of the 
great circle z’oy’ will be that of the new instantaneous orbit at 
the end of the time dé, and 22’ and yy’ will be the momentary 
changes in the longitude of the line of nodes and in the 
inclination of the orbit which it is our object to calculate in 
terms of the ordinary quantities usually employed for the 
purpose. 

Letting fall the small perpendicular z'z” from z' on zy, 
and denoting by ¢ the argument of latitude or the arc oz, 
we have 

. ' » £2 
di = yy’ and dw = zz ane? 





but, from the proportions 


qq :2'2"::tpq:sing and gq’: yy'::4pq: cos, 


,  29q' a 
we have =—“£.cos@ and zz" = +. sing. 
al PY ? Pq , 


Let P be the perpendicular component of the disturbing 
force, that which alone causes the plane of the orbit to 
change position; then, since from its action alone continued 
during the time dé, the body has been forced out of that 
plane to a distance = r.gq', r being the radius vector of the 
planet, we have 














_ 2r.qq' ,_ Pde. 
P= de? and therefore 2¢q' = -s 
, Pde iia ical 
so that yy'= fo .cosd and 2'z” = 7 Sing ; 


but 7’.pq = Hdt, H being the momentary elementary area of 
the planet in the plane of its orbit; hence, substituting from 
this for yg, and dividing by dt, we have finally 

_ ae er dw FP rcos¢ 

nu a" and uo HW ant" (1), 
the most general expressions for the required variations, 
whatever be the inclination of the orbit or the nature of 
the curve described by the body. 

But these formule not being practically applicable in their 
present form, as containing explicitly the actual position of 
the planet, the force P ~ be easily expressed in terms of 
the partial differential coefficient of the ordinary disturbing 
function R with respect to either’of the variables ¢ or , and 
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thus the simplest form of the ordinary formule may be 
readily obtained. 

Let R and R+dR be the values of the disturbing func- 
tion for the positions g and g’' respectively; then, from the 
characteristic property of that function, the disturbing force 
along the line joining those positions, that is the force P, 


ae the distance r.gg' being considered positive, the 


actual direction of the force being of course from g towards 
q’, and R being supposed to have the same sign as in Airy 
and Pratt. 

Now the change of position from g to g' might be con- 
ceived to take place by either of the two variables ¢ or @ 
receiving a small change, the other in common with all the 
remaining elements of the orbit remaining unaltered, and 
we should have 





In one case, ¢ alone varying, (fig. 2) 
qq = yy, Sing = di.sing, 
1 dR 


and therefore P =-——.-—;} 
rsing dt 








and in the other, alone varying, (fig. 3) 
qq = @xz,.sint. cosp = - dw.sin?.cos¢, 
1 dR 


and therefore P -=——_—_.. —.. 
rsint.cosp dw 


Substituting the second and first of these values of P in the 
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first and second of formule (1) respectively, we get 


di 1 dR aul dw _ 1 dR (2); 
dt Hsini’ dw dt Hsint’ di “"” 
the ordinary formule in their simplest form expressed like 
those for all the other variations in terms of the elements of 
the instantaneous orbit, partial differential coefficients of R 
with respect to the elements, and the time. 

In an excellent article on the present subject by Mr. Black- 
burne, in the first volume of this. Journal (new series), the 
formule (1) and (2) are obtained in a different way, and some 
important remarks are added in explanation of the proper 
method of applying them. See pp. 87 to 45. 

Trinity College, Dublin, 
Dee, 31, 1852. 





ON DEFINITE INTEGRALS SUGGESTED BY THE THEORY 
OF HEAT. 
By W. H. L. Russert, Esq., B.A., Shepperton, Middlesex. 


Poisson has considered in the tenth chapter of his Théorie 
de la Chaleur, the case of the distribution of heat in a sphere 
of very great radius situated in a medium of variable tempera- 
ture. In the course of his investigation he remarks that a 
certain part of the temperature of the interior of the sphere 
arising from a supposed increment of the exterior tempera- 
ture vanishes with the time, and thus finds 


"etl ( y+ Vda) cosz Vha—-Vdasinz Vda} do 
[ (a? — a’) (a+ pv2a + p*) 

_ weet’ {(p 4 Vda!) sine Vda! + V4a' cosx Vha'} 
7 2a’ (a' + pv2a' + p*) 








He then says, that this process “ nous fait connaitre la valeur 
d’une integrale definie que l’on n’obtiendrait par aucun 
procedé direct, mais qui n’en est pas moins certaine, puis 
quelle est une consequence necessaire de notre analyse.” 
Now I am going to shew that this is not the case, but that 
the integral can be obtained without any reference to the 
Theory of Heat and by a direct process. I shall also in- 
vestigate the values of some other integrals suggested by 
this process. 
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© ax 
ices -{ e** cosa Va da 
0 


- whence 
a’? mi ae > 


du 12, é -ala 

=; + 4a waa e** coszVada = 0, 

dz 0 

therefore 

u=Ce* coszva' +Ce* sinzva'+C,e"” cosava'+C,e"” sinzva'. 

Now the integral cannot go on perpetually increasing with z, 

consequently C,=C,=0. It remains to determine C, and C,, 
da. 

a? a! a 





Let z=0, then ¢,- | 


Differentiate with regard to (w) and put z= 0, then we have 


-| dave (s mew Oed, 1 G<2). 
»a-a Joa+a 2a 


2 = 
>a -a 


Hence we have 
[ e**coszVada mr 
0 


-_— -; meet, e*’ sing Va’. 
Put 3a for « and 4a’ for a’, and multiply by ¢**, and we find 


f e*ewts) coszvtada_ m 
0 





et er'te") sin Vda. 
a*— a 2a! 


Hence, integrating with respect to z, and dividing by e**, 


[ ete {( p + Vda) cosz Vda — Vda sing vha} da 

A (a* —a°)(a+pV2a+p’) 

x me*'t#'{( y+V4a') sinz Va’ + Vda! cosz Vha'} 
2a! (a + pv2a' + p*) 


Again, to find u = { : 








-"* cosa Va da 
—a——a—— » we have 
fa* + af 


_— Sona fo, dan G®) + C, sinz Va’ v( oY >) 


eS ,V(2 + ¥2) , V(2 + 72) 
aa 
+e a {c, cosz Va 7 ee wee \ 


omitting the terms which continually increase with (7). We 
find also 








+ C,sinz Va 


v 


G,-0 C,=C,=0; 


2 9a'5/2’ 
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therefore 
[ e** cosz Va da 
, a’* + a! 
(242) ¢ V(2- V2) V(2-¥2)) 
Tv -x/a! ’ ' ) 
= ——- oa sing Va + cos2va . 
20/2 : { 72 v2 f 
"6-2 cosz Va da d‘u , 
If u={ comer eek we find —| - 4a°u = 0, 


0 
therefore u = C, 2" + Ce" + C, cosa V2a' +C, sing 2a’. 
The integral must continually decrease as z increases, therefore 
C, = C,=C,= 0. 
If we put z= 0, we have 


c= f da = 





a?+a7 2a 
e**coszVada 7 
therefore f ase 2". 
- a +a 2a 


Put 4a for a, and 4a’ for a’, and multiply by e”*, then 











f eunty= coszvada_ m eres!) 

‘ a +a 2a’ : 

; [ ewie{( p+ Vea) coszvga~-Viasinzvga} om on 
is (a? + a°) (a+ pv2a +p’) Gal p+val” 





NOTES ON MOLECULAR MECHANICS. 
By the Rev. Samvet Haveuron. 
No. 2.—Propagation of Plane Waves. 
THE equations of small motions of elastic media are as 


follows : 
A eR a ae 
dt} dz da, dy da, dz da, 
a avid avid aV\ 
“2° 2 aa oe oon (4) 
@e dadadV dadvV dad adv 


-€et—=— — 


dt? dx dy 





oo. a> +a: ae 
1 dy dy, dz dy,) 





* Vide vol. tv. p. 174 and p. 173, for the meaning of «,, a,, &c. 
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Let V be the most general function of the second order 
of the differential coefficients a,, a,, &c.; then 


- 2V =(a?)a, + (a;)a, + &e. + (0,") 8, + &e. 
+ (a,b,) 4,8, + &e. (¢,4,) 7% + &e. 
Introducing this value of V into equations (4), we find 





GE GE Ft. nF 
=e dé = (a,’) dz’ + (a,") dy’ + (a,") dz’ 
@é @é dé 
+ 2(a,a, dy dz + 2(a,a, Feds + 2(a,a,) dz dy 


d’ d* d* 
+ (a,6,) oe + (a,b,) ay + (a,b,) a 
eeee (9), 


dn d’n d’n 
v (a,b,+ a,b,) dy dz + (a,b,+4a,0,) dzdz + (a,b,+ a,b,) da dy 





d at at 
+ (a,¢,) 4 + (a,¢,) dy? + (4,03) dz 
a , TE ae 
+(a,C, + @,C,) dydz" (a, + 4,¢,) a (4,0, +0 dz . 
— dn = &c 
-. : 
d°*t 
-—€ 7d = &e. 


Let the following values of &, 7, &, be introduced into 
equations (9), 


& = cosa x function of < (le + my + nz ~ ob) 
nm = cosB x eeeoevoeoeteeoeeeneeeeseeeeeseee og 


€= cosy x eee ener eee eer ee eees anes ee ey 


in which 2, m, m are the direction cosines of the wave normal 
and a, 8, y the direction angles of molecular vibration, which 
is supposed rectilinear. This particular integral corresponds 
to the case of rectilinear vibrations of plane waves, pro- 
pagated without diminution of intensity. 


We find from the substitution 


ev’ cosa = P’ cosa + H' cosB + G' cosy 
ev’ cosB = Q' cos8 + F’ cosy + H’ cosa}... (10), 
ev’ cosy = R' cosy + G’ cosa + F’cos8 
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in which 

P’ =(a,)P +(a,?)m’ + (a,)n’ + 2(a,a,)mn + 2(a,a,)In + 2(a,a,)lm, 
Q’ =(b,)P +(b,)m’ + (bn? + 2 (b,b,)mn + 2(b,b,)In + 2(0,,)/m, 
R' =(¢?)P +(0,)m’ + (c,?)n® + 2 (c,c,)mn + 2(c¢,c,)In + 2(e,c,)lm, 
F’ =(b,c,)P + (0,¢,) m’ + (6,¢,) n’ + (0,0, + b,¢,) mn + (b,c, + b,c,) In 
+ (b,c, + b,c,) lm, 
G' =(a,c,)P +(a,c,) m’ + (a,¢,)n* + (a,c, + a,¢,) mn + (a,c, + a,c,) In 
+ (a,c, + a,c,) lm, 
H' =(a,b,)P + (a,b,) m* + (a,b,) n® + (a,b, + a,b,) mn + (a,b, + a,b,) In 
+ (a,b, +.a,b,)lm. 
Equations (10) are the well-known equations which deter- 

mine the axes of the ellipsoid 

P'2’ + Vy? + Re + 2F'yz + 2G'az + 2H'zy = 1...(11); 


there are, therefore, three possible directions of molecular 
vibration for a given direction of wave plane; and there will 
be three parallel waves moving with velocities determined 
by the magnitude of the axes of the ellipsoid, the direction 
of vibration in each plane wave being parallel to one of 
the axes. 

The construction of the direction of molecular vibration 
just found was given by M. Cauchy* for a system of 
attracting and repelling molecules; it is here shewn to be 
a necessary consequence of the assumption of a function 
such as V, to represent the effects of molecular force. Hence 
we may state the following theorem: 


If the sum of the molecular moments of an elastic body can be 
represented by the variation of a single function, the directions of 
molecular vibration, corresponding to a given direction of wave plane, 
must be at right angles to each other. 


The converse of this theorem in molecular mechanics has 
been proved by Professor Jellett.t 

The cubic equation whose roots are the squares of the 
reciprocals of the axes of the ellipsoid (11) is 


(P’ - s)(Q'- s)(R'- s)- F°(P’-s)- G*(Q'-s)- H"(R' -s) 
+ 2F'G'H’ = 0, 
where s = ev’; hence, if P, Q, R, F, G, H be the same 





* Exercises des Mathematiques, tom. v. p. 32. 
t Transactions of Royal Irish Academy, vol. xx. p. 195. 


NEW SERIES, VOL. VIII.—May 1853. M 
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functions of z, y, z, that P’, Q', R’, F’, G', H' are of 
1, m, n; it can easily be shewn that the surface of wave- 
slowness is 
(P-1)(Q-1)(R-1)- F°(P -1)- G@(Q-1)- H(R -1) 
+ 2FGH = 0,...(12.). 
It is natural to inquire whether a series of plane waves 
may not be propagated, with a continually decreasing ampli- 


tude of vibration: to ascertain the possibility of this, let us 
assume 


2Qr 
~' p(la+my+nz) | OF 


&=pcosa.e sin — (lx + my + nz - vt) 

r ...(18). 
n = p cosB &c. 
C=p cosy &c. 


This is equivalent to assuming that the amplitude of vibra- 
tion diminishes as the plane wave moves away from the 
plane /z + my + nz = 0, passing through the origin of coor- 
dinates ; in fact, Jz + my + nz is equal to the perpendicular 
let fall from the point (z, y, z) upon that plane, and the 
vibration is here assumed to diminish in geometrical pro- 
gression, as that perpendicular increases in arithmetical 
progression. 

In order to simplify the introduction of (£, , £) into the 
differential equations, we may use the following symbolical 


equation, e* sinp = sin{ p+qgv(-1)}........(14). 


This is equivalent to Fresnel’s interpretation of imaginary 
quantities, and assumes that 


v(- 1) sinf = sin( f+ 47), 
V(- 1) cos f = cos( f+ $7). 
Introducing, by the aid of (14), or by direct differentia- 


tion, the values of &, , ¢, into equations (9), we find 
2 


v , 
——, cosa = P’ cosa + H' cosB + G cosy | 


ev" 





; cos8 = Q' cos8 + F’ cosy + H’ cosa 


ev" 


and 
and 2pv(-1)(P' cosa+ H’ cosB + G cosy) = 0, 
2p V(— 1)(Q' cosB+ &C.).....ceeeeeeeeeees = 0, 
2p V(— 1) (R’ cosy + &C.) .....sseeeeeeeees = 0, 





cosy = R' cosy + G' cosa + F’ cosB/**’ (15), 
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giving six equations of condition: but these equations cannot 
coexist unless p = 0, é.e. unless there be no diminution of 
intensity. 
If we assume 
2 
—{e(le+my+nz)—Ket} om 
£=pcosae sin = (le+my +nz-vt 
ie ...(16), 
C= &e. 
so as to introduce another unknown constant A, we should 
find for the equations of condition 


1 — kK ‘ | 
——, ev’ cosa = P’ cosa + H' cosB8 + G' cosy 


2 
i= ev’ cos8 = Q’ cosB + &e. 
ae 


ev’ cosy = R’ cosy + &e. 











A (17). 
and — ev cosa = P’ cosa + H' cosB + G' cosy | 

p 

K 


— ev’ cosB8 = Q’' cosB + &c. 





> ev’ cosy = R&R’ cosy + &c. | 


These equations of condition can only coexist on the sup- 
position that 





SM a oe whan cio 5) 
Equation (18), which is quadratic, if solved for K, will give 
1 
K, = Pp» K, wai 7 
the latter is to be rejected, as it would give an imaginary 


velocity, and the former introduced into the expression (16) 


gives, if ¢ = = (la + my + nz - vt), 
E = p cosa e?? sing 


n =p cosBe?? sing ) «+++. (16) bis. 


C=p cosy e?? sing 


M2 
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These values of &, 7, € are functions of the phase, but do not 
indicate a diminished intensity of vibration: this agrees with 
a statement of Mr. Rankine’s, Math. Jour., vol. vu. p. 218. 

It is desirable, before concluding this note, to give some 
idea of the true nature of the differential equations which 
have been used. We have assumed that the density is very 
little altered during the motion of the particles: if we take 
account of the alteration of density, the equations will be 
different. 

The equation of arya is 


de | 

=” 
where wu, v, w, bo the parallel to z, y,z. For 
small displacements this will become 


od aa (em) +o 7) + © (ew) = P...«0i0 FOR, 


e ..(2,2.2 
dt dx dy dz)’ 
de dw 
or Ht ae tO cece e ees (20), 
, , dé dy a: , 
in which @ = > _* de cubical compression. 


Integrating (20), we obtain 
loge + w = F(z, y, 2), 


which gives, since the cubical compression is supposed zero 
before the motion of the wave meena a particle, 


SAE cits decvvnawcun (21), 


e, denoting the statical de nsity of the medium, and e denoting 
the napierian base. 
Introducing this value of the density into equations (4), 
we find 
(43+ +B) a 2 - 
ce Nae’ dy” a Mt d dv ,i a adv 


dt' dx da, ky da, dz da. 


3 


(dé dn a) 
gee ata)dy_@ dV d av. a av\. as, 
’ dé ~ dz dB, dy dp, * dz dB, 
[ae 


ee ay d dV. d  . d dV 


dt? dz dy," dy dy, dz dy, 


3 





- €¢ 


we must, therefore, inquire into the limitation involved in 
the use of equations (4). If the medium were absolutely 
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incompressible, the equation of continuity would become 


dé ay ae 

po + dy - a = 0, 
and equations (22) would coincide with (4); but the medium 
may be nearly incompressible and equations (4) used. In 
the case of plane waves the limitation may be thus formed, 

. ae — p(l cosa + m cos + ” COSY) COS@ ; 

or, if 8 be the angle between the wave normal and direction 
of vibration, equation (21) will be 
mR... p coss cos 


&= 6 a ree 


In order that ¢ shall not differ much from ¢,, it is, therefore, 
necessary to suppose that the vibration is nearly transversal, 
in which case cos8 is very small; or, that if the vibration 
be nearly normal, % must Le very great; t.e. the velocity 
of the normal vibration must Le very great. 

In my next note I shall consider the case of vibrations, 
rigorously normal and transversal. 


Trinity College, Dublin, 
Dec, 30, 1852, 





THEOREMS IN THE CALCULUS OF OPERATIONS. 
By Roserr CarMIcHAEL, 


THosE who have studied the Calculus of Operations in 
connexion with the Integral Calculus cannot but have felt 
a difficulty in the interpretation of the symbolic results at 
which they may have arrived. ‘The farther the relation 
between these two subjects is prosecuted, whether in the 
solution of Differential Equations, the extension of Definite 
Integrals, or the reduction of equations in Finite Differences, 
the more imperative becomes the demand for such inter- 
pretation. In all these cases, so long as the solutions are 
symbolic and not completely evaluated, they are unsatisfac- 
tory to the advanced mathematician and perhaps calculated 
to lead the younger student to undervalue the utility of 
prosecuting these branches of analysis in conjunction. 

The want here indicated can only be satisfied by the con- 
tributions of individuals. Much still is required, although 
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much has already been done. The present paper, with two 
others previously published in this Journal, are offered by 
me in furtherance of the object. 

There is another matter to which it may be well to direct 
attention. When the questions to be investigated have 
a symmetrical character, not only should the results be 
symmetrical, but symmetrical methods should be employed 
for their deduction. A regard to this latter point might 
possibly have not only precluded some errors and many 
incomplete results, but also led the way to the discovery 
of higher and more elegant methods of analysis. 

In conclusion, I would express my acknowledgments to 
the Rev. Professor Graves, without whose valuable suggestions 
these pages would never haye been written. I have done 
little more than generalize and apply results communicated 
by him to the Royal Irish Academy in the month of April, 
1852, an abstract of which is published in the Proceedings 
of that body. 


1. Let it be proposed to investigate the value of the 
symbolic quantity 
d d d 
ao ds * ¥9) s+ x) & + be. 


> 


where U = f(a, y, 2, &c.). 
Now if we put 
dz dy dz 
——=df, -—*-=dn, ——=d, &....... 1), 
i ae” aa 


this becomes 
dd 


Str tat ke. 
ge an & U; 
and as U, from being a function of z, y, z, &c., can be 
transformed into a function of &, 7, &, &c., by the aid of (1), 
we have reduced the question to a shape which admits of 
obvious solution. Thus, as 

U= f(z, y, 2, &c.), 


and 


tn f=) 
(4 _ 
nt+d= TCH) Hy) 
dz 
ten fy) 
&e. 
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we get 
O=f{ore +c), B'( + d), X"(E + e), &c.}, 
and therefore 


a4 + &e. 
- U=f{o(E+ce+1), ¥'(n+d+1), &e.}; 
whence, finally, 
d d 
$(x) — +W(y)— +&e. 
eM Y fery 80.) =f{ OU b241), Y Ly +1), &e.}. 


In the practical application of this fundamental theorem 
the only difficulties with which we have to contend are, the 
deduction of the integrals 


dz dy 
eo. eo © &c., 
dz) oly) 

and the inversion of the functions ®, ¥, &c. 


Ex. I. The simplest and most obvious illustration of this 
theorem is afforded by the suppositions 


P(z)=2, Yy)=y, xX@)=2, &e. 
In this case, in fact, the operative symbol 
(2) £ + Py) > + x(z) £ + be. 
becomes the index symbol of homogeneous functions 
ok vy Ss veh tne, 

dz dy dz 
and therefore 

eV. f(x, y, &e.) = f {log"(1 + logz), log(1+logy), &e.}, 
or eV f(x, y, 2, &c.) = flex, ey, ez, &c.). 


If we break up f into sets of homogeneous terms, it is 
evident that this result is identical with that given in a 
previous paper, namely 


eVU=u, + eu, + eu, + &e. + eu. 
Ex. II. More generally, let 
p(x) = 2", Py)=y", &e., 


and the result of the evaluation of 


" 


d 
— +y* — + &. 
dx y dy S (a, Y; &c.) 
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r| _ ’ y rT? ao. | 


is 





I 
{1-(m-1)2"™7}™"— {1-(n-1)y™"}" 

It is not difficult to verify this formula for the particular cases 
m=n-= &c. = 0, 
m=n= &.=1. 

In that in which 
m=n= &C. = 2, 

we get the result 

se Le 
a —+y ay* 


° dz 


&e. z y 
I (2, Y, &)-4(=*,, Tox’ &e.). 
Ex. III. Let 
$(z)=(@-2°}, Yiy)=C-y'), &e. 
and the result of the evaluation of 
d d 
(a*—2*)t— + (b*-y*)t— + &e. 
e ds dy ST (a, y; &c.) 
J {sin(1 + sin"z), sin(1 +sin"y), &c.}. 


Ex. IV. Selecting now a particular form for the function 
operated on, we shall suppose, the simplest case, that it is 
linear in z, y, &c. Then 


is 





d d 
$ (x) — +W(y)— + &e. 
= 4y (ax + by + &e.) 
= ab'(bz +1) + bY 'hy +1) + &., 
and we may introduce the values of ¢(z), ¥(y), &c., em- 
ployed in the previous examples. 


There are certain cases in which the evaluation of the 
quantity 


d d 
$(x) — +W(y) — +&e. 
e dz dy U 


may be considerably facilitated. Thus, if it consist of the 
product of certain minor functions u, v, w, &c., we may 
avail ourselves of the theorem given in the last number 
of this Journal, namely that 


eY.uvw... = eV ue” v.eYw... 
if ~ be such a symbol that 


Y.uv = ubo + vpu; 

















Theorems in the Calculus of Operations. 


since it is obvious that 
d d 
(2x) + oy) dy + &e. 
satisfies the required condition. 


2. If we operate on both sides of the fundamental theorem 
with 
far +Wy 5 + &e, 
we easily find that 
d d 
2| pxr—- + Wy — + &e. : 
e ( sad dy are ee bby +2), &e.}; 
and hence, in general, that 
‘oe d 
m\ pxr— + Wy — + ke. 
e\ way ae f{ b"'(br+m), ¥"(Ly+m), &c.} 


Thus, the form of f being supposed unknown, and those of ® 
and ¥ given, the solution of the equation of finite differences, 
with constant coefficients, 
Af {b'(bz +a), ¥'(vy + a)} 
oo 
Bf{OXoz +b), ¥'by + By} 
+ &e. 
is reduced to the solution of the symbolic partial differential 
equation 4 
d d d 
a\ pr— + Wy — b\ or + hy 
is - oy ok - ee 


which may be written, for brevity, 


Fie 
or, by the previous transformation, 
aida 


—+— 
Fee® ™)z=0. 
Now, if the roots of F(p)=0 


be all real and unequal, the symbolic solution of this equa- 
tion is ad a d a 


z= (e% m.., m)*.0 + (e# mr. n)'.0+ &e., 


where m, n, &c. are the values of the roots. 


on + . 
dz "Wy 2 = 0; 
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But by a previous theorem (Journal, 1851) 


dd " " 
x (= + i) Lie, e-) = x(m) KLé, OF decree), 


J, being a homogeneous function of the m™ degree. 


Hence the solution of the symbolic equation, and therefore 
the solution of the equation of finite differences is 


= thog (Cs e") + thogn(C°s e") + &e., 


where the forms of Uroem> Yrogn» &C. are arbitrary, but their 
degrees given by the suffixes. 


Finally, introducing the arbitrary constants c, d, &c., as 
is evidently legitimate, and then substituting their values 
for +c, n+d, &c., we get the solution in the form 


lene thogm(@’s e¥Y) + thogn(@n's e¥Y) + &e. 
If F(p) =0 


contain pairs of imaginary roots, the solution assumes the 
form 


de V oe Vy 
a= 108 (msn > e * + Urogi men v-1e ’ e )+ &c. ° Wlog p + &e. 


Finally, if the same equation contain a equal roots, whose 
common value is m, the form of the solution is 


2= Wiogm(O”, €9 (a+ by) + Viogm(ee”, €9)(be+¥y)**+ &e. 


d YF 
+ Wlogn (e,e 4) + &e., 


where tiogm; Vlogm are different arbitrary homogeneous func- 
tions of the same degree. 


3. It is now at once obvious that we are prepared to 
solve such an equation in finite differences as 


Ad(a+a,y+a, &c.) + Bh(x + b, y+b, &.) + &e. = 0, 


either as an illustration of the previous article, or indepen- 
dently. Adopting the latter course, it is easy to see that 
we can solve the still higher equation 


=Ad(x +a, y + a, &.) = f(e*, sing, e’, siny, &c.), 
where we can reduce the right-hand member to the form 


&e. 
BAy, 4, be, Oe, 
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P; 4, &c. being positive or negative, integral or fractional, 
real or imaginary. 
For, throwing the equation into the form 


LES 
F(e™ %) $(2, y, &c.) = By, g, go, ef, 
we have, by (2), the solution in the form 
ert a+ &e. 
d= 2A, g, &e. Fereky 


the roots of F(p) = 0 being supposed all real and unequal. 

It is evident that the solution of the equation in finite 
differences, in which there is but a single variable, is but 
a particular case of the form now stated. 


Trinity College, Dublin, 
March 18653. 


+ Uiogm (€*, e, &c.) + &c., 





ON THE RELATION BETWEEN THE VOLUME OF A TETRAHE- 
DRON AND THE PRODUCT OF THE sizteen ALGEBRAICAL 
VALUES OF ITS SUPERFICIES, 


By J. J. Sytvesrer, F.R.S. 


Tue area of a triangle is related (as is well known) in 
a very simple manner to the 8 algebraical values of its 
perimeter: If we call the values of the squared sides of 
the triangle a, b, c, there will be nothing to distinguish the 
algebraical affections of sign of the simple lengths so as to 
entitle one to a preference over the other. The area of the 
triangle can only vanish by reason of the three vertices 
coming into a straight line ; hence, according to the general 
doctrine of characteristics, we must have the Norm of 


Va + Vb +Ve, 


containing as a factor some root or power of the expressions 
for the area of the triangle. The Norm in question bein 

representable as --N* where N is the Norm of a? + 54+ c#, 
which is of 4 dimensions in the elements a, b, c, and 
undecomposable into rational factors, we infer that to a 
numerical factor prés the square of the area must be iden- 
tical with the Norm JN, and thus, by a logical coup-de-main, 
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completely supersede all occasion for the ordinary geome- 
trical demonstration given of this proposition, which in its 
turn, with certain superadded definitions, would admit of 
being adopted as the basis of an absolutely pure system of 
Analytical Trigonometry that should borrow nothing from 
the methods and results of sensuous or practical geometry. 
But into this speculation it is not my present purpose to 
enter: what I propose to do is to extend a similar mode 
of reasoning to space of three dimensions, and to point out 
a general theorem in determinants which is involved as 
a consequence in the generalization of the result of the 
inquiry when pushed forward into the regions of what may 
be termed Absolute or Universal Rational Space. 

Let F, G, H, K be the four squared areas of the faces 
of a tetrahedron, and V the volume; then, since V only 
becomes zero in the case of the 4 vertices coming into the 
same plane, which is characterised by the equation 


VF+VGsiVH+VK=0 
subsisting, we infer that NV the Norm of 
VFiVGsVH+vK 


must contain a power of V as a rational factor. V’” is rational 
and of 3 dimensions in the squared edges ; the Norm above 
spoken of is of 8 dimensions in the same. Consequently 
there is a rational factor, say Q, remaining, which is of 
5 dimensions in the squared edges, and this factor I now 
proceed to determine, the other factor V” being, as is well 
known, a numerical product of the determinant 


0 ab’ ac ad’ 
ba? 0 be® bd? 
ca’ ch? =O ee?” 
da’ db’ dc’ 0 

1 1 1 1 


fe cl 


a, b, c, d being the 4 angular points of the tetrahedron. 
See London and Edinburgh Phil. Mag. 1852. 

The quantity Q possesses an interest of a geometrical 
character; for if we call the radii of the 8 spheres which 
can be inscribed in a tetrahedron 1,, 7,, 7,, 7, 155 Toy Tay Tay WE 
evidently have nry,r7,7,7,7, x N=(3V). Hence (R), the 

, ws " sve 3°V* 
product of the eight radii in question, = a: 
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Consequently Q is the quantity which characterises the 
fact of one or more of the radii of the inscribed spheres 
becoming infinite. For the triangle there exists no cor- 
responding property ; this we know d priord, and can explain 
also analytically from the fact that if we call P the product 
of the radii of the 4 inscribable circles, v the Norm of the 
perimeter, and A the area, we have 





Pv = 2A‘, 
2* At 
d = = A’, 
an v P 


which contains no denominator capable of becoming zero, 
so that as long as the sides remain finite the curvature of 
the inscribed circles is incapable of vanishing. 

To determine WN as a function of the edges, and then to 


discover by actual division the value of =e would be the 
direct but an excessively tedious and almost impracticably 
difficult process. I have ever felt a preference for the 
d priort method of discovering forms whose properties are 
known, and never yet have met with an instance where 
analysis has denied to gentle solicitation conclusions which 
she would be loth to grant to the application of force. 
The case before us offers no exception to the truth of this 
remark. Q is a function of 5 dimensions in terms of the 
squared edges: let us begin by finding the value of that 
part of Q in which at most a certain set of 4 of these 
edges make their appearance, and to find which conse- 
quently the other 2 edges may be supposed zero without 
affecting the result. We may make two distinct hypotheses 
concerning these 2 edges; we may suppose that they are 
opposite, %.e. non-intersecting edges, or that they are con- 
tiguous, ?.e. intersecting edges. 

To meet the first hypothesis suppose ab = 0, ce = 0. 

For convenience sake, use F, G, H, K to denote 16 times 
the square of each area, instead of the simple square of the 
areas. Call 


16(abcf = K, 16(abd’ = H, 16(acd)l=G, 16(bcdy = F. 
Then - K=(ab)‘+(ac)*+(bc)*-2 (aby (ac) - 2(ab){be)- 2(ac)(be) 
= ac‘ + be* — 2(ac)(be). 

Similarly, - H=ad'+ bd‘-2(ad) (bd), 
-~ G =ca‘ + da‘ - 2ca’ da’, 
-~ F = ch‘ + db‘ — 2cb’ db’. 
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Hence one value of /F+VG+VH+ VK will be 
V(-1) {(ac* - be*) + (bd? - ad*) + (da’ - ac’) + (bc*- bd*)} = 0. 


Hence, on this first supposition, the Norm vanishes. But V* 
does not vanish when ab=0, cd=0, for it becomes, saving 
a numerical factor, 


0 0 ace ad 1 
0 0 b? b& 1 
er ef #4 @ 1 
di dv 0 0 1 
1 1 1 1 
i.e. (ac'.bd! - ad’.bc’) .(cb’ + ad’ - ca’ - bd’) 


+ (bc* — ac’) (ca’.db? - cb’.da’) 
+ (ad* - bd’) (ca*.db? - cb*.da’) 
= 2 (ac’.bd’ - ad’.bc’) .(ad’ + bc’ — ac’ - bd’); 

and consequently, since NV vanishes but V* does not vanish, 
(Q) vanishes, shewing that there is no term in (Q) but what 
contains one at least of any two opposite edges as a factor ; 
or, in other words, there is no term in Q of which the 
product of the square of the product of all three sides of 


some one or other of the 4 faces does not form a constituent 
part. 


Next, let us suppose ab = 0, ac=0, then 

K’ = 1\6abc’ = - bc*, 

HP = \6abd’ = - (ad’ - bd’)’, 

G’ = 16acd’ = - (ad’ - ed’, 

F* = 16bed’ = ~ be‘ - bd* — cd‘ + 2bc°.bd’ + 2be*.cd’ + 2bd’.cd’. 

Four of the four factors of NV will be therefore 
{u(bc’ + cd? -bd*)+ F}, {c(bc’ - cd* + bd’) + F}, 

t denoting v(-1), and the product of these four factors will be 
{(bc° + ed’ - bd*? + F"} x {(bc? - cd? + bd’ + F’}, 

which is equal to 


16bc‘.bd’.cd’ ; 
and similarly, the remaining part of the Norm will be 


{(2ad* — bd* — cd* + be* + F*} . {(2ad” - bd’ - cd®- be’) + F*}, 
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that is 
{4ad*— 4ad* (bd? + cd? + bc*) + 4bc*.bd? + 4bd?.cd? + 4ed”.bc"} 
x {4ad* - 4ad"(bd? + ed? - bc*) + 4bd*.cd"}. 
Again, since ac’ = 0 and bc? =0, V? becomes 
ee ¢ ary 


oO iy 1 
0 @ 0 cd 1 
da di’ de?’ 0 1 
1 1 1 1 0 
This is evidently equal to 
\ 
0 0 ad 1 . 
obe? 0 cb’ ed’ 1 : = sel 
ararce aT Ft. 
1 0 
1 1 1 


(the arrows being used to denote the directions of the posi- 
tive diagonal sets of terms) 


= 2he*{ 2be’ad’ + ad‘ - ad*bd’ - cd*ad? + bd*cd"} 
- 2be'ad’ 
= 2be*{ad* - ad’ (bd? + cd’ — be*) + bd*.cd’}. 
Hence, paying no attention to any mere numerical factor, 


we have found that when ac=0 and dc=0, Q or ms becomes 


be’. bd®.cd*{ad‘- ad*(bd’ + cd’ + be*) + be’. bd’ + bd’. cd’ + ed*.be*}. 


Hence, with the exception of the terms in which 5 out of the 
six edges enter, the complete value of Q will be 


=(bc*.bd?.cd’) { ad*-ad*(bd*+ ed*+be*)+ be*.bd* + bd*.cd*+ ed*.be’}, 
or more fully expressed, and still abstracting from terms con- 
taining 5 edges, 
= Sbe’.bd*.cd*{(ab‘+ act+ ad‘) - (ab’+ ac’+ be*) (bd? + be*+ ed”) 
+ be’.bd? + bd*.cd’ + ed*.be’}. 
It remains only to determine the value of the numerical 
coefficient affecting each of the 6 terms of the form 


ab’.ac'.ad*.be bd’. 
To find this, let 
ab? = ac’ = ad* = be’ = bd’? = cd =1; 
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then evidently, since all the squared areas are equal, several 
of the factors of N will become zero, but V’ evidently does not 
become zero for a regular tetrahedron ; hence Q becomes 
zero: and if we call the numerical factor sought for », we 
must have (observing that the = includes 4 parts corre- 
sponding to each of the 4 faces) 


4{3-9+3}+6=0, 
therefore -12+6A=0, or A=2. 
Hence the complete value of Q is 
Sab*.be*.ca® {(da* + db‘ + de*) - (da* + db? + de®) (ab’ + be* + ca’) 
+ ab’.be’ + be*.ca® + ca’.ab’}, 
+ 23 (ab*.be’.cd*.da*.ac’) ; 


or, which is the same quantity somewhat differently and 
more simply arranged, 


Q = S(ab*. bc*. ca*) {(da* + db* + de + da*.db* + db*.de* + de*.da) 
+ (ab*.be?+ be*.ca*+ ca’. ab*) - (da + db’ + de*) (ab’ + be’ + ca’)}, 


and this quantity equated to zero expresses the conditions 
of a radius of an inscribed sphere becoming infinite. The 
direct method would have involved, as the first step, the 
formation of the Norm of a numerator consisting of 


VF+VGiVHivk, 
the value of which is 
SF* - 43 F°G + 63 F°G’ + 43 F°GH - 40FGHK, 


and contains 4+6+12, te. 22 positive terms, and 12, 
i.e. 18 negative terms, together 35 terms, each of which 
might be an aggregate of 6‘ or 1296 quantities, and thus 
involve in all the consideration of 45360 separate parts, 
for each of the quantities F, G, H, K being a quadratic 
function of three of the squared edges, will contain 6 terms. 
It is not uninteresting to notice that in addition to the case 
already mentioned of two opposite edges being each zero, 
as ab = 0, cd=0, Q will also vanish for the case of ab = cd, 
bc = ad; i.e. for the case of 2 intersecting edges being each 
equal in length to the edges respectively opposite to them. 
This is evident from the fact that on the hypothesis supposed 
the face acb = acd and the face bdce = bda; hence N= 0, and 


therefore, V not vanishing, ale z.e. Q will vanish. 
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We may moreover remark that since ab=0 and cd=0 
does not make V vanish, the perpendicular distance of ad 
from ed, which, multiplied by ad x cd, gives 6 times the 
volumes, must on this supposition become infinite. When 
three edges lying in the same plane all vanish simultaneously, 
Q vanishes, since one edge at least in every face of the 
pyramid vanishes, and V also vanishes, as is evident from 
the expression for V*, when ab=0, ac=0, bc = 0, becoming 
a multiple of 

0 0 O ad 1 


0 0 oO bd? 1 
0 oO O ed 1 
ad’ bd* cd? 0 0 
l 1 1 0 O 


which is evidently zero. 

It appeared to me not unlikely, from the situation and 
look of Q (the characteristic of one of the inscribed spheres 
becoming infinite), that it might admit of being represented 
as a determinant, but I have not succeeded in throwing it 
under that form. I have a strong suspicion that if we take 
Q' a function corresponding to a tetrahedron a'b'c'd', in the 
same way as Q corresponds to abed, QQ’, and not impro- 
bably v(QQ'), will be found to be (like as we know from 
Staud’s Theorem of ((V*.V")) a rational integral function 
of the squares of the distances of the points a, b, c, d, from 
the points a’, J’, c', d’. 

That N should divide out by V’” is in itself an analytical 
theorem relating to 6 arbitrary quantities ab’, ac’, ad’, be’, 
bd’, cd’, which evidently admits of extension to any tri- 
angular number 10, 15, &c. of arbitrary quantities. Thus 
we may affirm, d priori, that the norm of 


VZ+VM+VNivVP +4 VQ, 


where (for the sake of symmetry, retaining double letters, as 
AB, AC, &c., to denote simple quantities) 


0 AB AC AD 1 0 AB AC AE 1 

AB 0 BC BD 1 AB 0 BC BE 1 
Q=|AC BC 0 CD 1\|P=|AC BC 0 CE 1 
AD BD CD 0 1 AE BE CE 0 1 

1 1 1 1 1 1 1 '@ 








N=&., M=&c, L=&c., 
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will contain as a factor the determinant 
0 AB AC AD AE 1 
AB 0 BC BD BE 1 
4C BC 0 CD CB 1 
AD BD CD 0 ODE 1 
AE BE CE DE 0 ] 
1 1 1 1 1 0 
and a similar theorem may evidently be extended to the case 


n.(n+1 ' ik 
of an n(n+ 1) arbitrary quantities whatever. 


7, New Square, Lincoln’s Inn, 
March 29, 1853. 





SOLUTIONS OF PROBLEMS. 


1. Let S be the common focus of the two ellipses, H the 
second focus of the fixed, H' 


of the variable one, P their 7 —y* , 
of contact. Then, P, H', ZINN 
will be in the same straight line. “Z 

i we 





Let a, 6 be the semi-axes of the 
fixed ellipse, a’, b’ of the variable 
one. Then, in the first case, a’ a 


is constant, and SP + PH = 2a, 
SP + PH' = 2a’; 
therefore HH’ = 2(a~ a’), 


a constant quantity. Hence, the locus of H' is a circle of 
which f is the centre. 

In the second case, 6’ is constant. Let YZ be the common 
tangent to the two ellipses at P, and draw SY, HZ, H'Z' 
perpendicular to YZ. Then 


SY. HZ = b’, 
SY. H'Z' = 6"; 
therefore H'Z': HZ::0°:0:: H'P: HP; 
therefore HH: HP::  ~ b°: 8 


a constant ratio. Hence, the locus of H’ is an ellipse similar 
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and similarly situated to the given one, and having H for 
a focus. 


2. Let a be the radius of the generating circle ; the equa- 
tion to the cycloid, meaning the arc from the vertex, will be 
8° = 8az. 

Hence, it may easily be seen* that the equation to the 
tangent at any point is 


2a 
§=™Mr%+—, 
m 


m denoting the secant of its inclination to the axes of z. 
This may be written 
Z.m'-s.m+2a=0: 

this being a quadratic in m, shews that two tangents may be 
drawn to the cycloid through any point. If m,, m, be the 
roots of the above equation, the condition of perpendicularity 
will be 

1 1 
m, m, 
whence, by the theory of equations, 


s\? 
pe ie Gi whe 
2a 2a 


or 8’ = 4a(x+a), 


the equation to the required locus, which is evidently a 
cycloid of half the dimensions of, and similarly placed to 
the original one. 


8. We know that 








m etv — g-av 
———— dv = htanha ....cccrsccceee (1), 
o emg 
and that 
eo -av . 
eeu — & sina ' 
_ — cosredv = — cscs (2). 
0 emg 7 e° +2 cosa+e ‘ 


Hence, expanding cos7v in (2) and equating coefficients of 
r**, we have, by Sir John Herschel’s theorem, 





® av — tv ii (— 1)" (1+ A) sina o®...(8 
o em — eo ™ ~ (1+ Af + 2(14+A)cosa+ 1 7" ), 





* This will follow in precisely the same way as it is shewn that the 


equation to the tangent to the parabola y*= haz is y = mz + » where m 
denotes the tangent of its inclination to the axis of z. ™ 
N2 
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Hence, writing 2z for a in (1), and differentiating 2 times 
with respect to z, we have by (3) 


a’! “ 97442 

tas < (- 1)" 2 it + A) tanz ou 
da** b(1+ A)+ A*(1 + tan’z) 

And in like manner, since 


eav 4 e-a0 e’—e* 
[ ——— sinrvdv = 4 — = 
o em —_-7 e’ + 2 cosa + € 








we have, equating coefficients of r as before, 








"erro ., (-1F A(A + 2) a 
—_—— _ y*"dy= 5 yr. 
9 em —_e-7? 2 (1+A)+2(1+A)cosz+1 
Hence, we have 
a ieee (- 1)" 2" A(A + 2)(1 + tan*z) oun. 
dat" b(1 +A) + A*(1 + tan’z) 


4, Let « be the inclination of the plane to the horizon, 
then the resolved part of the accelerating force of gravity 
parallel to the plane will be g sinc =f suppose. Let a be 
the radius of the sphere, M its mass, w the angular velocity 
of the plane. Take the point where the axis of revolution 
meets the plane as origin of coordinates, let the plane itself 
be that of zy, and the axis of z be parallel to the horizon, 
zy the codrdinates of the point of the sphere in contact 
with the plane, F., F,, the resolved part of the friction 
parallel respectively to the axes of ¢ and y. We have then 


x 


Maz Ff. teem enon ereeereceeeeneee (1), 
Py _ 
M—an F,- Mf. fied enasiwoneaa nee (2); 


and if w,, w, be the angular velocities of the sphere about 
axes through its centre parallel respectively to the axes of 


d-y, 
— Pa Wiss cisinccsvevsiioi. (3), 
ry 
, dw 
Mk it =- Fa Covecccccccccccovece (4) 


As a further condition, the velocity of the point of the 
sphere in contact with the plane must be the same as that 
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of the point of the plane in contact with it. This gives us 


dx 
Fe” V9 — WY veerervervecervens (5), 
% + DG = WL oicecccccccsceceeenes (6). 
Differentiating (5), (6), and eliminating o,, w,, F,, F, by (1), 
(2), (3), (4), we get dx ee KR dy (7) 
We = Pia @ at Cccccccccccccccces > 
d’y Kh dz a’ : 
GPa e a Beat Os 
dz K 
whence 3°33 4D ccsciaininanceniscorsnaveed (9); 


kt 2 


ay . k a 
therefore We" ” (Bsay” Y+aa oC Pe aiS-(10). 


To determine C, let z,, y, be the initial values of z, y; 
and let Z,, J, be the impulses of the friction when the sphere 
is just placed in the plane; (F) (+) » (@,),, (w,), the cor- 


de 


responding values of We &c., then 
dz , 
u($)- f, Cee eee ee rereeeeeeeeeees Qi Ne 
dy 
St BO AL ancesténsaccvudreessavinn j 
uF ) . 3), 
WIE Ciicinsicennsitsiassvieis (3'), 
MH), = — Td ssseesecccccereenees (4'), 
and, as in (5), (6), r 
a 
Z- (0) G = — DY, ceeeressescesceens (5'), 
dy 
(sh) (GJM = OMe occsssecccerecvesesd (6’), 


therefore, by (1'), (4’), (5), 


vo = 
RB) \ae j~ O% 
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Similarly, by (2'), (3'), (6'), 


a’\ (dy 
Gr 


Hence (9) gives C=0, 
, ay h? a 
. by(1 —=- , oy -—— SJ 
y ( 0), dt’ (kK? re a’) oy kB ny aS 
- (Kk? + a’) a’ 
it 


(yy Ht in(—* 
ba (<b) -- pag ed sin( pa wl + B). 


To determine the constants, we have 
dy k 
ad RF+a”” 


., _ +a@)a f 
State 





whence y= 2 


2 
E+ A o0s( a a+ B), 
@® a 








when ¢=0, y=y,, 


+ A cos B, 


o* 


2 


; k 
r+c ”° Fee 


_ (K+a)a f (+a ja’ f 
si lea ok gal wa 
Re 2 
cos —=——,, wt + #, sin 


R+a 


wx oA sin B; 





k 
Pia wt... (11); 
and, by (9), 
dz @f K* i i 
aR oleate 4 

RB i? ke 


ot - @z, sin=—-; at ; 
B+a’ ie ° F+¢ ° 














a f KR (K*+a*)a° ft | : Ca 
Beast, ft M008 ot {y+ k* wf a Pa 


The equations (11), (12) give the path of the centre of the 
sphere in space. It will be a trochoid whose axis is parallel 
to that of z. 

6. Let the density of the matter at C, the centre of the 
sphere, be denoted by &, and let f be the distance of this 
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point from the given external point S. The expression for 
the density at any point II, of which the distance from f 
18 D, will be kf® 


If we take polar coordinates, p, 9, ¢ for the point I, the 
corresponding expression for the volume of an element of 
the solid will be p’* sin3 df d9 dp, and the quantity of matter 
which it contains will be 

5 


a »p’ SiND dh AI dp ...cccresereeenees (2). 


The potential due to this at any point P, at a distance A 
from it, will be 
kf* p* sind dp dd dp 
DO 
and if r, 0, p be the coordinates of P, we shall have 
A = [p’ - 2pr {cos cos@ + sind sin® cos( - p)} + 7°]*... (4). 


A similar expression might be used for D, but if we take 
S' for the origin of polar coordinates, we have simply 





If, farther, we take SC as the polar axis, we shall have 
for the equation of the surface of the sphere, 
p= Wp CED s+ fo ma? ...cccccrrscees (6), 


where a@ denotes the radius. 
If now we denote by V the potential at P due to the 
entire sphere, we deduce from the preceding expressions 


aca er sin} dd dd dp AD, 


—2pr {cos9 cos 6 + sind sin 8 cos(p-)} +2") 





where the integration is to be made so as to include all 
values of p, 9, and ¢ subject to the condition 


Pp — 3p CoBd +f? <a? ..ccrscroccrees (8). 


The evaluation of this integral may be effected by means 
of the following simple transformation : 


Let Po oe. oe RE (9); 


then, re eee ee 
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if, besides, we assume =.” =~... .. . ss sn nse nenveeees (11), 





we shall have 


or [p*- 2p'r'{cos9-cosO +sin9sinO cos(p—)}+r"}*...(12). 





A= 


The expression for V then becomes 


y- ite “alll p” sind dp dS dp’ 
[p"- 2p'r'{ cos. cosO+sin9d sin4 cos( ~-¢) } +7" 








a (8), 
an the limiting condition 


toe. yA coss oF" 28 von (14), 


which is equivalent to 
(f* - a’) - 2fp' cosd (f* - a’) + p*(f*-a’) <0; 
or to S* - a - 2fp' cos9 + p® < 0; 
or, lastly, p* = Sfp! 00nd + f° < a ..cccscescecsed (15). 


Now the triple integral in the second members of (18) is, 
as we see immediately, the expression for the potential at 
a point (r', 0,9), of a mass of the uniform density unity, 
occupying all the space over which the integration with 
reference to p', 4, ?; considered as polar coordinates, is 
extended. The equation of the surface bounding this space 
is, according to (14), 

p’ - 2fp cos + f* = a’, 
which agrees with (6), that of the given sphere. Hence, 
assuming the known results with reference to the attraction 
of a uniform sphere, we may immediately obtain the value 
of the triple integral in (13). Thus, according as the point 


(r’, 0, p) is without or within the surface of the sphere, we 
shall have for the expression, 


if’ 
~ (fia) t= ofr coos fy 


when r” — 2fr’ cos0 +f? > a’; 


(r” — 2fr' cosO + f”); 





al a =e 
i 


when ~ Ps cos@ + f*? <a’. 


or Ve= 
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If now we recur to the original notation, by substituting 


fi -@ 


criminating conditions as we have done above, in the case 
of (14), we obtain 


< = a'hf' . 
eae nea 


when r” — 2fr cos0 + f* >a’, 


2 2\2 2 2 
= if’ (A=) - af Fo) 088 + 9 


for r’ in these expressions, and modify the dis- 

















ee ee ae £ 
( ) (f* - ay ” 
when r” — 2fr cos0 +f? < a’. 


These expressions, for the potential without and within 
the sphere, contain the complete solution of the problem, 
since the two components, (£") along PS, and (G) perpen- 
. dicular to PS in the plane PST, of the force at any point 
P, may be found from them by means of the equations 


(C).. F=%, née. iS. 








r d0- 
If we put, for brevity, 
= akhf* 
ya ) mn 54 FS 110 cccccvccvescvesessece ( 16), 
(J -@) 
I a a a 
and aD ce scseccrscccersccecs (17), 
F ) 
the expressions for the potential become simply, 
, m 
(external point), V = jae (18), 
(internal point), V= = 2 geet * aes (19). 


The denominator of the former expression being obviously 
the distance -gul P to a certain point J, taken in SC at a 


Sf’ - 


force is towards this point J, and inversely as the square 
of the distance of P from it. 


distance g = from S, we conclude that the resultant 
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7. When a gas expands without being allowed to take 
in any heat from without, its pressure varies as the m™ power 
of its density, provided only m is constant.. Hence, if v be 
the volume, and p the pressure of the expanding air at any 
instant during the motion of the ball through the barrel, 


we have = 
roa(2 


Now the expanding air increases in volume during the 

motion of the ball from one end of the barrel to the other, 

by U, the volume of the barrel, and therefore the work done 
UW 

by it is J : ndv, or, as we find by integration from the 


preceding equation, 


PV {1 ye) 
m—1 U+ 7) . 

According to the hypotheses, the whole of this work is 
spent in pushing out the ball, and produces only the two 
effects of overcoming the atmospheric pressure in front of 
the ball, and communicating motion to the ball. The me- 
chanical value of the first of these effects is IIU, and that 


of the second 34 =. q’, if q be the velocity acquired by the 


ball. Hence, by the principle of vs viva, 


 . | ill ee 
tpt ttO- gai \'-(uey) | 


from which we derive 


Y: See 
ie bani! (eer) } nv}, 


the required expression, (as corrected in “ Errata” published 
in the present Number). 

Let U+wu be the volume the barrel would require to 
have that the pressure of the air in it may be just equal 
to II, the atmospheric pressure at the instant when the ball 
leaves it. Then, 


ViU0+u\" P 
(M224) “i whence aa 








ae U + PY, 


’ 


i sa 


or, if Q be the pressure in the actual barrel, (of which the 
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volume is U) at the instant when the ball leaves it, 
1 1 


--(5)-@)} 


a quantity which will in general be positive since in all good 
practical arrangements Q must exceed II. Now, if the 
volume of the barrel were U + u, there would be no ap- 
preciable proportion of the whole work spent in noise &c., 
since the mechanical value of the motion of the air in the 
barrel till the ball leaves it, is, according to the hypotheses, 
to be neglected in every case, and the only energy that 
remains to produce noise &c., would in this case be the 
motion of the air within the barrel. But in this case the 
whole work spent in communicating motion to the ball 


would be 

PV | yo 
m-1 \-(arPz5) pas w, 

which exceeds the work spent in communicating motion to 

the ball in the actual case by 


Be A GRA gt RR AE, yy SS 
an (er Caer J . 


m-1 m-1 1 1 


m m m m 
or 2 = -ar{(=) -(5)}- 
m-1 =) II Q 
P m 
Now the final effect, in lifting the atmosphere in the two 
cases is the same, (with the exception of small differences that 
may result from differences of temperature of the air near 
the mouth of the gun, which are neglected), and hence, the 
excess of work spent in communicating motion to the ball, 
in one case is equal to that wasted in noise and fluid friction 
after the ball leaves the gun in the other; and therefore the 
ratio required in the second part of the question is 
m-1 m-1 1 1 


PY Q* -fl* PY (PY 
pr a= -2 or (ay -(3)} 














me-1 


ai {*-(8)"}-*7(3) 


NotE—Solutions of problems (5), (8), (9), (10) will appear in the 
next number. 


3) =] 
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PROBLEMS. 


1. Given two conics in the same plane such that the 
normal distance of the point of intersection of their trans- 
verse or major axes from each of the conics is one and the 
same pure imaginary quantity; shew that the conics may 
be projected into small circles of the same sphere. 


2. If from a point in the circumference of a vertical 
circle two heavy particles be successively projected along 
the curve, then initial velocities being equal and either in 
the same or in opposite directions, the subsequent motion 


will be such that a straight line ee the particles at 
any instant will touch a given circle. 


Note. The particles are supposed not to interfere with 
each other’s motion. 


3. A transparent medium is such that the path of a ray 
of light within it is a given circle, the index of refraction 
being a function of the distance from a given point in the 
plane of the circle. 

Find the form of this function and shew that for light 
of the same refrangibility— 


(1) The path of every ray within the medium is a circle. 


(2) All the rays proceeding from any point in the medium 
will meet accurately in another point. 


(3) If rays diverge from a point without the medium 
and enter it through a spherical surface having that point 
for its centre, they will be made to converge accurately 
to a point within the medium. 


4. A series of waves, which at sea are twenty feet long 
from crest to crest, and three feet high from hollow to crest, 
break on a shore which is parallel to their breadth. How 
much heat is developed per hour on each foot of the shore, 
and how much would the temperature of 180 cubic feet of 
fresh water be raised by receiving an equal quantity? [The 
form of a wave at sea, of which the height is a small frac- 
tion of J, its length, is approximately the curve of sines; its 


velocity of propagation is £ and its mechanical energy 
Tv 


is half that of a double elevation and depression of the same 
form without velocity. ] 
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5. (a) What horse-power would be required to supply 
a building with 1 1b. of air per second, heated mechanically 
from 50° to 80° Fahrenheit? Compare the fuel that an 
engine producing this effect as ;4; of the equivalent of the 
heat of combustion would consume, with that which would 
be required to heat directly the same quantity of air. 


(b) Explain how this effect may be produced with 
perfect economy by operating on the air itself to change 
its temperature, and give dimensions &c. of an apparatus 
that may be convenient for the purpose. 


(c) Shew how the same apparatus may be adapted to 
give a supply of cooled air. 


Ex. Let it be required to supply a building with 1 lb. 
of air per second, cooled from 80° to 50° Fahr. Determine 
the horse-power wanted to work the apparatus in this case. 


6. Find the amount of “ potential energy” (mechanical 
effect of such a kind as that of weights raised) that can be 
obtained by equalizing the temperature of two bodies given 
at different uniform temperatures, and determine the com- 
mon temperature to which they are reduced. 


Ex. 1. Let the bodies be of equal constant thermal capa- 
cities, and let their temperatures be 0° and 100° respectively. 


Ex. 2. Let the bodies be masses W and W' of water, 
and let the temperatures at which they are given be 15° and 
20° respectively. 


7. If a, B, y, be the trilinear coordinates of a point, 
a, b, c, the lengths of the sides of the triangle of reference, 
the equations to the greatest inscribed and least circum- 
scribed ellipse will be respectively 


(aa) + (6B) + (cy)? = 0, 
(aa)? + 68)" + (ey)" = 0. 
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ON THE THIRD ELLIPTIC INTEGRAL. 
By F. W. Newman, formerly Fellow of Balliol College, Oxford. 


I. Fottow1ne up the splendid discoveries of Jacobi, 
Legendre first, and since his labours were closed, Dr. Guder- 
mann, have investigated series of an elevated kind for ap- 
proximating to this integral. But the higher theory seems 
to have drawn off investigations unduly from what is more 
elementary ; and the principal object of the present paper 
is to shew that the earlier and simpler methods have by 
no means been adequately appreciated and developed. 

Legendre’s notation, with trifling alterations, will be here 
retained. The moduli cce,c,c,... are those of the common 
scale descending, which he denotes by cec°c*c™... I propose 
to employ the notation 17°n, to imply the relations 


F(cn) + F(en’) = F(e, $m), 
F(bn) + F(bn,) = F(d, tr), 


in which case 7° may be called the conjugate amplitude to n, 
and 7, the lower conjugate. We then have the well-known 
relations cot7.cotn° = b, 
- > COsH >. Osinn 
sinn® = ——., cos7 = 
7 ace’? ~" ~ ACen)’ 
in which we may change 7°, ¢ into »,, d. 
Also if from c, » be formed c,, , in Lagrange’s scale, we get 
Ve, sinn, =Vesing.vesing® ; A(en)+ A(en’)=(14 5) A(e,n,) 
A(en)- A(en*)=(1-6) cosm, }-+-(2). 
cos 7, = sin(7°-7),... or 9, =4r+9-9 
For the complete integrals F(c, 47), E(c, 47), &c.... we may 
generally conform to a prevalent method of writing them 
F., E,, &c. But in the case of F, it is sometimes necessary 
to break the analogy (as in the higher theory) by writing C: 
for when ¢ changes to cc,c,...bb,0,..., to write F.,, Fi, &c. 
is very incommodious. 





ACen") = ‘ax soot 


II. Legendre’s results concerning the integral Il, may be 
summed up nearly as follows : 

(1) That every II which has a parameter of the form 
a+ v-1 is reducible to ¢wo Il’s with real parameters, and 
with coefficients of the form a+ v-1. 


, and 7'=(1 + (1°), 
(1 +p) > 


tanw cos o 
A(ew) b cosa 





(2) If Q= 
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So. ae Ph ow ; 
[Spe im n(5) snaked (3), 


where p, c’p” are parameters, and c, w the other clements. 
Let pg =c*, then p and gq are called reciprocal in this 
theory. 
(3) If (1+p)(1-1r)= 0’, therefore 
d(sinwsinw®) — lip 
ol+pr(sinw sine’)? =p 





l-r me 
OR ge PAT LF oA 


The parameters p and - r are called conjugate. 


(4) Various integrals P(p, w) = [¢(p, w) dw are known, 
which may be found in some simpler form for a special value 
of @, (@ = a) by means of 


adP _ (doce. ®) te 


dp v J dp ~ Vp, *) 
If the function y is known, we get 
ap = ¥(p,a), and P(p,a)= fU(p, %) dp. 


Legendre applied this method to II, and deduced not only 
the value of II, in terms of F' and £, but certain commutative 
equations, in which the amplitude exchanges places with 
a certain function of the parameter. 


(5) He applied Lagrange’s scale to II, and by it deduced 
two series, one for descending, the other for ascending, 
moduli. But both are too complicated for use, especially 
the latter. 

One more property established by Legendre remains to be 
named; viz. if £,@, 7 are amplitudes which make F¢=Fw+Fn, 
and py the parameter common to the three II’s which cor- 
respond to the F’s, then 


.  VTZpsino sinn sing 
a 1 
¥ T.{o + Ty - 1} = tan”. nat -a—!, (5). 





Consequently if f= 37, or n= @°, we get 


VT {To + T@° -IT,} = tan) 2 yr sinw sinw’\...(6 q 
{ } rae ee, 
in which, whenever 7’ is negative, it will be easy to give to 
the last term the form of a logarithm. 
My first business is, to shew that all these integrations 
of Legendre, when duly simplified, lead to available results. 
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III. The function 7=(1+p)(1+9) may be called the 
test product, since, according as it is negative or positive, 
II is of the logarithmic or of the circular class. We may 
occasionally denote it by Z(p), and the definition shews 
that 7p) = T(q): also 


FEB OW orisscnisinssosins (7). 


It is easy to prove that the reciprocals of conjugate para- 
meters are conjugate, and the conjugates of reciprocals are 
reciprocal. Thus the reciprocal of the conjugate is the con- 
jugate of the reciprocal. 

Also two reciprocals, or two conjugates, are either both 
circular or both logarithmic. 

Legendre assigns two forms for logarithmic parameters, 
viz. -¢’sin*9 and -cosec’n, both negative ; the former ranging 
from 0 to -c’, the latter from -1 to -«. Evidently if a 
parameter has the form -c’sin’y, its reciprocal is — cosec’n. 
But logarithmic conjugates are either both of the form -c’sin*n 
or both of the form -cosec’n. In fact, since A(en). A(en’) = 8, 
it follows that -c’sin*n and —c’ sin’y° are logarithmic con- 
jugates. So also, since coty.coty° = b, therefore - cosec’n and 
- cosec’n® are logarithmic conjugates. 

A circular parameter, when positive, may be denoted by 
p=cot’@; then its reciprocal is g=c’ tan*@, and its conju- 
gate is -r=-1+0’sin’?. But we may also write p=cot'd, 
qg = cot’d,, r= A*(b, 8). Of two circular conjugates one is 
necessarily negative, the other positive. Also, since 

A(d, 0) A(d, 0,) =e, 
the two circular parameters - A(d, 0) and - A*(4, 8.) are re- 
ciprocal. 

In the equations (5), (6) every [I is multiplied by V7’; and 
in the farther development of the theory the same phenomenon 
constantly recurs ; insomuch that v Z7'II seems (rather than IT) 
to be the function which we are concerned with. In this 
connection it is highly interesting to find, that the curves 
drawn on surfaces of the second order, which are said to be 
measured by this integral, are really measured by the com- 
pound function V7.II. (See Dr. James Booth, Philos. Trans. 
1852, p. 820, equations (17), (18), &c.) Of course, when 7 
is negative, we must deal with /- 7:II. 

When T is separated from II, it may be requisite, as above, 
to write the parameter after 7’; as T'(p) for (1 + p)(1+c’p"), 
&c. But whenever 7’ is immediately followed by II, (or by 
P, of which I proceed to speak,) it will be understood that 
T involves the same parameter and modulus as the I], or 
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asthe P. Thus V7TI(p)+ V7T1(- r) will mean 
VT(p).[(p) + VT(-7).11(-7). 
When p is infinitesimal, II = F; also 7'= c’p'; whence 
VT(F - Il) = evp"/, p sin’o.dF = 0. 
Also when p is infinite, Z=y, and y7TI has no increments 


while @ is finite; for then a 0. But while o is 
1+ p sin" 
infinitesimal / 7TI = | BY nl = tan"'(/p.@), which becomes 
ol+ pw 


an“(9% ), as soon as w rises to a sensible value ; hence 
VTTl = 47, when p=, whatever the finite value of o. 
This reasoning is rather refined; but the conclusion may 
be equally obtained from the reciprocal equation. 


IV. The three integrals F, EH, I have in common the 
property, that whenever their amplitude = ”.47, the in- 
tegral = m times the complete integral. It immediately 
follows, that if for a moment we assume three arcs 2, 2’, 2" 
such that 

F(w) 2 E(w) 2 MT) 2’ 
F. fn’ E, 4a’ Wi, hn’ 
each of the three new arcs is equal to w, as often as is 
a multiple of 47. Hence (z’- 2) and (z"- 2), or any func- 
tions proportional to them, vanish periodically every time 
that w=n.$7. Such fluctuating functions are the appro- 
priate auxiliaries for calculating H and M11, when Fis known. 
Legendre assumed G as an auxiliary, equivalent to 


E-=. E,; which is proportional to z'- 2; and by it he 








obtained by far the most elegant of the approximations to Z; 
namely, if C now stands for F,, he found 

CG = CG, + Ce, sinw, [Lagrange’s scale]} (8) 
whence CG=C,, sin, + C,c, sinw,+ Cyc, sinw,+ &e.... {7 
But the properties and uses of G have by no means been 
fully exhibited, and a digression on that subject, either here 
or afterwards, is inevitable. If we assume H as a second 
auxiliary, such that 


fee 
H-E (1 HYP Bi Ps Biol i (9), 


we easily get [since by Legendre’s equation of complemen- 
tary moduli, $7 = FE, + FE, - F,F.,| 
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therefore H=G+ ve 
or, in the other notation, 
H=G+}n. 2, dkahmantisntsinieed (10). 
Moreover CH = CH, + Ce, sina, ; 
or BH = 4B, + 4Be, sina, .........0 (11), 


whence 
BH= B sino - 2B (sino — sing’) - 2’°B'(sinw' - sinw”) (12 
- 2B'(sinw” - sinw””’) - et ), 
which is by far the most elegant series for calculating £ by 
ascending moduli, (¢.e. when c is near to 1,) and converges 
with the usual precipitancy of Lagrange’s scale. 
Farther, if sin” = V-1 tan@, we easily obtain 


Gen) =—v-1. H(b, 0) + V-1 . tand. A(, 8), 
H(cn) =- v-1. G(b, 0) + V-1 . tan@. A(d, 8), 
or G(cn)-V-1. G(b,0)= Hen) - v-1 . H(6, 0), .».(18). 


also Gon) +V-1.G(, 0-1 tan 6A(b, 0)- 4x. 9) 
BC J 
Finally, it is worth observing, that while G‘(cw) vanishes, 
not only when @ is a multiple of 47, but also when ¢ is 
evanescent ; we have, on the other hand, BH, = 47, for all 
values of c; also, for all values of w, we find BH =o 
when c=0; but H=sinw, when c=1. We may add that 
G(c,nr+@)=G(c,), but BH (c, nz + w)= BH (c, w) + nz, 
or H(c, nr +) = H(c, w) + 2nH.. 


V. Returning to the integral 11, we follow out the analogy 
of this proceeding, by assuming an auxiliary proportional to 
(x" - x). 


Let P stand for OS as cheeks wsdvnns cE 


then the problem of finding II divides itself into two parts. 
First, to find the complete integral 1,: for when this is 
known, we regard the second term of P to be known. Next, 
it remains to find the fluctuating portion P, which alone 
involves three elements; and since it periodically vanishes, 
we may look on it as a small correction to be applied to the 
main term ; the total value of I being given by the equation 
F 


= —TIl e 
P +P 
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It is evident that P vanishes with p. But we must first 
dispose of the case to which this method is essentially in- 
applicable, viz. that in which I, is infinite ; namely in which 
the parameter has the form p=-cosec’n. By the reciprocal 
equation (3) Legendre reduces this to the indefinite integral 
Il(- ¢* sin*n): nevertheless, it is not amiss to exhibit the 
equation in a slightly changed form. 

When p = - cosec*n, T'=- cot*n.A*(cn), which applies alike 
to p and qg: therefore 


y-T{Il(p) + (cp?) - F} 


V-T.dQ tannA® +tan@An 
~ J TQ = 4 bog — ——__—______ 
o 4+ ‘i 


+ {tannA@ — tanwAn} 
Consequently, if F€= Fw+ Fy and Fe = Fw - In, the rela- 
tions, furnished by Euler’s well-known integration, between 
& and wy yield 
Oe 

v-T{II(— cosec’n) + I(- ¢* sin’n) - F’} (ew) = } log =~ ..(15), 
in which II(—cosec’n) and the logarithm both become infinite 
at the crisis a=, ¢=0. In future, we set aside the case 
of parameters negative and greater than unity, as sufficiently 
disposed of by this equation. 


Passing to the circular Il, we may doubly modify the 
reciprocal equation by supposing p positive or negative. 
But it will suffice to make p positive, and to treat a negative 
parameter (- 7) as its conjugate. Generally, when 7’ is posi- 
tive, equation (3) may take the form 


VT.{I(p) + W(c’p") - F} = tan“ TQ). 


But when p = cot’, 
ae Se Se (16), 


~ sin@cos@ sin@ sin@, 





an expression which is very easy to remember: and the cor- 
responding value of /7(-7), the conjugate, is no additional 
burden to the memory, if we do but remember the relation 
VT(p).v T(- r) = 0’, from equation (7). Hence 


A(b0) = tano © 1 cos w° 
sin@ cos@° A(ew) sin@sin@,* bcos ' 


VT.Q= (07) 





Again, when we assume w= 47, Q=o, tan"(V7Q) = 47; 
whence 


VT{O{p) + Ufc p")- FF} = dm wc. 
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Multiply this by *~ and subtract the product from the 


F 


general integral ; : ei 
1 ae P b cos | 
VT {P(p)+ P(ep”)} (ca) = cot tend sin 8. om 2 


a F(cw) .»(18), 
. ae 


c 





when p= cot’. 


VI. From the reciprocal we proceed to the conjugate 
equation (4). 

When II is logarithmic, p as well as -r will be negative, 
and we may write —r' for p, so that we get 


-dR 
lor.R, 


Re=sino sinw® 


ipreonioae and nr) or’) -5 _ Faf — oe 


ae . 1+ Rv(rr’) 
“Very °8 °T-Rirr)’ 
it being observed that Rrr’ are all numerically less than 1. 
If r=c' sin’n, r’ =c’ sin*n®; and the logarithmic part is 
1+¢ sin@ sin’. c sin siny” 1 + ¢, sing, sinn, 


lo : : : ; or lo . ; 
8 1 —¢ sin@ sin@’. ¢c sinn sinn” 6 1-c¢, sing, sin”, , 








if we form c,, @,, », in Lagrange’s scale from c, w, 7. 


The same may take another form: viz. if F€= Fo + Fy 
and Fe = Fw - Fn, it becomes 











A@Ayn + c’ sinw cos@ sin cos7 =" Ac 
AwArn - c’ sin cos@ sin7 cos7 8 At’ 
Further, observe that 
V(rr') i 5 VT(-r), v(rr') Jaa VT(-1'), 
so that the general integral saan 
Ae 
~Tu(- 7) + V-TH(-1') = 7 FJ log S...(19) 
v-TH(- r) + v- TH(- 7’) ro 4 log Ae (19) 


In this, let a =47, w° = 0, R=0, e=- é therefore 


v¥-TI(- 7) + v-Tu{- 1)= To ed ae 
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Multiply the last by - and subtract the product from (19), 


ec 


therefore 





V¥-TP(- c’ sin*n) + V-TP{- c’ sin*n’) . 
i 3] -- (20). 
1+ gne in, ag Att (20) 
ag 
But the more important case is when II is circular. Let 


=- lo . : 
3 8 T—<, sine, sing, 


p=cot’O, r=-1+8'sin’é. 
Observe that 
— pees m= 
(pr) = PVM p) = VTC) 
so that 


¥ T.M(p) - V T(-r) - on F=tan'{V( pr)sinwsinw’ }...(21). 


We now see also that equation (6) admitted of being written 
V T{To + Tw - I,} =tan"{Vv( pr) sinw sinw®)...(22), 


where p is the common parameter: but the advantage of 
comparing the two last equations is best seen, when we have 
separated P out of Il. In (21), make w = 47, then 

VTu(p)- VT0(-r) - —— F =0. 


and subtract from (21); then 


+ 


Fo 
Ff, 
VTP(p)-VTP(- r)=tan"{Vv( pr) sing sinw°}...(28). 

Also subtract from (5) the equation 
JT {> Fn FE) 


Multiply by 





a ¢ = 0, 


mF Ry} ° 


and it changes every Il in (5) into P. Observing, then, that 
P, = 0, we have instead of (22) the simpler result 


VT{P( po) + P( po°)} = tan"{V( pr) sinw sinw’}...(24). 
Comparing then (23) and (24), we conclude that 
VT.P(- 7, w) =-VT.P(p, @°).......0008 (25). 


Hence the general enunciation: “In any circular V7'P we 
may at pleasure change a parameter into its conjugate, pro- 
vided that we change the amplitude also into the negative 
of its conjugate.” 
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It is not difficult to verify (25) directly, by mere differen- 
tiation. Moreover, if we adapt the process to the case of a 
logarithmic Il, then, instead of (24), we get 


V-T{P(-1, w) + P(-1, w°)} =- 4log 
which, compared with (20), gives 
V-TP(- ¢ sin’n’, w) = V-TP(- c* sin’, @°)...(25a). 


Thus, “In a logarithmic V-7'P we may change the para- 
meter into its conjugate, provided that we simultaneously 
change the amplitude into its conjugate. Or, “'To get the 
integral conjugate to V-7'P(—c’ sin’n, w), we may at pleasure 
put 7° for 7, or @° for w.” 

Generally, even with a circular Il, it suffices to treat of 
three parameters, as p, its reciprocal g, and -r the conjugate 
to p. But we may reckon four in the following method: 
first, P(cot?™, c, w) its reciprocal P(c* tan’@, c, w); conju- 
gate of the first, — P(cot’0, c, w°); conjugate of the second, 
— P(c’ tan*6, c, w°). And these, though in appearance four, 
are evidently in form only two. But for the present we shall 
continue to deal with three. 


a 
At’ 


F(co) «& 
F. | 4r’ 
Q=VTP(pew), 2=VTP(qew), Q=/TP(- rew), 
where p=cot'?, g=c' tan’? = cot’,, 7 = A*(b8); 


VII. Let us for conciseness write 





. . . 2 3 
and there will be no danger of mistaking 2, Q for powers 
of Q, since no powers of 2 ever occur in any equation with 
which we deal. 


Equations (18) and (23) now give the two results 








cot(# +2 + Q) = sin@ sin @,. : — er (26), 
cos @ 

tan(Q - Q) = sinw sinw®. © one (27); 

y wa : 


which immediately suggest that if in (27) we commute 
cw@ into 68, we make the members of the two equations 
identical. 

Again, we may propose to ourselves to eliminate Q be- 
tween (26) and (27), or rather between (18) and (23), so as 


to get a relation between Q and Q. This has been done by 
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Legendre, under a different notation; and the result is most 
unexpectedly simple. 


For a moment, let 




















._ 8in@ cos@ A(cw) ._ sinw cosw A(d6) 
~~ A608) * tan ’ ~  A(ew) * tan’ 
, _ A(b6) sinw - D = 
or, if D= A (ow) ind’ h= Peemgeee k = D cos cos. 
Also 2+2+Q=tanth: Q-O=tan“k ; 
whence 2+02+Q=tanh- tank, 
‘3 h-k 

or tan(z + 2+ 2) = ——,. 

: ,_ A*(cw)sin’O+ A*(b0)sin’w _ 1-cos’w cos'0 
maw t+apa t+ ie A? (cw) sin’) ~ A*(ew) sin’@ ’ 
and h - k = h(1 - cos*w cos’) ; 

h. 3-8 = h.A* (ew) sin’ = 4e 4 i. also sind sine 
1+ hk 


cot@ ° cote sin@, sinw® * 


Thus we obtain between © and © the relation 
sin sinw 
sin8, sinw® 
The three equations (26), (27), (28) are a mere application 


of the Reciprocal and Conjugates of Legendre to the case of 
a circular VTP. 


tan(x + 0+ Q) = 








VIII. We now turn to the Commutative equations. 
: . dil — sin’o.dF 
Mak —=/ ———~;;-: B 
aking p to vary in II, we get dp Jo(i+ p sino) y 
the general formula of reduction this receives the shape 


atl sinw cosw Aw 


+2 
dp" 1l+psme * B.F'+ ¥. f, sin’od F + 6.11, 


and it is found that a, 3, y, 6 have a common denominator, 
which is none other than 7(p). Calling the numerators 
a’, B', 7’, 8, we find 

' ae aa c 
a=4, B te pe ans es 8 --4.(1 -5)) 
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which farther yield 
' - -. dT 
y--4.5, 8 -4.(7-1). 


Observing then that c’ /, sin’w.dF = F - E, we get 


T ait _ cawcnehe 1 dT 
‘dp * 1+psin’o “"\dp 
Bringing all the 7’s and Il’s to the left, we divide either 
by VT or by - y- T to make the left-hand an exact integral, 
and then integrate nearly as Legendre. 
It gives 
VT-F) 


ee VT" dp | | 1\dp pf 
= dsinwcoswaa,{*——P iF Gan hE) IT (a9) 
v- T(1-F) pnts 


_— V-T "dp 1\ dp dp 
tsinocoswAw.| nto HF[(u oe 4E wT 
in which the integrals may begin from p= 0, since this 
supposition makes the left-hand member vanish, and also 
involves no infinite quantities, such as would appear in 
Legendre’s equation. 
In the last let = 47; 


. 1\ dp | dp 
ee - II, = cj) . = —_——-— m eee . 
V-T (U..p - F-) bef (1 +o SE. put (29a) 


Now, if p=-c sin, v- T= cotnA(en), 

1\ d dp dn 
whence (1 as oe A(en) dn, 4 ‘: a 7 Ben’ 
or v- T {i-(-¢* sin’n) - F.} = FE (en) - E-F'(en)\ 

= FG (en) J 
We may now apply equation (13) to save the trouble of 
a second integration for the case of the circular II. It is 


only requisite to put siny = Vv-1tan@, and there follows 
(multiplying or dividing by v-1), 


VT {F.-1,(¢ tan’0)} = - F. {H(b0) - 4(40) tan6}...(31). 


1 dT 
-1)F-—(F-E)-}4.— 11. 
) lad E)-4 > Il 








.+.(30). 


There is ambiguity as to the sign of /7, which is changed 
according as we multiply or divide by V-1. But we deter- 
mine the sign by observing that when p is positive, /’> I; 
also when @-approaches }7, evidently A(d0) tan0 > H(08), 
since FH, = $7. 
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We may deduce II,(- 1+ 8’ sin’@) by combining the last 
with (21) and with (17a). 
From 21, 


VTM,(p) - VT,(- N= 7 F. 


Also VT {0 p+ gq -F.} = $m from (17a); 

therefore VT'{M,(q)-F.} + VTU,(-1) = $0 - Gn F,, 
I,(-r)-F,}- _IL.(q)}<der- fv T(-r)+ 2 VF 

or V7'{0.(-r)-F,.}-V 7 {F.-1.(g)}=40 {vr onl F. 


=47-A(b0) tan0.F., if p = coté. 
Add the last to (31), and it gives 
T {I1,(- A’.6, 0) - F.} = 40 - F,. (08)... (32). 


This ‘ated the equation needed for the integral I, which 
is entirely reduced to F' and E. 


We vary the form only, by adding (17a) to (31); 
therefore VTZII,(p) = $a - F,{H(b0)- A(0) tan6} ; 
4 (68) 
sin@ cos °’ 
then V7'{ F,-I1,(cot’O)} =F, { H(b0) + A(06) cot 0} -42r...(33). 


We may also develop the right-hand member of equation 
(30) by Lagrange’s scale ; then 


subtract it from v 7_F, = 


v-T.{Il,(-¢’sin*n) -C} =C.ec, sinn, +C,c, sin 7, + C,c, sinn,+&c... 
and if we then assume - ¢,’ sin’), = p,, 

v- T.{ll,-C} = C, V-p, + C,v- p, + wiiii—_e.« 
». VT{C-11,} = C, vp, + C, Vp, + C,vp,+ &e.. J 
if we suppose p positive in the last. But to this subject we 


shall recur. 

II, being now fully known, it remains to investigate P 
only, and 1 will be known. 
We must return to equation (29). If we multiply (29a) 
F(cw) 


by — FE 


and combine it with (29), we get 


v- T"'dp G (cw) dp 
ol+psin’o 02pVv-T 


vV- TP = - }sinw coswA (co) 






| 
i 
| 
| 
| 
| 
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We have already found the last integral = F(cn), when 
p=-e¢ sin’n. Also 
V-T.dp S 2c* sinn cosn dn _ — 2¢*.sin’n.d Fen) 
1+psin’w (1-c’sin*wsin’n)cotnA(cn) 1 -' sin*w sin’n 
2 1 
~ sin’ i ~ 1-¢ sin’o amt rn); 
therefore V- TP (- c’ sin’n, c, w) 
_ A(ew) 
~ tan@ 
where we may write simply V- 7' for the multiplier of the 
quantity in brackets. 
Again, in (30) change 7 into w, and multiply by F'(en) = F.; 


therefore 0 = /- T.{I, (- ¢’ sin’w) - F.} = - G(ew) F(en): 














{lI (- ¢* sin’w, c, n) - F(en)} - G (cw). F' (en), 





subtract this from the preceding; then 
V- TP (- ¢ sin’n, c, w) = V- TP (- ¢' sin’a, c, )...(84); 


this is the commutative equation for a logarithmic P. 
For a circular P the result is not quite so simple. We 





have first 
_ 4VT".dp | ap 

VTP = sino cos w A (ca) [ ia ad G (cw) ap iT" 
Let p=cotd; 
dp -do- _ A680) dp _-d0__ 
‘aa "aia =P" an 
Also 

1 dp — cot’é dd — cos’9.dF'(b0) 





o/ T° 1+p sin*o - (00) (1 + sin’ cot*é) ~ sin’@ + sin’w.cos’0 
The denominator = sin*w + cos’ sin’@ = sin*w (1 + cot*w sin’@) ; 
; 1 dp F(b0) W(cot*w, b, 0) 

; I WT’ 1+ p sin’w ~ cosw -sin’w cos’w 
Instead of correcting by making 0= 47, p= 0, we may 


make p= © , 9=0; in which case we know that /711(p)= 47 
for all values of w, and consequently 


VTP (p, ¢, w)= anf - 0) = be - 23 


F(60) (cotta, b, I 


cos’w sin’w cos*w 


+ const. 











.. VTP (cot’@, c, w)=sin@ cosw A (co) 


~ G (cw) F(b0) + (40 - 2). 
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Now put 0 = 47, and the left-hand member vanishes ; 


or 0= cshemmmation| <2 _ My (cot! seh G(cw) F,+(47r- 2). 
cos‘ —sin’w cos’w{ 
Multiply the last by are — and subtract from the 
T 
penultimate ; observing that “A(Co) = VT (cot’a) ; 
sinw cos@ 
hence 
VTP (cot’0, c, w) + VTP (cot’a, b, 0) = (42 - z) (1 - i) 
7 


in which the right-hand member could not have been con- 
jectured from the analogy of (34). It has risen from the 
peculiarity that V7’ (p) = 4m when p = ». 


IX. We may now revert to the notation of (26), (27), 
(28), by writing © for that which Q becomes when @cw are 
changed to wb9. ‘Then, in place of (35), we get 


dm {Q + O} = (hm - Z) (he — t) cess (36). 


2 3 2 3 

Between the quantities 2, 2, Q, O, O, © we have obtained 
three independent equations (26), (27), (36). If we com- 
mute 0, c, o with a, b, 0, (36) i is not changed, but (26) and 
(27) yield two new equations, so that we have, in all, five 
equations connecting the s¢z quantities in pairs. We have, 
therefore, exhausted all the relations between them; and 
by mere elimination we can obtain the equation between 
any pair of them at pleasure. 

In a single view the equations are as follows: 


cot(z + 2+ 0) = tan(O - 0) 


= tan (ee? +O- al = tan {Ge-2Gr~) 9-0} »-(37), 


: : 5 cosa 
= sin8 sin#,. ——; 
c 


0S @ 





in which we may exchange 9, c, w, 2, z with , d, 0, O, t. 


Again, tan(z + Q+ Q) = tan(¢ + 04 ©) 





= tan ie + Q4 al = cot a - co =). a- a}. (38). 


40 
sin sinw 
sin8, ° sinw® 


| 
| 
| 
| 
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Lastly, $m (Q + O) = (40 - x) (40 - 2) 
tn(O-D)=2(hw-t) J scree. (39). 
ja (Q - ©) = t(4n - 2) 


In (37) there are, with the commutations, 8 equations ; in (38) 
there are 4; so that we have here 15 relations of pairs of 


the six integrals. Also 15 = = so that all the possible 
pairs are here exhibited. 2 

Thus by a single transformation we can pass from one 
circular /7'P to another, so as to secure at once that p shall 
be less than g, (and therefore, p less than c), and that the 
modulus shall be less than its complement. We may also, 
if we wish it, secure a positive parameter. 


X. Now rises the question, of approximating to V7P, 
when we have so transformed it as to obtain a favourable 
case. We proceed by Lagrange’s scale, supposing c,w, to 
be deduced as usual from cw. Let p also be given, but pr 
be disposable constants. ‘Then if II, stand for I (p,c,o,), and 
we make the usual substitutions. F(¢,o,) =(1 + b) F (co), 
sinw cosw 





5 = 1 b —_ 
sin, = (1 +d) Blew)’ we get 
dF (c,,) 1+5)/ A’ (cw) dF (cw) 
i, = =(1+ 6) 2 538 ca." 
1 1+ p, sin‘o, » A’ (cw) + p, (1 + 5)’ sin*@ cos*w 


We determine the relations between PvP» and r, if we assume 
the denominator to be =(1 +p sin’w)(1—-,7 sin’w); which 
gives pr = p,(1 +5), and making @ = $7, (1 +p) (1-7r)=8'; 
so that - 7 is none other than the parameter conjugate to p. 


gg gear 
nam, P= (1 + bf’ n= pro 
(1 +62 + pr) (1 - bP +pr) 
(1 + bY. pr “ 








Hence 7, =(1+ p,)(1+ 9,)= 


of which the numerator 

=c'+ 2(114+0*) pr+p’r’=(pr-o) + 4pr=(p-r) + 4pr=(ptry; 
therefore Z, a 
pr (14+6)pr 


Thus 7, is positive, when pr is positive, or 7, 7 are both 
circular or both logarithmic. 








4 
Hi 
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Farther, if we assume 
1 - cv _ M N 
(1+ po)(1-rv) 1+po 1-90’ 
which yields 





T, =(1+6){MM(p)+ Na(- r)}, 
we get M+ N=1, Mr- Np=c'’; whence 


2 = = 
MaBe AP (2), and N~*. --.( 27), 
ptr P ptr ptr r ptr 


= © DBS 2 
whence II, anita ed) II ( p) + - I ( nh. 





P 
iil - per. 
Multiply by V7, = (sD Vpn: 
therefore VT, W, =VTM(p)+ V7 (-71)......... (40). 


Make w= 437, w,=7; ©. 2/7, = VT0,(p)+ VTO,(- 1). 
Multiply this by 4. 4 = -, and subtract from (40), 


C 
then V+ TP, = vt TP (p) + Vt TP(-1)...... (40a), 
which for the circular integral is 
ee ES en (41). 
But from (27), observing that 
; .  , €cos0 sina, 7 ; 
sin@ sin@’. an GE V(pr) = vp, sino,, 
we have 2 - Q = tan" (vp, sin @,). 
Add this to (41), and you get 
Q = $Q, + dtan" (Vp, 8iN@,).....0eeeeee (42): 


but in the process there has been nothing up to (40a) to 
limit p to be circular. When otherwise, it is very obvious 
how to change tan™ into V- 1.log in the equation (42) so as 
to adapt it as in equation (20). 


XI. Legendre has investigated the relations of p, and p; 
but we need to add many reflections. 
When p=-c sin, r=c’sin’”’, 
2 


14+6 





sin 9, ; 


V(- pr) = c’ sing sin?’ = 
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i” . 


(1 + 6y 
Consequently the series p, p,, p,-..answers the conditions 
supposed in equation (30a), and those developments apply 
to our newly-derived parameters. 

When we assume sin = V-1 tan@, or p=c" tan’, the 


therefore V- p, = ; siny, = ¢, sin. 


(1+6)tany 
general equation of Lagrange’s scale, viz. tany, = ee 
: ; (1 + 8) sin8 . 
changes into the scale of Gauss, sin 0, = Tab an)’ which 


is that followed by 0,0, 0,, 0,.... Consequently, when 0 = $7, 


every other @ in the scale also = 37. Also 0, 0, 0, 0... 
tend to 47 as their limit, since they give 


FOO) FCS) _ FCS). 
-: = !¢6CoCm 


and since B. = © when” =, and d= 1, therefore 
F(10,)= 0, or 0, = 47. 
If we form 6, 0’, 0"... in the opposite direction, then, since 


t _F(0)_ FOO) _ FO) =i 
ba > B' 
and B” has $m for limit, and b” is evanescent, therefore 
0” =t, when n= o; or 0, 6, 0”, 0... tend to ¢ as their 
limit. 
It is farther important to observe, that the change of 40 
to 6,0, or to b”@”) leaves ¢ wholly unchanged ; inasmuch as 


t F(0) FO) FOO” 


jr B BOB 


n 





On the other hand, it is familiar, as a result of the equation 
in Lagrange’s scale, 


z Fc) = 4.70% “Ge 








|r = C =}. C. = &¢ sees 
that to change cw into c,o, Seu x into 2x, &c. 
The equation sin @, = qt = “: , which gives p, =¢," tan’, 
admits of other forms ; sina 
cos 6. A(66) - bsin’6 | 
aa be 1 + 6 sin’@’ aah Eyre 
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which last gives inversely 
, 1- A(0,0,) 
b sin’? = ——__1 v , 
ain’? = G8) 
Legendre calculates p, p,,p,... by auxiliary arcs A, X,, X,,A,--- 
Let cosr = A(00), cosd, = A (6,0,), &c. ; therefore sind = b sin 0. 
sin’% 1-—cosr , , 
vai — , or sind = vb. tan$d, ; which 
is a general relation for A, X,, A,, Aj... 
The arcs A, A,, d,... are thus suggested by the parameter 
cot’@, but they equally apply to logarithmic parameters. In 
fact, if we assume 





Consequently 


‘ b : b 
sind = —— sind, = —!—. 
A (en)’ ' A(em,)’ 
and observe that A’ (cn) = b° + c cos’n, we get 
¢ cosy c, cos n, 


A= } gs ne: 
cos A (on)? cos A, ACen) 


Now, by the known relations in Lagrange’s scale, 


1 — (1+) sin’*n 1 - (1 —3) sin*y 











= a A = 
cos”, Aen) , and A(e™,) Ben) 
“ai me 
* 146 


1-5 1-(1+56)sin*» 1-6-e' sin’ 
14+6°1-(1-6)sin*y 14+6-¢'sin’n’ 

1 - cosa, b sind 

—____—_! = ——___.-, or tani, = —— 
ond 1+cosA, 1-—c'sin’n’ ar, vb’ 
as before. Nevertheless, if \ has the same value in both 
cases, the relation of @ to 7 is no longer sin’y = — tan*@, but 
is c’ sin’ = — cot’. ; 

It thus appears that the series p,, p,, p,... Which are derived 


whence cos), = 








from p by the law p, = ay , are calculable for both kinds 








of integral by the auxiliaries p = cot’@ = - c’ sin’n, 
vb sind sind 
g =———.,_ tanjA,=——",_ tan}r, = 2, &e... 
tan $a, vi +p)’ an} 2 b, ’ an} 3 b, > c 
provided only that 1 + p be positive. 
l-y 1-2 
Put for a moment cosA, = z, cosr,,, = y3 .. we a : . 


ere 


and since J, 8,, b,... rapidly tend to 1, the last equation tends 








208 On the Third Elliptic Integral. 


2 
‘ x , 
to give y= ——5, or scarcely more than y = 432%. Thus 


cosA,, CosA,, COSA,... soon tend rapidly to zero. 

These arcs enable us to embrace in one expression the 
two series (30a). 

Let N for a moment stand for the complete integral 


37 
| (1+ p) sin’o dF (cw), so that 2 :  « F, - ll,; and when 
; + p 








» 1l+psin‘o 
p=-¢ siaiathd V- T = cotn A(cn), and 
v-T{,-F}=- =P cotn A(cn).N= ee .N=(1-b)sinn, NV. 
+p 


Consequently, “6 equation (30) we deduce two forms, 


(1-5)sinn,.N=CG (en); and ¢, ng, on 9, .N,=C,G (e,n,): 





A (¢,n,) 

but CG (cn) - C,G(c,n,) = C,c, sinn, Combine these, and i 

observe that (1 - 5) C= ee: ; and you get 
=f — $cosX,. z Ee, eine’ (48), 


which now applies ‘aii to both sorts of integrals, and easily 
gives (when 1 + p is positive) 


-f" (1 + p) sin’o dF 


, Ll+psin*o 








= C{$+ jcosd, + 4cosA, cosA, + {kCosA, Cosr, cosr, + Kc... }...(48a), 
which is a series of Legendre’s slightly simplified. 


XII. Write v oa of 0,, so that yp, ¥,, ¥,, ¥,-.. may be 
(relatively to ¢, yy Cyp Cyr +) the lower conjugates to 0, 0,50,50,... 
Then if p,9, = ¢,s we Hn simultaneously p, =c¢,*tan’@ =cot"p, 
and g, =c,* tan’, = cot’@. Now, Isay, y, vs y» Pye . are 
related to one another by the scale of Gauss, exactly as are 
0, 9,, 0, 0,.. 

For we have, by definition, 

F(b0) + F(bp) = B and F(b,0,) + F(by,) = B,: 
also, by the property of 00,, we have 


FO) _ FO). | Fou) F(bu,) 
3 ; that is {1 - 3 = {1 _ £(,)\ 





B er 
a 


which proves yy, to be related by the scale of Gauss. 
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Consequently, whether we assume p=c’ tan’), p, =c¢,'tan’d,, 
&c....; or, on the other hand, assume p = cot’), p, = cot’d,, 
&c.... the series 0, 0,,0,... which determine p, p,, p,... are 
deduced by the very same law. It amounts to the same 
thing to remark, that we have 

2 


_ ip 1+@. gg iltp, 

(14+bf' 1l+p’ % (1+bf'1+q’ 
so that g, is formed from qg, by the same law as p, from p. 

Thus, “ When two original parameters are reciprocals, in 
reference to the original modulus, so are every derived pair, 
in reference to the new modulus.” 

It also follows, that the more rapid the convergence of 
P> Pr> Pos Py» Pury the slower is the convergence of gy 9,5 Yo» Jar 
if indeed they converge at all. This makes it important 
whether p or g be selected to approximate from. Legendre’s 
equation is 





P 


p pte. 
“Tap ase 
whence, if p = ec, and p, = e,¢,, there follows 

(tose) 
1+ec 


Py, 


é, e+e e 
a ri+- 


e 1+e’ 

If then p’< c’, e*< 1, and we deduce that { 1 + “) is positive, 
e 

or ¢, is numerically less than e. Hence if p*<c’, p,p,,p,)py-+ 


decrease more rapidly than ¢, ¢,, ¢,, ¢,.+. 


The relation of p, to p may also be written 
Vp, = . om =. : 
l+p 1+6 
V(pr) 


but our original equation, Vp, = 





» with equal clearness 


1+b 
shews that p, is positive whenever p is circular. Nor only so. 
It also denotes that if the original integral be I(-7, c, ), 
the value of p, is not altered; for to change p to -7, does 
but change r to - p, and leaves (pr) unchanged. Never- 
theless, a consideration of the process which elicited equa- 
tion (42), shews that the conjugates p, -r in the first step 
downwards gencrate + vp, and - vp, differing in sign: but 
in the second step they coincide, and both produce the 
same //p,. 

When the problem is reversed, and we desire from p, to 
determine p, it is evident that there are two roots, p and -r, 
NEW SERIES, VOL. VIII.—Nov. 1853. P 
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positive and negative, when II is circular. But we cannot 
carry the series backward from —7, without falling on imagi- 
nary parameters. In fact, as p, is positive, if it proceed from 
a real p and 7, so -7, being negative, cannot proceed from 
areal p' and?’. It may here deserve remark, that we thus 
learn of certain imaginary parameters, whose integral can be 
reduced to one real II. 


XIII. It remains to develop the actual series. 
Let ¥ =tan"(p sing), so that 
2 = $0, + FY. 
When p is evanescent, II, = F,, and P becomes identical with 
li- F. We have seen that V7(- /’) vanishes with p; so 
therefore does V7P. If then p, p,, p,, p,... decrease beyond 


all limit, so do Q, Q,,,,Q,...; and much more does 2°Q, 
vanish when n=0. Now, by repetition of the formula, 


Q - 2°Q, = $F, + WS + +. + OH 
whence Q = WY, + WW, + WY, + Ke. &e..., 


which is the final development by descending moduli. 
In the other notation we have 





Wulisaiae rae eee 


ao iS asa CE NET EIR oer 


VTP( p,e,@)= }tan"(vp, sin,) + } tan“(Vp,sin@,) 
+} tan"(Vp, sinw,) + &e. (44) 
VTP(-r, c, w) = —}tan"(Vp, sinw,) +} tan“(vp,sino,)[ 
+$tan”. &.... 
Taking the difference of these, 
3 
Q - 2 = tan"(vp, sina,) ; 
which agrees with (27). 

The worst convergence is when p=c: and since we may 
select of c and } the smaller, by means of the commutative 
equation, the most unfavourable case which needs to be 
encountered, is, when p=c=6. Even then, the series (44) 
is computable with very moderate trouble. I conclude there- 
fore that it is really sufficient for practical purposes. 

Nevertheless, when ¢ is near to 1, we may seek for a 
development by means of ascending moduli. We shall select 


@=¥ TP(@ tan’, b, 0) to calculate, because, when 3, o, 0 
change to 4), wo), 0, ©” vanishes with 5, In fact it 


will presently appear that 2".@) vanishes, when m= 00. 


4 





ae ae or 


may 
ative 
o be 
, (44) 


here- 


for a 
select 


», w, 0 


fact it 





siti hers cleSGNR PP 


























On the Third Elliptic Integral. 


One of the equations marked (37) is 
(gm ~ 2) 

T 
Change @, c, 0, z, ¢ to 0, b, w, t, z; therefore 
x (4m - t) 

dn 
In the last, change c,, 0 to c’, w', 0’, which changes z 

to 42, but leaves ¢ unchanged; therefore 





s er bcosw 
+O-Q= tan" {sind sin 6. ot 
cos @ 


+2-0= tan"{Vp, sinw,} = ¥,. 


Gn-) oy _ baw, 
40 
Eliminate z and ¢; then 
(20! - Q) - (20' - ©) = 2 - ¥, 
But from (42) we have 20'-Q2=¥. 
Hence © ~ 20’ = OUD iscenesesceviponed (45), 


which is our new equation of reduction. 
Repeating it ” times, we obtain 


2 2 
© - 2.0 =(H- ¥)+ 2° - ¥) + 270" - VW’) +... to m terms. 
2 °. 
We now need a Lemma, to prove that 2”.0) vanishes when 
n=O. 
First, observe that when ¢ is so small that c‘ and c‘tan‘@ 


are omissible, and c’ tan*@ is the parameter, we have the 
following values : 


II(c* tan*0, c, w) = {,(1 - c’ tan’@ sin’w) (1 + 4c’ sin’w) da, 
w — $c'(tan’0 - 3) (w — $ sin 20), 


Ti-(c* tan’) = $r{1 - $c(tan’0 - 4)}, 
F(cw) = + jc(w—}sin2o), 
F, = dn(1+4c’): 


and combining these, we get 
P = ic’ tan’@ sin2w = |p sin 2. 
A (00) 
Pe OP) 
an . sin 8 cos” 


° 1 
which converges to -—., therefore 


sin@ 
VTP =} 


2 2 


etan’@ 
—— .sin2o. 
sin@ 
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. . 2 . 
Similarly then ©, when b is very small, converges to 


Btan*wo . 
———— . 91n 38: 


1 
s1n @ 





and when we change 8, 8, » into ”, 0, w'"’, we know that 
0, w” approach to fixed limits ¢ and # (which are less 
than 47, if 0, w are less), so that we have nearly 


2.\ 

2 = CORO . ne 

oO” = 1b, —_— . sin 2¢ = k.b""" ; 
s1n @ 





the quantity k being finite and independent of m. Hence 
2.0 = k.{2" bo}, 


But when n=, 2".b'"" is evanescent; and indeed the 
quantity is extremely small when x= 8 or even n= 2, if ¢ 
is very near to 1. Hence we get 


© =(¥-¥) 4 2(H'- H) + 2H" - WV) + &e....(46), 
a series rapidly converging. 


2 2 
When © is known, we find © or Q by one of the com- 
mutative equations. Thus 


Si aE SG. ES CPE ait Rats) Soak 


Q=0+¥,-2(n-0 
in 


es w-a(1 - a); +2(Y'-) + 27H" -¥') + &e.... 


Tv 


© has necessarily a form of development similar to (46); 
for as the parameter of © is cot’w, which = 0’ tan’w°, we 
need only proceed as if w°, not w, had been the original 
amplitude in Q, and the result of (46) will be © instead 


2 . . 
of ©. To change w into ° does not alter sinw,, nor there- 
fore ¥,; but it alters ¥, ¥', ¥"..., say into ¥, ¥", '"..., 
therefore 


© =(¥°- ,) + 208° - BW) + 2°(H'" - B) + Ke....(46a). 
Whether this series or the preceding converges better, seems 
to depend on the evanescence of 2°”) and 270); te. on 
the magnitude of =, which evidently increases with o. 


Hence, if @ > w°, (46) seems not to converge so well as (46a) ; 
but it converges better, if @<@*. Nevertheless, both con- 
verge well, when c is near to 1. 


ie 


, on 


Ll @. 


5a) ; 
con- 








ah SIE IO PAIL LG 





On the Third EUiptic Integral. 213 


It may farther be observed, that since 2 - 0' = 0'-¥, 
we have also 0” -Q"=QO"— PH”, Also since e, cc", c'"... 
@, o',@",0'”...6, 0, 8"... all tend to fixed limits 1, 0, ¢, so 
do Q', 2", 2". . ib", 8’... tend to fixed limits ‘O'#; and 
since QQ hes limit zero, so has Q'")-¥™; te, Q="8; 


or VTP(p’, 1, @) = tan"(/p sind); 
or, since p‘@ are mutually independent, we have generally 
VTP(p, 1, w) = tan"(Vp sin @).......0008 »+(47), 


which may be easily confirmed by direct mandion 

Thus in equation (42), as also in the reciprocal, and in the 
conjugate equation, the function tan” may be replaced by an 
integral of the form VTP(cot*y, 1, ¥). In equation (8) we 

might similarly substitute 

CG (cw) - CG (¢,,) = Ce,G (1, o,). 

It is remarkable how the function tan"(Vp, sinw,) derived 
according to Lagrange’s and Gauss’s scale seems to intrude 
itself into more elementary equations, as (21), (24). 

Finally, it will here be remarked that equation (46) is only 
in appearance an equation of meee moduli; for though 


e,c',c...ascend, yet 4 is the modulus of O; ; and J, b’,b",b"".. 
decrease by the same law as ¢,¢,,¢,. . Nevertheless, the mode 
in which 0, 0’, 0"... w, w’, Pt are derived, is that which 
we understand to belong to ascending moduli. 


XIV. A similar treatment would manifestly apply to the 
logarithmic P ; but Legendre’s gg of Jacobi’s great 
discovery here supersedes equation (42), by resolving P into 
a simpler integral. Indeed, Legendre’s reduction of II, or 
rather of VT(fl - J’), to the ‘integral Y = [,EdF, will be well 
exchanged into a reduction of /'TP to the — V=/,GdF. 
Of course, as G = E-= F,so V=T- t ~ F*: and as G 
is the fluctuant to E, and P to Il, so is V to ‘Eh The process 
will then be as follows : 

By Euler’s integration, if Fw + Fn = Ff, 

Ew + Im - Ef = ce’ sino sinn sin, 
sino cosnAn + sin” cos odo 
1 — ¢’ sin‘@ sin’ 





and sin f = 


When 7» becomes -%, let € become «. Observe that we 
equally have 
Go + Gn - GE=c’ sine sinn sing, 
'. GE- Ge = 2Gn-c’ sing sinn (sin€ + sin7). 
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Let 7 be constant; therefore 

dF¢ = dFw = dF:. 
Hence 
GUdFt - GedFe = 2GndFw - c'sinw sing. 22% 008040 


1 - ¢’ sin’n sin’o © 





A c’ sin*n sin*w 
or 4VE-4Ve= Gn. Fo-—". sch howe | 
tann J, 1-¢ sin sin'@ 





But the last term 

= v-T {f(-¢’ sin’n, c, w) - F}, 
and, by equation (30), Ab. 

Gn =4-T {ac = ”) a 1} 
which indeed might be here at once inferred by making 
w=47. Hence 

V-TP(- c’ sin’n, c, wo) = 4V(ce)- 4V(c€)... (48), 
which throws a new light on equation (34). 
The simpler integral V(c #) now claims a full examination. 


XV. Since 
G (nz + @) = Go, and F (nr + o) = F(nz) + Fo, 
therefore 
V (nw + o)={G (nw + w).dF (nr + @) = {Go.dFa =V(nr) + Vo. 
Also, since F, E, G are odd functions of w, T and V are even 
functions ; therefore 
V (nw + @) = V (nr) + Vo. 

Let n = 1, therefore 

Vir -w) =V (r+) = Va + Vo. 
If then w = 7, we get 

0 = V(2r) =2Vr3 or Vir = 0......c eee (49). 
And since generally V {(n +1) a} = V(nmz)+ Va, we prove 
in succession that V(2r)=0, V(3r)=0, &c., and generally 
V (nr) = 0, when x is integer. Hence 

F (eet) © VE0 ..cccccesseevecses (50). 


This property suits V for tabulation, much better than Y. 

If w begins from 0, and increases to 7, V increases while G 
is positive; that is, up to o=47, where G becomes G, = 0. 
After this G becomes negative; indeed G (a -w) =- Go; 
so that V decreases after w= 47. Consequently, the maxi- 
mum value of V is at w = $7, or when V=V., 





Ve 


re 
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Again, since 
c’ sin@ cos@ 
Ao : 
and dFw =- dFw =, 
Aw’ 
multiply these together ; therefore 
IVa -dVo _¢ sin cos@dw | 
1 -—c¢' sin*w 
or Vo - Vo = const. — } log (1 - e’ sin’w). 
Let w = 0, w = 47; therefore const. = -V,, or 
Vo - Vo = V. + logA@ ............ (51). 
Cor. Let w =4}7, w = 0; therefore 
-2V,=logb, V.=4logéd-......... (51a). 
Thus, if d be infinitesimal, V, is infinite. Nevertheless, even 
for small values of b, V, is of very moderate amount, since 
it is only a logarithm. 
When ¢ is infinitesimal, G(c w) vanishes for all values of w; 
hence so also does V (ca). 


So if, Fy = 2Fw, or siny = 


Go + Gw° = c’sinw sinw® = 





2sinw coswAw 





- ce’ sin‘w 
and Gy) = 2G - c’ sin’w — we get 

Vib = [,GL.dFp = [,{2Go - c’ sin’o sind} 2dFo, 

; 2sinwcoswAw dw 

or Vib-4Vw= f,- 2c sin’o. ————___—.. — 

¥ So l-c’sin‘o Ao 

= log(1 _ ¢ sin‘), eeeereeraeeese eee (52), 

Equations (51), (51a), (52) are in close analogy with those 
established by Legendre concerning the function YT, the 
integrations being the very same. 


XVI. We proceed to apply Lagrange’s scale to V. 
Since CG = C,G, + Ce, sing, 


iis CG - CG, = ce SB c08e 
: A(cw) ” 
also = - oe . 
c ~ CA(ca) ; 
multiply the two amntiiies ; therefore 
dV -4dV.=4¢ 2 Sin @ cos wdw 


1 —c’ sin*w ; 
or V-43V.=- log A(cw)..........(58), 


which, for a logarithmic II, replaces (42) for the circular I. 
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As we have C{G(cw) - G(cw’)} = aia 
so also V (cw) + View’) = V(e,w,)+V, 
If we repeat (53) m times, we find 
V-2"V_=- 2" logA - 2° logA, - 2° logA, - &c. to m terms. 
Also, since c, = 0, when z = 0, so is V, = 0; therefore 

= - }logA - jlogA, - ,logA, - &c....... (55), 
which is analogous to the development (44). In fact, apply- 
ing the last to (48), and observing that to form 7,7,%,... 
from 9, and @,, @,,@,... from w, by Lagrange’s scale, and 
then to form &, ¢,, ¢,, &... by coupling @ and 7, », and 9,, &c. 


amounts to forming &, &, ¢, ¢,... by Lagrangé’s scale; and 
similarly of ¢, ¢,,¢,, €,..., we get 





3 


V¥-TP(- c’sin’n, c, @) = 4V (cs) - $V (cf) 





= Vlog $2 + §log SE + log S84 &e 
So nat Sy 
1+D 1+D 1+D 
s-] ol: —— — |, log —— - &c.... 
tog slog -—p, is log &c....(56), 


if D=ecsinynsinw. This equation is the transformation of 
(44) to the case of a logarithmic P, and apparently must be 
actually used to approximate to y-7'P, until tables of V are 
calculated. 


When ¢ is very near to 1, we may invert the method. 
Give to (58) the form 


V = log’ + 27’, 
or (V + logA) = (logA - logA’) + 2(V’' + logd’). 
Repeating this » times, we get 


A’ Aw? 
+...4 2" log 





V+ logA= log x +2 log + 2”( Vs log”) : 


a" A” 
” n (ni n ™ ¥ (nd PF » a 
Now 2G = 2"E- 2". 5. B®. Also C7 Ge 


, . F ; 
. 2G =a39".E" - —. E™. 
éy c 
Again, when 4 is very small, 


E= sino + 30°ftan’od sinw, 


whence 2".£ = 2". sinw™ + 2""6"".f tan’o"'d sinw”. 


id. 
1d 


be 
ue 
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Now if w < 47, the series @, w’, w’, w'’... decrease towards 

a limit ® < 47, so that the last integral is finite and indepen- 
ent of 2; while 2"b”" is infinitesimal when 2 is infinite. 
dent of x; while 2b” finit 1 wh finit 
Hence, for infinite values of 2, 2" = 2". sing. 
is still easier to see that A’ = cos@, when n=. 
It is still t that A” » wh 
Also £,”=1. Hence 


. F 
2".G™ = 2".sinw — —. 
C 


yr UF “ ’ da 
ee oY n) ie 
But Bo" RB and B” converges to $7, F' to —- 
kdkF 
_ 2.V™ or fae 1F™ = “te sin ® = wt 
V ' cos@ sit »BC 
F 
a1 V™ + log cos} =—} 
t aE 


Pr when = ...(57). 


or 2"{ V+ logA™} = - ™ BG 


Finally, then, 
7“ F" + lo + 2 log — + 2’ lo 4" &c....(58 
sy: lea a) : s ? "7" 7 


which converges excellently when c is near to 1. 


XVII. As we had a new integral H 50 related to G that 





H- G=}r. i it is well to conceive of W similarly 
related to V. Namely, as V= /,GdF, so let W=/,HdF; 
F’ 
. W- Ve} a \ eae (59). 


This indicates that the last series is a development of W, 
analogous to (12), 


W = log <i + 2 log = + 2’ log _ + BBs osesed (60). 


Again, if sinn = v-1 tan@, we obtain from F(en) =V¥-1 F(b0), 
and from (18), 
V (en) = W(b0) + log cos0 
W (en) = V(b0) + log cos 0} 


in which it is remarkable that V-1 has vanished entirely. 
In truth, the transformation sinyn = V-1 tan@ is nothing but 
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a device for enabling the sines and cosines of Trigonometry 
to do duty for hyperbolic sines and cosines; and we might 
in all cases evade v-1 in this transformation by having 
recourse to hyperbolic functions. If capital letters denote 
these, thus, 


Cosz = 4(e* + e*), Sinz = 4(e* - e*), &e., 
so that Cos’z -Sin’z=1, and 1 - Tan’z = Sec’z; 
it is manifest that, by assuming sin = Tanz, we get 

cos @ = Secz, secw = Cosz, tan = Sinz, 

dw = Secadz, dz = secwdo. 
secwdw dz 


am Ee) | V+8' tan*o) J V(1+0" Sin®z) = 90, 2), 


Thus, by adopting the double form F and ¢, we might deal 
with real functions only ; and equations (61) seem to indi- 
cate that the integrals of the second order, V and W, recover 
common sines and cosines, which were displaced by hyper- 
bolic sines and cosines in the integrals of the first order. 

The equations (61) facilitate many transformations. 

We may moreover give another form to (58) by slightly 
modifying the equation of reduction. 

Since V= logA’ + 2V"', V+ log cosw = log(A’ cosw) + 2V' 
= log(A’ cos sec*w')+2(V'+logcosa’). But A’.cosw sec’w’ 
=1-0' tan’w’; therefore 


V + log cos = log(1 — J’ tan’w’) + 2(V'+ log cosq’)...(62). 
Repeat this ” times; observe that 2(V + log cosw™) con- 





F’ 
verges to — j7.——; therefore 


BC 
W + log cos@ = log(1- 0' tan*w’) + 2 log(1 - 6” tan’w") 
+ 2’ log(1 - 6” tan’w"’) + &c. 


Change sin into /-1 tan@, sing’ into y-1 tan@’, &c. Ob- 
serve that, by (61), we get 


W (cw) =V (60) + log cos@ =V (d0) — log cosa ; 
hence V(00) = log(1 + d'sin’@’) + 2 log(1 + 5" sin*6”) + &c., 
where 6, 0’, 0... follow the scale of Gauss, 


(1+ 5’) sin#’ oy _ ¢ sind’. 
TTF sin’? gy? 81+ 0 sin'O'= snd? 


or V(b0)= log (5. — ) +2 log (“5 ; aul )s &e. 


sin @ ve" sin8’ 


sin@ = 

















ES | 
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Let 0 = 47, therefore @' = 47 = 0" = 0" = &c...., therefore 


mm 


= ca et 9? low i == 
V, = log Tot 2 log Wet? log apt &c.... = - log ve, 
i sin@’ sinf” —,, _sin@” 
and V(b0)= V,+log aol +2log ‘ca +2 log sing” tO" -(63)- 


This is adapted to the case of 6 very small, and b is here the 
modulus: hence the new series has no real advantage ; for 
it is less convenient than (55). Yet we may step back 
to W(cw), and write 














ive SS, 
Ve tano 
therefore W(cw) + logcosw 
tan@ tana” tan @’” 
=V,+lo + 2lo ; + 2 log + &c....(64 
. 8 tanw 8 tan@ © tanw” (64), 


which is adapted to the case of ¢ near to 1. 
For logcosw -V, we may write log(V/e cos). 
A new development of G by the scale of Gauss, bearing 
analogy to (63), may deserve notice. Since 
V (60) = log(1 +8’ sin’0’) + 2V(0'6'); 
as the series itself indicates; we get, by differentiating, since 
FOO) F(v'0') 





B B' ’ 
BG (00) = ae B'A(U'0') + 2B'G(0'0’) 
= 2B'0' sin’ cos0 + 2B'G(0'0))......... (63a). 


It is easy to shew that 2.G(b"0) vanishes when 2 = 0 ; 
therefore 


BG (60) = 2B'U' sinO' cos6 
+ 2°B"b" sin8” cos6’ + 2°B'"b"" sin®” cosO" + &c....(630). 
But this is less simple than (8). 


XVIII. To approximate to V(ew) is now as easy as to 
find G(ew) or E(ew), except only that we have no tables 
of it ready calculated. But it is not without interest to con- 
sider the result of differentiating V with reference to ¢ as the 
variable ; for which purpose we step back to F, E, and G. 

B F (cw) 

Let a= C? z=tr. o° 


Then, in the scale whose 
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index is ”, to pass from cw to new elements c,w, changes az 
to na,* nz. Moreover, in the higher theory, if we adopt, 
with Dr. Gudermann, the notation of hyperbolic sines and 
cosines, the development of G admits of the form 


sin 22 sin 42 sin 6z 
CG (cw al —— + = + &¢.... 
(co) \Sinza Sin27a Sin387a ‘ 








which things suggest the advantage of making a rather than e 
the base of variation. 


The same process which demonstrates $7=F,E,+ F,E-F,F, 
shews, in passing, that 47. -- =-b'c.F*. In the common 
treatises we have 

dF _E F csinw cosa 


-—- —_.__—__,, when is constant; 
de Be c Aw ’ : 


“. om. i - FX E-UF- c sing sinw’}.....(65). 








Hence "1 B.-UE.}, when = $c. 
‘ Multiply the last ee a and subtract from (65), therefore 
dF F dF. oe — 
da \- F qah7~ BNG-< sinw sinw*}, 


7 = = F..G(cw°), when @ is const...(66). 


Let A stand temporarily for CG or .G; t.c. A=F_E- EF; 


whence $7. £. (F) med 











and let us seck for —. 
da 
since 1. FF ye fF. pre-B). 
de ae da 
E. FF. 

Also 4. cf OF. le 7 2 Bd. 2 “Ris < rs B,Am, = 

ee BW OED scvnessccsecnannstesseed are 
by mere substitutions. 

* For a= 4 a ns gives a a, in that seale. 


oe Ss n! 


Sis] 
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It is observable, that we also have 
(ck) 


Arr. - EF ic; 
da 
so that - = sinw sina’. ee mniaihaiiain (67a). 


In all these equations, (65)—(67a), we suppose @ to be con- 
stant. But in general, when ¢ and @ both vary, 


d(x) _ de de da _ d(A) _ dAdw dA. 


‘da dwda da’ “da dw da , da’ 
that is, a). i a 5 A(w’); 
40 <_ =47 =. (3) EF ic’ sing sina’. 


Now let z be principal variable instead of w; and when a 
, d(x a 
varies, let z be constant, or da) = 0; and climinate des from 
da da 
the two last; observing that 


= = FA~% and A(w')= Fe sino sine’ - A(w); 


. om “4 oF, A.A CA ~ Fie sinw coswd asewed (68). 


: ‘ , . @ 
Multiply by : = et and since 2 is constant in aa’ We 
may integrate for 2 under the d; or 


Wi de= © [Ade =< { Gade; 


', bo 8 - V (cw) = 4 A(cw) - 4 Fc’ sin’o ...... (69), 


when z is constant. 

If this have no other interest, it at least shews that .A® 
can be expressed in series of the cosines of 2z and of its 
multiples: for the developments of V(ew) and J’,’c’ sin*w 


are known. 


XIX. The same notation facilitates the management of 
E, G, and V in the higher scales. To avoid confusion, in 
the scale whose index is 2, let Ay be the new elements of F 
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which are called c,#, in the common scale. Then, since z, a 
change to nz, na, ‘when cw change to Ay, we have, as ¢otal 


variations, 
dz_ 4m de 
da F.A(ew)* da 
d.nz _ uae =. ; 
— = Fad)’ 7 at 1G (h’) 


The left-hand member is the same in both equations, and we 
may at pleasure assume any one of the variables as constant. 


If it be w, = 0, therefore 
da 


+ F.G(cw’) 


4 dp 
l= FGA _ Bais 
F.G(cw ) F,G(hp ) + F' Ath) . nda eee .(70). 
This is a generalization of CG = C,G, + C\c, sinw,, and super- 
sedes a much more complicated one connecting H(cw) with 
E (hf) in Legendre. 
Multiply by 
dF(cw°)_ dF(hp’)__ 1 dy 











F. nF, nF" — 
7 (2 
, V (cw°) = - V(hf’) ae \() tas _ at ..(71), 
which also is a generalization of (53). 
Since Jacobi’s equations shew 4 to be a rational trigono- 


metrical function, the integral is of a lower order than J. 
In Legendre’s own scale, the index of which is 3, equa- 
tion (70) takes the form 


F.G(cw) = F,G(hp) + $F-pe' sin’a,, SBP Cs@Alce) (agg), 


1 - ¢* sin’a, sin’w “ 








B tan @. 


where F(ca,)=3F., and tan}(p-o) = = 
dF(cw) dF (hp) 





Multiply by ” alee gh and in place of (71) we have 
e h 


V (ew) = 5V (hy) - ty log(1 - ’ sin’a, sin’w) ...(71a). 
This easily gives a new development of V, converging far 
more rapidly than (53): but until we have tables for the 


trisection of F,, the trouble’ of calculating the constants 
makes this scale practically useless. 








vw "se 











It is proper also to notice here the relation borne by V 
and W to Jacobi’s new functions. Let g be a small fraction 


such that logg"' = a, and @A functions such that 


©=1-2¢c0s 2x + 29°” cos4z - 29” cos6z + Ke...) | 
4 =e 5-5 
A= 2q‘sinz - 2¢* sin3x + 2¢* sindz - ina 
then, among other equations, Jacobi has proved that 


V(1 — ¢’ sin’w) = vd. 2 rt 


> 








O(qgz) 
_ (6 Ag, +47) 
and cos@ = V3 "“@(qz)* 
Legendre has demonstrated (2nd Supplement, § x1.) that 
2F, _ O(92) 
= G(cw) = (gz) 
If we multiply by $7. aa _ dz, and integrate, we get 
V = log(80), 


where # is a function of c. 
When w=7, V=0; therefore BO = 1, or 
8B? = O(g, m) = 1- 2¢ + 29°" - 29°" + &e...., 


, = 2bF, 
a series which is known to be equal to / —. 
cy 


But it suffices to write V = log —*"— 0... ec esceees (72). 


This elegant relation is obscurely expressed by Legendre 


under the following form 
log O(gz) = T(cw) - = Few) + 4 log re : 


7 
ce 


Had he used the integral V, he would not have overlooked 
the following curious inference, which would certainly have 


had a charm for him. 
Since (by the form of © when resolved into factors) 


O(g", nx) = const. x O(, ).0(9 “+ =) .O (2, “+ 2 dias 


n-1 
O| 9, — : 
(1 2+ - ") 
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differentiate logarithmically, observing that 

d log@ = dV = GdF, 
and putting 4 the same function of nz as c is of z. Therefore 
nl’,.G(q", nx) 


= FAG, XL) + Glo z+ "| +oeet G(a, z+ an n)..(73) 


in which we write after G the elements gz instead of cw, but 
meaning the same quantity. 


A process which is laborious in Legendre becomes easy by 
aid of (72), (59), (61). 


When sinw = y-1 tan@, and F(cw) = /-1.F'(00), 








pede: <\ce) . it eek a /-1at. 
Call T(t) the value assumed by O(q, x); that is, 
© (qx) = 1 - 29 Cos2at + 29*” Cos4at - &e.... = T(q, 0), 
*. log 8T (qt) = V(ew) = W(b0) + log cos8, by (61), 
, FOO) 
ae lor o 
= V(b0) + jo so * log cos 0, by (59), 


= log yO (rt) + }rat® + log cos, 


if g, 8 become r, y when ¢ changes to 6. Giving to 8, y 
their values, we get 


log T'(qt) = log O (rt) + }rat* + log cosO + } log — ...(74), 


which is one of Legendre’s equations, and, i means of 


cosw = V3 j AM, aie , readily gives his beautiful result 





ty 


va.T (qt) = og” AG, t+ ‘ 
Va".T (rz) = r arg, z+4m) 


so that A is found from 7; or 7' from A, according as one or 
the other converges best. 

In this part of the subject it must be added, that the 
arc Q, elicited by Legendre from Jacobi’s theory, is no 
other quantity than that which T have called ¥ TP ; so that, 
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2 
according to the meaning of {2 in equation (26), 


2qsin2z.Sin2at-29*"sin42.Sin4at+2q°"sin6zSin6at-&e. 


2 
tanQ= — a ees (Cisnminentaninesnincnnie 
1- 29 cos 2z.Cos 2at + 2¢**cos 42.Cos 4at -&e.... 











But it suffices to mention the fact. Dr. Gudermann has 


several other clegant approximations to 0 by this higher 
theory. 

I have thought that we might call the function /+7{M-F'} 
the Principal Compound of the Third Elliptic Species, and 
V+T7P its Fluctuant: also G the Fluctuant of E, #7 its 
Companion ; ¥ the First Integral of the Second Order, V its 
Fluctuant, and W the Companion of V. To avoid a per- 
petual appropriation of capital letters, some such notation 
as flE for G, fill for P, &c. may sometimes be advisable. 


XX. Lastly, it may be worth while to touch on a neg- 
lected side of the subject; but, as it involves no difficulty of 
principle, and possibly is more curious than useful, I may be 
brief. 

In fixing the standard forms of F, EZ, I, two arbitrary 
limitations are introduced,—to use circular sines, and not 
hyperbolic; and, to make the multiplier a negative proper 
fraction (-c’). Imaginary Amplitudes overthrow the former 
limitation, imaginary Moduli the other. But to change - c* 
into +c’ involves nothing imaginary, nor indeed, within 
certain limits, to change 6° into 6°, which makes c’> 1. 

For a moment put z= tang, and let (bz), y(bz) denote 
what F'(cw), E(cw) become ; or 


dz 14+82*\ dz 
(bz) “| ai + 2) va a bz)’ x (bz) aR Ge 7) l+2 . 


Mere inspection of these shews that 
dif(b", 27) = - bap(bz) and dx(b", 2") = - b”.y (bz). 
To change z into 2' changes @ into 44-; and if c=siny, 
to change b into 4", or cosy into secy, is equivalent to 
changing siny into y-1tany. Hence, integrating the two 
last, we find, if o + @= 47, 
b°F(v-1 tany, 0) + F(siny, w) = F,) 
bE(V-1 tany, 0) + E(siny, @) = Ef °°" 
It is easy then to transform the developments which express 
FF, and £.£, in terms of c’, into others ’in which - cb? 
stands for +c’. For 
b"F(v-1 tany, 47) = F, and bE(v-1 tany, $7) = E....(76a). 
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It farther follows that 
bG(v-1 tany, 0) = b.E(v-1 tany, 0) - 67 = F(v-1 tany, 9) 


= {E,- E(siny, )} - = {F,- F(siny, )} 


tie ee Te (77). 
Hence also, if A stands for FE - EF, we obtain 
A (V-1 tany, 0) = - A(siny, @)......... (78). 


Moreover, since V = [,GdF, 
V(v-1 tany, 0) = [- b°G(cew) x - bdF (ew) = [dV (cw) 
NE bo ed sccaitiarscdnce (79). 
When w = 0, V(v-1 tany, $7) =- Vi; 


which is evidently correct: for since V,=4logd", it does 
but change the sign, if we commute 8 with 6°. 
For (79) we may thus also write 


V(v-1 tany, 0) = V(siny, w) + $log cosy...(79*). 


It might at first seem possible to reduce the circular II to 
integrals V which have imaginary moduli; but these equa- 
tions shew that such integrals fall back into the common 
form. Moreover, if in II the modulus is imaginary, the 
integral is logarithmic exactly when by its parameter it 
might have been judged to be circular. To exhibit this may 
well close our subject. 


When c changes to ¥-1tany, our ordinary logarithmic 
parameter - c’sin’y becomes tan*y.sin’y, which is positive 
and apparently circular. Observe that if c= siny, 


V(1 + tan*y sin*9) cotn = b* v(1 — c* cos’n) cotn, 
dF(V-\tany,@) _—- - Bb’. dF (ca) 
1 +tan*y sin’ sin*@ 8° + c* sin*n cos*w’ 





the denominator of which =(1 -c’cos’n)—c’ sin*nsin*w. Hence 
if we change 7 all through into 4” - , we have 





2 A(en) dF (cw) 
r — © i J C0 
¥-TTI(tan*y cos’n, V-1 tan, 0) iy 1B) -Fenledle 
-b*tann dF(cw) __ ACen’) 





¢ Tl(-c’sin*°,c,w)+ const. 


~ A(en) ‘J 1-c’sin’y’.sin*o ~— tan” 
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On the Third Elliptic Integral. 
Observe that = = V-T(- c’ sin’n’); then we obtain 
v) 


v- TII(tan*y cos’n, V-1 tany, 0) + v-TTI(— sin’y sin’n’, sin y, @) 
= V-TTI(- sin*y sin’y’, sin y, 47) 
Oe IE Piceicdtiecennincsieeevninesnanes (80), 


where the integrals are all logarithmic, and siny = c, connect- 
ing 7 and 7°. 
To transform them into circulars, let 


‘ B? sin” 
sinn® = V-1. tand,, cos’) = —,——- 
n °°? n A*(en’) > 
ce’ sin’? -c tan’d° - cot’d 


= - cos‘’o. 





or tan*y cos’n = eels Wy foeenctinewaaes SY Sennen 
aati Oe sin’? 1+e'tan*d, 1+ cot’d 


Hence V TTI(- cos’6, /-1 tan y, 0) + V 7'TI(cot’S, siny, w) 
AE IE intcinsasncravinrenencained (81). 
In all of these, from (76) to (81), we suppose w + 0 = $7. 


ON TWO NEW METHODS OF DEFINING CURVES OF THE SECOND 
ORDER, TOGETHER WITH NEW PROPERTIES OF THE SAME 
DEDUCIBLE THEREFROM. 


By Proressor Sterner. * 
(Extract from a paper read before the Berlin Academy of Science, March 1852.) 
Section I. 


Tue two following methods of generating the Conic 
Sections are in a measure analogous to, and indeed embrace, 
the two known methods of generation by means of the two 
foci, or one focus and the corresponding directrix. The 
first method consists in making the sum or difference of 
the lengths of two tangents from the generating point to 
two given fixed circles, equal to a given constant, instead 
of, as before, considering the sum or difference of the dis- 
tances from the said point to the two foci themselves as 
given and constant. In the second method here employed, 
the simple directrix is replaced by any number of given 





* Translated by Dr, T. A. Hirst. 
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right lines, perpendiculars are then let fall from the gene- 
rating point on each of these lines, and a certain constant 
relation established between these, the distance of the 
generating point from the focus, and the perpendiculars 
from the latter upon the above-named right lines. The 
two consequent theorems may be thus expressed : 


I. “Ifin a plane any two circles A*, B’* be given, and to 
them, from a point X,, tangents a, B be drawn, and tt be re- 
quired, that either the sum (a+) or the difference (a—B or 
B—a), of these tangents shall equal a given length 1, the locus of 
the point X, will always be a certain conic section C*, making 
a double contact (real or imaginary) with the two circles, and 
of whose axes, one always coincides with the central line AB 
of the circles.” And conversely, “Jf in a given conic section C* 
any two circles A* and B* be described, making with it a 
double contact, aud having their centres A and B situated in 
the same axis, then the tangents a,B drawn from any point X, 
of the conic section to these circles, will have a sum or difference 
equal to a constant length |; in fact, both these cases generally 
present themselves, for the arc of the conic section is divided 
by its points of contact with the two circles into four parts, 
for two of these the sum (2+ B=1), for the other two the 


difference (2—B=l or B—a=l) és constant.” 


Il. “Jf in a plane any n right lines G, G,, G,......4, 
together with any point A be given, and the perpendiculars 
Lj, Lyy LyreeeeeD,y let fall from a point X on these lines, be 
respectively divided by the perpendiculars a,, a,, a,...d,, from 
the fixed point A to the same lines, then the so-found quotients 
respectively multiplied by given coefficients a,, 0, A,.....4, 3 
and it be required that the sum of these products shall equal 
the line Ax = x, divided by a given line a, i.e. that 


2, w. @ o @ 

a, — +4,“ +4,— +...+4, = = —s 

a, a, 3 a,, a 
then the locus of point X will always be a certain conic 
section C* whose focus is in point A, and of which the radius 
of curvature r in the vertex of the principal axes can be 
immediately determined from the n coefficients and the length a, 


viz. r=(¢,+4,+4,+...+4,) a3 


similarly, the directrix G of the conic section C*, corresponding 





* Throughout, the exponent m attached to a symbol (C”) expresses that 
the curve represented thereby, is of the x" order, 
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to the focus A, depends only on the n coefficients and the fixed 
elements, so that when, successively, to the length a all values 
from 0 to © are given, a group of conic sections ts generated, 
whose constituents have in common the focus A and correspond- 
ing directrix G, and in which the ratio of the above radius 
of curvature to the corresponding length a is constant, i.e. 


i ” 
q ATA at. +4, 


If in Theorem I. the given circles A’, B’ are reduced 
to their central points A and B; and if in Theorem II. 
all right lines except one are disregarded, the two well- 
known theorems mentioned at the commencement will be 
obtained. 

Section II. 


With respect to Theorem II., I will at present merely 
glance briefly at one circumstance, and then subject 
Theorem I. to a more complete discussion. 

The directrix G, inasmuch as in a certain sense it is 
an axis of mean distance in reference to the » given lines, 
their corresponding coefficients, and the point A, can be 
thus determined: If a, and 2, are the perpendiculars let 
fall from the points A and X upon the directrix, then, for 
every point X in the plane, 


x, Xv, w, v, x 
a, +a, +a, +...44,—" = (4,+4,+4,+...+4,) —. 
a, a, a, a, a, 
The directrix G, however, is not thus absolutely determined. 
For as, in reference to each of the m given lines, the signs + 
and — have to be attributed to opposite sides, and as these 
signs can be changed at will, many different directrices 
and corresponding conic sections, in general 2”", ensue from 
these interchanges in the same given elements (¢.e. in the 
same 2 lines G, G,, G,...... G., the same ” coefficients 
@,, @,, @,...4,, the same point A and the same length a). 

For example, when only two lines, G, and G,, are given, 
there are two different directrices, G and H, possible ; both 
these pass through the intersection point of the given lines 
and are conjugate harmonical to them, &c. All further 
development of this subject I here pass over. 


Section III. 


I. In examining the first theorem (§Z. 1.) more closely, 
we will commence with the special case, when the given 
circles A? and B’* lie without each other, as the circles 
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Ua,U,a,, and Vb,V,b, (see fig. 1, plate 1) described around 
the centres A and B, and on the segments UU, and VV, 
as diameters. 

It is necessary to fix the following elements more closely 
in view, as well as to direct our attention to certain collateral 
circumstances. 

Let a, b represent the length of the radii of the circles 
A’, B’; 2C the distance AB between their centres; let 
this distance AB be bisected in point M, i.e. MA = MB=C. 
We will call the unlimited right line UABN, the axis X; 
U and U,, V and V, are the extremities of the diameters 
of the given circles in this axis. Further, let » and »v, be 
respectively the lengths of the tangents from points V 
and V, to the circle A’, and similarly u and u,, the two 
tangents from points U and U, to circle B’. Let us suppose 
a>b, then, of the four tangents, w is the greatest and wu, 
the least, their order being u>v,>v>u,. Let the line L 
be the so-called Line of equal Powers for the two given 
circles; ¢.e. the locus of the point from which two equal 
tangents a, 8 can be drawn to the two circles, so that 
a=B ora-f8=0. Further, let R and R, be the outer 
common tangents of the two circles, and a, and ,, a, and 4, 
their points of contact; their intersection point z, is the 
outer point of similitude of the two circles. 

Similarly, let S and S, be the inner common tangents 
of the two circles, a, and /3,, a, and (3, being their points 
of contact; their intersection point z, is the inner point of 
similitude of the two circles. These two pairs of common 
tangents are so divided by their 8 points of contact, by 
their 4 points y,, z,, y,, 2, of mutual intersection, and by 
their 4 points m, w, m,, w, of intersection with the line L, 
that the segments fulfil the following equations: 


(1). a,b, ” a,b, = Yo*, = AY, and a,(3, - a,(3, = Yo% = Yi%1 
(2). Az = bY = by, = 4,2, = 2% = BY = BY, = 4,2). 
(3). ma,=mb,= wz,= py, =&c., and mz, = my, = 4a, = 43, = Ke. 


Therefore the diagonals y,y, and z,z,, of the complete quad- 
rilateral RR,SS, formed by the four common tangents, are 
equidistant from the line Z, and together with it are per- 
pendicular to the axis X (the third diagonal z,z, of the 
quadrilateral) y, z, and m, are the intersection points of 
these three lines with the axis X, and my=m,z. The four 
points of contact a,, 5,, @,, 6, of the outer tangents R, R, 
lie in a circle M*, whose centre is the above-named point I. 
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Similarly, the four points of contact a,, 3,, «,, 3, of the inner 
tangents S, S, lie in another circle M*, concentric with last ; 
and in like manner, the four points y,, y,, 2,, 2, of alternate 
intersection, ¢.e. of an outer with an inner tangent, together 
with the centres A, B of the given circles, lie all in a third 
circle M,*, having the same centre M, and, as is evident, 
a radius MA=C. ‘The perpendiculars let fall from the 
point M upon the tangents &, R,, S, S, meet the same 
in m, M,, #4, #,, respectively ; these points therefore are in 
the line Z. 

Lastly, let the distance z,z, between the points of simili- 
tude z, and z,, be bisected in N. The circle N’, described 
around WN as centre with radius Nz, = Nz, =, is called the 
circle of similitude of the given circles A* and B’. 


II. If, successively, to the defining length 7 all values 
from 0 to « be given, the complete throng of locus-curves C’, 
or 7h(C’),* involved in the above theorem (§ J. 1.) will be 
generated. However these curves may cover the plane, it 
is evident that only two of the same can pass through any 
point X, in the plane, for if a, 3 be the tangents from X, 
to A’, B’; then, for the one curve, we have /=a+ (3, and 
for the other /=a-(3 or =(3-a. As will soon be shewn, 
it is easy to distinguish for any given length 7, whether 
the corresponding locus-curve C” be an ellipse E’, a hyper- 
bola H’*, or a parabola P*, as also to determine its more 
precise relation to the circles A’ and B’. The curve C” is 
an H’, or an E’, according as /< AB, or 1> AB; from the 
value /= AB=2C the only parabola P* is obtained. With 
respect to their relations towards the circles A’, B’, the 
hyperbolas may be divided into three groups, and repre- 
sented by Gir(H,’), Gr(H,’), Gr(H,); of these, as well as 
of the group of ellipses Gr(*), the following properties 
must be noticed. 


(1). The first group of hyperbolas Gr(H,*) corresponds 
to values of / between / = 0 and /=4,8, (1.); it commences 
(when 7=0) with the line Z,—which is to be considered as 
double, and as a hyperbola, both branches of which coincide 
with the second axis,—and concludes with the pair of inner 





* In translating I have here, as well as in §/X., had to modify the 
symbols used by Professor Steiner. For a throng of curves Th (C*), 
Prof. 8. uses the symbol S(C*), (Schaar Curven); in §IX, for a pencil 
of curves Pn (C*), he uses the symbol B(C*) (Curven-Biischel). The term 
Biischel as applied to the latter implies merely that the curves constituting 
the schaar have, in this case, more properties in common with each other 
than before. 
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tangents (SS,), when /=4,8,= 4,8. The principal axis of 
every H,’ coincides with the axis X, and of its two branches, 
the one encloses the circle .A*, the other the circle Bb’; at 
commencement, however, the contact with both circles is 
imaginary, until 7 =, (1.), when the greater circle A’ is 
touched in point U,; this is a contact in four successive 
points, so that A’ is the circle of curvature in the vertex U,; 
from here onwards the H,* touch the circle A’ in two real 
points, but the contact with circle B* remains still imaginary 
until J=v, when 3B’ becomes its circle of curvature in 
vertex V, from here on the H,’ give real contacts with 
both circles, until they reach the limit (SS,), Consequently 
the points of real contact with all H)’ are situated along 
the circular ares a,U,a, and 3,V/3.. 

(2). The second group of hyperbolas Gr (H,*) corresponds 
to values of 7 between /=4,3, and /=a,),; it begins with 
the pair of inner tangents (SS,), and ends with the outer 
pair (RZ). The second axis of every H,’ coincides with the 
axis X, and each of the two branches touches both circles 
outwardly ; all four points of contact are real throughout, 
and are situated in the two pairs of circular arcs aa, and 
a,a,, 5,3, and b,3,. 

(3). The third group of hyperbolas Gr (H,°) correspond- 
ing to values of / between /=a,), and /= AB, commences 
with the outer tangents (RR,), and concludes with the 
parabola P*, which, as already stated, corresponds to the 
value 7= AB, and touches the circles in certain points a 
and a’, (3 and j3’. Of each H,’ the one branch encloses 
both circles, and its contacts with both are real; all the 
principal axes are in X, and the points of contact are situated 
in the arcs a,a and a,a’, 5,3 and 6,(3'. 


(4). Lastly, the group of ellipses Gr(E*) corresponds to 
values between /= AB and /=; it commences with the 
parabola P*, and concludes with an ellipse HE’, situated 
entirely in infinity. Each E’ encloses both circles, and the 
principal axes of all are in X; at first they touch each circle 
in two real points, until the one corresponding to /=v,, 
which makes a contact in four successive points with circle 
B’, and has it as circle of curvature; from here on, the EZ? 
gives real contacts with the circle A’ alone, until, when /= u, 
the corresponding EH’ makes a contact in four points with 
circle A’ and has it as circle of curvature; from here to 
the end, all contacts are imaginary. ‘The points of real 
contact of all #’ are contained in the arcs a Ua’ and BV j3’. 
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As, by the continuous increase of the length /, the 
several groups of locus-curves are successively traversed, 
the centre C of the curve C* moves along the axis X in un- 
changed direction, and in so doing, the centres of the several 
groups pass over the following segments of the axis X. 
In the Gir(H,’), the centre C moves from m, to z,; in the 
Gr(H,’), from z, to z,; in the Gr(H,), C moves in the 
same direction as before on to infinity, up to the centre C, 
of the parabola P’; and lastly, in the Gr(’), C comes 
from infinity, from C,, to U, A... until at length it returns 
to M, exactly the centre of the last ellipse #,, situated 
entirely in infinity, and corresponding to the value J/= 0. 
Accordingly, it would appear that the centre C traverses 
the whole axis X, with the exception of segment Mm,; the 
centres of imaginary locus-curves are situated in this seg- 
ment. 

Any length 7 being given, the points of contact of the 
corresponding curve C* with the given circles A’ and B’ 
are easily constructed. For example, to find the point of 
contact with the circle A’, set off the length 5,4,=/7 on 
any tangent R of circle B’, from the point of contact J, ; 
then the auxiliary circle B,*, described around B as centre, 
with radius Bd,', will intersect circle A’ in the required 
points of contact, and should it give no real points of inter- 
section with A’, the contact is imaginary; in this case 
however the line of equal powers of circles A*® and B’, 
t.e. their ideal common secant, is at the same time the 
ideal chord of contact of C* and A’*. In the same manner 
the points of contact of ©’ with B’ may be found. By 
this method, for instance, the points of contact a and a’, 
(8 and #3’ of the parabola P* may be easily constructed, 
making 4,4,,= AB. ‘The points of contact of each of the 
two curves C*® which pass through any given point X,, may 
with facility be obtained in an exactly similar manner, &c. 


III. The foci of the ZA(C*) have a noteworthy situation, 
and are, in their totality, subject to an interesting law. 


The circle of similitude N* is the locus of the foci of the 
second group of hyperbolas Gr(H,"), so that the extremities 
of every chord of this circle, perpendicular to the diameter 
x t,, are at the same time the foci of an Hy. 

On the other hand, the foci of every other locus-curve are 
in the axis X, but so situated that the two foci of each C* are 
conjugate harmonical to the points of similitude x, and z,. 
Accordingly, the centre N of the circle of similitude must 
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be the focus of the parabola P’, because its conjugate har- 
monical point in reference to z, and 2, is in infinity. The 
centres A, B of the given circles are the foci of the above- 
mentioned special ellipse £2, for these points are conjugate 
harmonical to z, and z, and are equidistant from the centre 
M of E3.* Further, this theorem determines also the foci 
of the first special hyperbola H,’, consisting of the double 
line L(1. 1), for as m, is evidently its centre, y and z must 
be regarded as its foci, for they are two conjugate har- 
monical points to z, and z,, and are equidistant from m,, 
ym, = zm, (1.). 

Accordingly the foci of all locus curves fulfil the follow- 
ing common condition. 

** The rectangle under the distances of the two foci ( f and f,) 
of each locus-curve C* from the point N (the focus of the 
parabola P* or centre of circle of similitude N*) ts constant 
and =n’, i.e. equal to the square of the radius of the circle 
of similitude ; hence throughout we have fN.f,N = n°.” 

From this, if the centre C of any locus-curve C’ be 
given, its foci f and f, are easily determined and constructed. 
For if C be in the diameter z,z,, then, as already stated, 
the extremities of the chord of circle N’, erected in C per- 
pendicular to diameter 2z,z,, are the required foci. On the 
other hand, if C be situated in the production of the diame- 
ter on either side, then the tangent, drawn from C to the 
circle N*, is equal to the eccentricity of the curve C’, so 
that the circle described around C as centre, with this 
tangent as radius, intersects the axis X in the required 
foci f and f,. Hence also from this the axes of the curve C’, 
as well as the corresponding length 7, may be determined. 
For let the eccentricity already found Cf= Cf, =, and 
let a, (3 be the semi-axes of the curve, a and 6 being, as 
before, the radii of circles A* and B’; then, in the Gir(Z;), 


a:y=a:Af=)b: Bf. 
In the other groups, however, 
B:y=sa@: Af Af, =v: BSB. 
By the former, a is immediately found; by the latter, at 


first only 3°; in both, the remaining axis may be found 
from the known relation between a, 8 and y. ‘The length / 





* In every common ellipse the circle of double contact, if its centre is in 
a focus, is reduced to a point, t.e, its radius = 0 (see Crelle’s Journal, 
vol. xxxvil. p. 175). The above special ellipse E%,, whose periphery is in 
infinity, is therefore, in this respect, an exception. 
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is defined by the proportion 
1: AB=a:¥. 


1V. Let the points in which any locus-curve C* touches 
the circles A’ and B* be respectively p and p,, q and 9q,. 


“ The chords of contact pp, and qq, are parallel to the 
line L, are always equidistant from, and lke it, perpen- 
dicular to the axis X, (this too holds true when the contact 
ts imaginary and the chords are tdeal).”* And conversely, 
“Every two lines equidistant from, and parallel to L, are the 
chords of contact of some locus-curve C* with the circles A* 
and B’.” Further, “ The tangents [3 drawn from points p 
and p, to circle B’ are each equal to the tangents a drawn 
from q and q, to circle A*, and both lines are equal to the 
length 1 corresponding to the curve C*.” 

“ The four points of contact p, p,, 9,9, are always in the 
circumference of a circle M*, whose centre is the point M.” 
And conversely, ‘ Every circle M*, described around M as 
centre, intersects the given circles A*® and B’ in four points, 
which will be the points of contact of some locus-curve C* 
with them.” 

“ The eight points, in which the given circles are touched by 
any two locus-curves, lie in a certain third conic section D’.” 
For example, the eight points of contact a,,@,, 5,,6,, and a,, a, 
B,, B,, of the two pairs of common tangents R, 'R, and S, S, 
lie in a certain conic section D*. And conversely, at 
through the four points of contact p, p,, 9, 9, of any curve C’, 
any conic section D* be drawn, it wall intersect the circles A® 
and B in four new points p? and p,, g° and q,°, which will 
likewise be the points of contact of some other locus-curve C;’ 
with the circles.” 

“ The four points in which any two locus-curves C* and 
C;’ intersect one another, lie always in a certain circle M* 
around M as centre.’ And conversely, “ Every circle M* 
around M as centre, cuts any locus-curve C* in four points, 
which are at the same time the points wherein some other 
curve C;’ also intersects the same curve C’.” 


Hence, as a special case, every curve C”® intersects the 
tangents R and FR, in four points, which lie in a certain 
circle M*; and further, these tangents determine equal 
chords in the curve C?: the same applies also to the inner 
tangents S and S,, indeed further : 





* This theorem is also to be found in the memoir above referred to 
(Crelle’s Journal, vol. xxxvit. p. 176). 
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“ The four tangents R, R,, S, S, determine in every locus- 
curve C* four equal chords, and in fact, these chords are each 
equal to the corresponding length 1, and are all bisected by 
the line L in the points m, m,, pm, #,.’ Consequently, any 
length 7 being given, the eight points in which the cor- 
responding locus-curve C’ intersects the four tangents R, R,, 
S, S,, may be easily found. 

If the two pairs of points of contact, p and p,, g and q,, 
of any locus-curve C* be joined cross-wise by the right 
lines pq, P9,> P,9> P,9,» Which may be called Alternate Chords, 
then all alternate chords have the following common pro- 

erty. 
+ alternate chord determines, in the given circles, equal 
chords ; i.e. if, for example, the line pq intersects the circles 
A’ and B’ a second time in the points p° and q°, then chord 
pp =97 for all positions of p and q. Further, 

“ The line L ws the locus of the middle m’ of every alternate 
chord, and the perpendicular let fall from M upon any chord 
meets it in this same bisection point m°. Hence, all alternate 
chords are tangential to a certain parabola P.*, of which M 
ts the focus, and L the tangent in verter m, of its axis, 
and which, in particular, has the four tangents R, R,, S, S, 
in common with the circles A*® and B* (for these are but 
special alternate chords).” 

Let P and P,, Q and Q be the common tangents of 
circles A’ and B* and curve C’; ¢.e. the tangents which, 
in the points p and p,, g and q,, touch both the curve C’ 
and the circles A’ and B* respectively. ‘These four tangents 
have analogous properties to the four points; I will here, 
however, mention but a few, leaving the rest for after con- 
sideration, when instead of the circles A* and B* any conic 
sections are given. 

Let r be the intersection point of P and P,, and r, that 
of Q and Q,; further, let s and s,, ¢ and ¢,, be respectively 
the points of alternate intersection ; ¢.e. of P with Q and P, 
with Q,, of P with Q, and P, with Q, so that, consequently, 
rand 7,,s and s,, ¢ and ¢, are opposite corners of a complete 
quadrilateral PP,QQ. 

“ The points r and r, are in the axis X, and always con- 
jugate harmonical to the points of similitude x, and z,.” 

“‘ The circle of similitude N’* is the locus of all alternate 
intersection points 8, 8,, t, t,.” 

It must be here noticed, that the tangents P and P, will, 
in one of their positions, coincide with the outer common 
tangents of circles N* and A’, and will then touch N?® in 
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certain points @ and ¢,°; in another of their positions they 
will coincide with the inner common tangents of the same 
two circles, and will then touch N’ in certain points s° and s,°; 
in each of these cases the chord of contact t°t, or s°s,° touches 
the circle B’ in points V, or V, for both tangents Q and Q, 
will simultaneously coincide with the corresponding chord, 
and the curve C* will make a contact in four consecutive 
points with circle B’ in the respective point V, or V. (11.). 
Conversely, “ If to any two circles A’ and N°, situated with- 
out each other, the two pairs of common tangents be con- 
structed, and in either circle, e.g. N*, the two chords of 
contact, t°t,° and s°s°, of the pair of tangents be drawn; 
afterwards, on the segment V,V which these chords of con- 
tact determine on the axis X, a third circle B’ be described, 
then the circle N* will be the circle of similitude to the circles 
A’ and B’.” 
Section IV. 


If the given circles A’ and B’ intersect each other, or the 
one be situated entirely within the other, the properties 
established in § JJ. suffer some modification, or new circum- 
stances present themselves, to embrace which, the conditions 
(§ J. 1.) for the generating point X, must be more generally 
defined. ‘This more general definition results from a con- 
sideration of the powers of the point X, in reference to the 
circles.* As the power of a point X, in reference to a circle 
A’ can be an outer or an inner one, and as such, represented 
either by the square of the tangent a from it to the circle, 
or by the square of half the smallest chord a, through it, 
according as the point is situated without or within the circle ; 
so also, when two circles A’ and B’ are given, the locus 
of point X, may be required, for which the sum a, + 8, 
or the difference, a, - 8, or 8, -a,, of half the smallest chords 
which can be drawn through it in the given circles, shall 
equal a given length /. This condition can, however, be com- 
bined with the above, with respect to the tangents a and f, 
in the more embracing problemn— 

“ To find the locus of the point X,, for which the (square) 
roots of the like powers in reference to the given circles, A’* 
and B’, shall have either a sum or a difference equal to a 
given line 1.” 

If, further, the loci for inner and outer powers, considered 
separately, correspond to the same value /, it is true that 
by each method a different conic section will be produced, 





* See Crelle’s Journal, vol. 1. p. 163. 
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yet the two will have a certain connexion, and may be 
considered as naturally complementary to each other. In 
a similar manner the locus of point Y, may also be required, 
for which the sum or difference of the wnlike-named powers 
(t.e. the tangent to one circle, and half the smallest chord in 
the other,) shall be equal to a given length 7. In this case, 
however, the required locus is in general a curve of the 
fourth degree. 

With reference to the above, the foregoing properties 
suffer the following modifications, when the mutual position 
of the given circles undergoes the above-described changes. 


Section V. 


I. If we allow the two circles A’ and B? (fig. 1, plate 1.) 
to approach each other until, meeting in points U, and V, 
they there touch each other in one point (U,V); then the 
two inner tangents S and S, will coincide with the line Z, 
which will then be the common tangent of the circles in the 
point (U,V), with which point, too, the inner point of 
similitude z,, together with many others, will now coincide. 
Consequently, the first group of hyperbolas Gir( H,’)(§ ITI. 11.) 
vanishes, inasmuch as its last constituent (SS, ) combines 
with its first Z, or in other words, is reduced to the single 
constituent /, with which at the same time the second group 
Gr(H,?) commences. ‘This group, as before, ends with the 
pair of outer tangents (?F,), and it, together with all other 
groups, remains the same as before. 


II. If the circles A’ and B’ cut each other, as in fig. 2, 
the line Z will pass through their points of intersection 
r and s, and through the same points the circle of similitude 
N*=z,rz,s will pass. The Gr(H,*) begins here, too, with 
the line Zz. and ends with (RR), their foci, however, no 
longer occupy the whole circumference of the circle of 
similitude N*, but only its arc rz,s. The groups Gr(H,’) 
and G'r(£’*) retain their former properties (§ Z/Z. 11.). On the 
other hand, a new group of ellipses Gr(H,*) now appears, 
determined by the inner powers, (by the semi-chords a, 
and f,) and situated within both circles, in the curvilinear 
two-cornered figure rVsUr; these ellipses are enclosed 
and touched twice by each circle, the second or minor 
axis of each £,° coincides with the axis X. This Gr(E,’) 
is, In a certain sense, to be considered as the continuation 
of Gr( H,’), that is to say, the transition takes place through 
the line Z, which belongs to both groups, inasmuch as the 
segment 7s must be considered as an £,*; and on the other 
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hand, its two infinitely long segments beyond r and s, as 
the two branches of an H,’, for both correspond to the same 
value of 7, viz. / = 0, or respectively a, = 8, and a= 8; in 
both, therefore, the two points 7 and s are to be considered 
as, at the same time, the foci and principal vertices. Con- 
sequently, the loci of the foci of both groups are in intimate 
connexion with each other, just as the foci of the Gir( H,’) 
are all contained in the arc rz,s, so also are the foci of the 
Gr(£,’) in the arc rz,s, of the circle of similitude N*; hence 
the extremities of every chord of the arc rz,s, perpendicular 
to the segment m,z,, are at the same time the foci of an E,’. 
According to this, the centres of the Gr(£,’) are all con- 
tained in the segment m,z,. If the length 7 be allowed to 
increase from /= 0, the centre E, of the corresponding locus- 
curve E,* moves from m, to z,; here /(= a, + ,) attains a 
certain maximum limit, and the curve is reduced to its 
centre z, In this case, that is, when the locus of point X, 
is restricted to a single point z,, the said maximum is repre- 
sented by half the smallest chords passing through z,, both 
of which are contained in the line «,¢,8,, perpendicular to 
the axis z, so that a,2,+8,c,=4,8, is the maximum limit 
of 7. Hence, “Among all the points within both circles A’ 
and B', the inner point of similitude x, has the property 
of making the sum of the smallest chords through it a 
maximum.” 

When the length 7 is given, the points p and p,, g and q,, 
in which any inner locus-curve E;* touches the circles .A’ 
and B*, can be constructed in an analogous manner to the one 
before mentioned (§ JZZ. n.). If, for instance, in the circle 
B’, a chord of the length 2/7 be drawn, and bisected in m, 
then the circle described around B as centre, with radius 
Bm, will cut the circle A* in the required points of contact p 
and p,. Further, the limits, where real contacts cease, can 
be determined in an analogous manner. If v be half the 
smallest chord in circle A’ through point V, and uw, half the 
smallest chord in circle B* through point U,, then the con- 
tacts of curve EF,’ with circles A’ and B* are only real as 
long as 7 remains, respectively, smaller than u, and v; if 
1 =u, or / = v, the contact with one of the circles in U, or V ' 
will be in four consecutive points; hence it will be the 
circle of curvature to the respective locus-curve. If radius 
a>b, then v>wu,, and the imaginary contacts with circle A’ 
begin earlier than those with B*. Conceive a curve £7, 
which touches the circles A* and B’ in real points p and p,, 
q and q,, it will then be evident, that for all points X, in the 
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elliptic arcs situated between the points of contact of dif- 
ferent circles, ¢.e. in the arcs pg and pq,, the sum a, +8, =1. 
On the contrary, for points in the elliptic arcs pp, and qq,, 
between the points of contact of the same circle, the dif- 
ferences 8,- a, and a, - 8, will be respectively equal to the 
constant length . ww ey the points p and p, are imaginary, 
i.e. if l>u, but <v, then E,’ will be divided by points g and gq, 
into two arcs, of which the one situated nearest to point U, 
corresponds to the sum a,+(3,; on the contrary, the one 
nearest point V corresponds to the difference a,-f,. If 
all four contacts are imaginary, then for all points ‘X, in E’, 
the sum a, + 8,=/. Similar remarks might have been made 
above ($ ZIT. 11.) with reference to the Gr(£’), and the unlike 
properties of the arcs of the several groups of hyperbolas in 
this respect may, with facility, be more particularly defined. 


III. If the centres of the circles A’ and B’ approach 
each other still more, so that points V, and U, coincide, and 
the circles touch each other, but only in one point (V,U,), 
the two outer common tangents will likewise coincide with 
line Z, which will be a tangent to both circles in point 
(U,V,): it is also to be considered as the last remnant of 
the second group of hyperbolas Gr(H,’), now also vanished, 
and at the same time as the commencing constituent of the 
third group Gr(H,’). The outer point of similitude z,, to- 
gether with points of intersection r and s, now coincide with 
point (U,V,), so that the circle of similitude N’ touches the 
given circles in this point. The inner group of ellipses 
Gr(E,’) will here be more complete, their foci will occupy 
the whole circumference of the circle of similitude, and their 
centres its diameter z,z,. The first constituent of Gir(Z,’), 
corresponding to the value 7 = 0, is identical with the point 
(U,V,); no other £,’, except it, forms a real contact with 
circle A’, just as no other locus-curve of remaining groups, 
the line L excepted, can make a real contact with circle B’. 
Similarly, the last constituent of Gr(Z,*) is reduced to the 
point z,, which corresponds, as above (11.), to the maximum 
limit of /. 


IV. Lastly, when circle B’ is situated entirely within 
the circle A’ (fig. 3), the line Z will be situated at a 
certain distance without both circles, whereas the points of 
similitude z, and z,, and hence also the circle of similitude, 
are within the circle B’. Here the Gr(H,’) still exists ; it 
commences with the line Z and the value 7= 0, and con- 
cludes with the value /= AB, corresponding to the para- 

















Defining Curves of the Second Order. 241 


bola P*; at the same time, the latter is the commencement 
of Gr(E”) which ends, as before, with #2(§ 3, 11.). On the 
other hand, with respect to the interior locus-curves, the 
Gr(E,") begins with the outer point of similitude z,, and 
in fact with a value of 7 corresponding to the minimum of 
the difference a,-8,. ‘This follows from the following 
theorem: “ Among all points X, within the circle B’, the 
outer point of similitude x, has the property of making the 
difference of the smallest chords, 2a,, 28,, and through it, a 
minimum.” ‘The line a,8,2, perpendicular to the axis X 
in point 2,, contains these two particular chords, so that 
za - 2,8°=a°B° is exactly the value of /, for which the 
first E,’ is reduced to the point of similitude z,. Similarly, 
the last constituent of Gr(H,’) is reduced to the inner point 
of similitude z,, and corresponds to that value of 2 which 
is the maximum of the sum a,+8,, and, as before, (11.) is 
represented by 2,4,°+2,8,°=a,8,°, in the line a,’z,8,° per- 
pendicular to axis X in the point z,. In the Gr(£,*), there- 
fore, the length 7 varies between the limits / =’ and 
l=a,B,. 

In the present situation, the circle A’ forms real contacts 
with the exterior locus-curves Gr(H,?) and Gr(E’) alone; 
on the contrary, the circle B’ only with the interior Gr(£,’). 
The limits where, in both cases, the real contacts begin and 
end, may be determined in the above-mentioned manner ; 
and similarly, a length 7 being given, the points of contact 
can be easily constructed by the method already explained. 
A special circumstance with respect to the exterior locus- 
curves, shall here be more particularly considered. 

Whether any of the G7(H,’) attain to real contact with 
the circle A’ or not, depends upon whether w,< AB or 
u,>AB; i.e. whether the tangent w,(§ ZZ. 1.), from the point 
U, (which, of all points in A’, is nearest the circle B*) to 
the circle B’, is less or greater than AB. If u, = AB, the 
last constituent alone of the Gr(H,'), @.e. the parabola P’, 
makes in U a real contact in four points with the circle A’. 
If, on the other hand, w>AB, then, after P’, follow a certain 
number of ellipses in the Gr(’), which form no real contact ; 
these, for distinction, we will represent by Gr(£*). For 
all points X, in such an ellipse HE’, the difference only, 
8 -a=l, (the same remark applies also, in this case, to every 
H;). The Gr(E*_) corresponds to values between ] = AB 
and 7=«u,. When /=w, the corresponding ellipse makes a 
contact in four points with circle A’ in U,, and, for its whole 
circumference, the difference B-a yet equals /; but at the 
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same time it is the commencement of the group of ellipses 
with real points of contact. From here on, as / increases, 
the E’ touch the circle A’* each in two real points p and p,, 
by which their arcs are divided each in two parts ; of these, 
the one which overspans U, corresponds to the sum a+ 8, 
and the other over U, to the difference B-a. ‘The 
value /= u (tangent from U to B’) corresponds to the last E* 
whose contact with A’ is real; in w that contact is one in 
four consecutive points, and for all points in it, the sum 
alone a+f8=/. From here on, by the increase of 7 up to 
l=, a new section of ellipses are generated in the Gr(E’), 
which we may represent by Gr(E’,); they also form no real 
contact with circle A’, but for every point in their peri- 
pheries the sum a+ 8 alone.is made equal to the constant 
length 2. Consequently, under the supposition that wu, > AB, 
the Gr(E’) contains two distinct sub-groups, Gir(E#*_) and 
Gr(E’,), both of which enclose, and give imaginary contacts 
with circle A’, but are nevertheless essentially different from 
each other, inasmuch as the points of first make only the 
difference 8-a constant, whilst those of the second make only 
the sum a+ constant. ‘These different properties will be 
explained by the following nearer relation of the two circles 
to the respective curves. Let, generally, f and f, be the foci 
of an ellipse, and & and /, the centres of curvature of the 
vertices in its major axis; the two last points are situated 
between the two first, let k be nearest f, and &, nearest f. 
Then the segments f% and f,/4, will contain the centres of 
all circles which make two imaginary contacts with the ellipse.* 
Hereby, the relations of Gr(£*.) and Gr(£’,) towards the 
given circles can be thus more strictly defined: 


“In every ellipse E*_ the centres, A and B, of the circles 
lie both in the same segment fk or fk, ; whereas in every 
ellipse E*, these centres are situated in different segments, 
the one in fk and the other in fk,.” 


From the preceding we may, lastly, deduce the following 
theorem : 


“ The locus-curves to two circles A* and B*, when the one 
ts situated within the other, can only contain the description 
E*_(for all points of which the difference only 8B -a=1) when 
u, > AB; and thereby, the length 1 varies between the limits 
l= AB and l=u,.” And conversely, “ If in a given ellipse 
two circles are described, so that their double contact with the 





* See Crelle’s Journal, vol, xxxvi1. p. 175. 
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ellipse ts imaginary, both their centres being situated in the 
same segment fk or fk, ; then, for all points X, of the ellipse, 
the difference B-a=T is constant, and u, is always greater 
than AB ; the constant l, however, greater than AB, but smaller 
than u,.” 


Section VI. 


From the foregoing considerations it is easy to infer that 
if, in a plane, any three circles A’, B’, and D’ be given, 
whose centres A, B, and D are in the same right line X, 
in general a certain conic section C* exists, which with 
reference to each two circles, shall be one of their cor- 
responding locus-curves, and which, as a consequence, will 
form a double contact with each circle. The length 7 cor- 
responding to each pair of circles can, for example, be thus 
determined. 

Let a, b, and d be the respective radii of the circles, and 
the distance of their respective centres be thus represented, 
AB=2y, AD=2y,, and BD = 2y,; and further, let the 
length 7, corresponding to the pairs of circles A* and B’, 
A’® and D*, B’ and D*, be respectively 2A, 2A,, 2A,; then, 
if B lies between A and D, we have the following relations : 


= ms (491% - 70 + 118° - ya"), 


1/72 


», = (477,72 = 10 + y,0° ma ya’), 
YY2 


r,” 7 = (477,72 = ye + 90° ml yd’). 
1 


Section VII. 


If, further, the locus of the points Y, were required, for 
which, in reference to two given circles A’ and B’, the roots 
of the unlike-named powers shall have a sum (a+, or B+a,), 
or a difference (a-8,, 8,-a, or B-a,, a,-8), equal to a given 
length 7 (§ IV.), (whereby therefore the point Y, must neces- 
sarily be always within one circle and without the other), 
it would be found that, in general, this locus is a curve 
of the fourth degree = C*, which touches each of the two 
circles in four points (real or imaginary); these are easily 
constructed by means of the concentric auxiliary circles 
(B? and A), as above explained (§ JZJ. u1., and § V. 11.). 

When, however, as a special case, /=0,—7.e. if merely the 
locus of a point Y, is required, which, in reference to the 
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two circles, has unlike-named, but equal powers, a= 8, or 
8 =a,,—then the curve C* reduces itself to a doubled circle, 
inasmuch as the two parts, of which it in general consists, 
now coincide and form a single circle C*. This circle C’ 
is also thus defined: its centre is the point WM, the middle 
of AB; and it has, in common with the given circles, the 
line Z as its line of equal powers. If, therefore, the given 
circles A* and B* cut each other, as in fig. 2, C? passes 
through the points of intersection 7 and s; if B’ is com- 
pletely within A*,-as in fig. 3, then C? is situated in the 
space between B’ and A*; and lastly, if A’ and B’ be 
without each other, as in fig. 4, but so that MW falls within 
A’, then the circle C* can yet be real, and will be entirely 
within A*. From these properties the following theorem 


may be deduced : 


“ The locus of the point having equal but unlike-named 
powers with respect to two given circles A* and B”, is a certain 
third circle C*, whose centre M is the middle of the line AB, 
joining the centres of the given circles ; and, in common with 
these circles, C.” has the line L as its line of equal (and like- 
named) powers.” 


The same theorem may be somewhat differently expressed 
thus: 


“ The locus of centre Y, of the circle Y.°, which is inter- 
sected by one of the given circles A* or B* (no matter which), 
perpendicularly, and by the other in a diameter, is a certain 
fourth circle C,, whose centre M is in the middle of AB, and 
which has a secant L (real or ideal) in common with the given 
circles.” 


Further, if the given circles A* and B’ are concentric, the 
curve C*, for every given length /, reduces itself to two 
circles C* and C,*, also concentric with the given circles ; their 
radii ¢ and ¢, always fulfil the equation 


+c =a’ +b, 
i.e. the sum of the squares of these radti ts constant, and equal 
to the sum of the squares of the radit of the given circles A’® 
and B’, with which latter, indeed, the circles C’ and C? 
coincide, when J=u=u,(§J/J.1.). When /=0, the circles C? 
and C,* coincide with each other and form the above-men- 
tioned C*, for whose radius c, we have the equation 


207 =a’ + 8. 
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Section VIII. 


The above considerations revealed the existence of an 
infinite throng of curves of the second order, 7h(C%), 
which possess the property of forming two contacts with 
the given circles A’ and B’; nevertheless, all the conic 
sections possessing this same property are not contained 
therein; on the contrary, there are in general two more 
throngs possessing a like property. With respect to these 
latter, the following particulars are worthy of notice. 

The given circles (indeed every two conics in the same 
plane) have, in common with each other, a triplet of con- 
jugate poles z, y, and z, as well as a triplet of conjugate 
polars X, Y, and Z; the former are the angles, the latter 
their respective opposite sides, of one and the same triangle. 
One of these poles z is in infinity, and in fact, in the direction 
of line LZ, of which it is to be considered as the infinitely 
distant point; this pole is always real, whereas both the 
others, y and z, are simultaneously imaginary or real, ac- 
cording as the circles do or do not intersect each other; for 
they are at the same time the intersection points of the 
axis (or polar) X with every circle which intersects both the 
given circles, A’ and JB’, perpendicularly; or, provided 
the circles are without each other, as in fig. 1, the poles 
y and z are also the respective intersection points of the 
diagonal z,z, = X with the two remaining diagonals z,z, = Z 
and y,y,= Y,of the quadrilateral RA,SS,, formed by the 
four common tangents. ‘The three throngs of conic sec- 
tions already mentioned have the following essential relations 
towards these three poles. 

The first locus-curves Zh(C*) have reference to the pole z, 
and shall therefore be represented by Zh (C,’), for the chords 
of contact pp, and gg, of every curve C,’ are parallel to the 
line Z, and hence, with it, directed towards the pole z 
(§ ZZI. 1v.). A second throng of conic sections Th(C,*) touch 
each of the given circles twice, and have reference, in a 
similar manner, to the pole y, inasmuch as the chords of 
contact, pp, and gg,, of every curve C\* pass through this 
pole. Similarly, a third throng of conic sections Th (C.’) also 
touch each of the given circles twice ; their chords of contact, 
however, always pass through the pole z. The following are 
some of the interesting properties possessed by these two 
last throngs of conic sections. 


(1) “* The chords of contact, pp, and qq,, of every curve C*, 


as well as of every curve C,*, are always perpendicular to each 
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other ; and conversely, If through the pole y or 2, any two 
secants pp, and qq, be drawn perpendicular to each other, they 
will intersect the two circles A* and B* respectively, in certain 
points p wey q and q,, which will be the points of contact of 
some curve C* or CY.” 

(2) “ Of the two axes of each curve C,* or C3, the one passes 
through centre A, the other through B. Consequently, the circle 
M*, on AB as diameter (§ III, 1.), is the locus of the centres of 
the Th(C,*), as well as the Th(C,); so that every point of this 
circle is at the same time the centre of a curve C.*, as well as 
of a curve C2; and hence, the axes of both these curves coin- 
cide,” 


(3) “ The individual curves of the Th(C.*), as also of the 


Th (C2), are, among themselves, similar ; ‘and, in fact, the 
squares of the axes of each C, have to each other the same ratio 
as the distances of the pole y from the centres A and B; and 
similarly, the squares of the axes of each C” are to each other 
as the segments 2A and zB, viz. thus, if a, B be the semi-axes 


of a C,, of which a passes through A, and B through B ; then 
a: =yB: yA; 


and, similarly, tf a,, 8, be the semi-axes of a C?, passing re- 
spectively through A, B; then 


a,’ : 8B” = Be: Az. 


But as y and 2 are conjugate poles with respect to circles A* 
and B", so that 
Ay.Az =a’, and Bz.By = Bb’, 

it follows from the above proportions, that 

aa,: BB, =b:4; 
i.e. with respect to every two curves CO” and C, whose axes 
coincide in direction, the rectangle under the axes passing 
through A, is to the rectangle under the axes passing through 


B, as the radius b of the circle B’ is to the radius a of the 
circle A*.” 


(4) “ The locus of the foci of each of the two throngs, e.g. of 
Th(C,"), consists, in general, of two circles A, and B? respec- 
tively concentric with A* and B", and intersecting each other 
either perpendicularly or in a diameter, If the principal axis 
of a curve C,* passes through A or B, ats foci f and f, are 
respectively in the circle B* or A.*. The rectangle under the 


distances of each pair of foci, f and Ft, from the point A, as 
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well as from the point B, ts constant, and equal to the square 
of the radius a, or b, of the corresponding circle A,* or B? ; 


ence 
Af. Af, =a,", and BfBf, = b,?. 


Similarly, the foct of the Th(C?) are situated in two circles A? 
and B.*, which possess analogous properties.” 


(5) “Tf between the two pairs of points p and p,, q and q,, 
in which each curve C.” touches the given circles A* and B’, the 
four alternate chords pq, pq.) p,q, nd p,q, be drawn, all such 
chords will be tangential to a certain conic section Y*, which 
has the pole y as focus, and, in common with circles A* and B* 
the four (real or imaginary) tangents R and R,, 8 and 8,; 
its foct y and (the yet unknown one) y, are conjugate harmonical 
points to A and B. Lach alternate chord determines in the 
circles A® and B* two chords s and s,; the ratio of these chords 
is for all alternate chords the same, i.e. 8:8, =k constant. 
Similarly, the alternate chords of the Th(C.’) are all tangential 
to a certain conic section Z*, of which pole z is a focus, and 
which also has, in common with circles A’ and B", the same 
four tangents; its foci 2 and 2, are conjugate harmonical 
points to A and B, Here again the alternate chords deter- 
mine, in the given circles, certain chords s and s,, whose ratio 
as constant, though different from the preceding, e.g. 8:s,=k, 
constant.” 


(6) “If P and P,, Q and Q, be the tangents common to 
circles A* and B*, and curve CU; (§ IIL, tv.) the intersection 
points PP. =r and QQ,=1, are always situated in the polar Y, 
and, in their totality, the pairs r and r, form a System of Points 
(Involution). On the other hand, the locus of the four alternate 


intersections PQ and P,Q,, PQ, and P,Q, or s and s,, t and t, 
(§ IIL. 1v.), is a certain circle N,*, which passes through the same 


pair of opposite corners, y, and y,, as Y ; the line L is common 
secant to it, and to the circles A* and B’, so that its centre is 
also in the axis X. In this respect the Th(C,’) also has 
exactly analogous properties.” 


To shew the influence of the several relative situations of 
the given circles on the above properties, we will examine 
more closely their most essential positions; that is, when 
they are entirely external to each other, and when B" is 
completely within A*, The 7h(C*) and Th(C,*) for the 
intermediate position, where the circles intersect each other, 
are imaginary. 
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I. “Jf the circles are without each other, as in fig. 1, both 
Th(C.*) and Th(C”) consist of hyperbolas Th(H,*) and Th(H?); 
the constituents of each throng are, among themselves, similar. 
The circles A* and B., described around the points A and B 
as centres, and which contain the foci of Th(C,”), intersect each 
other perpendicularly in the opposite corners, y, and y,, of the 
quadrilaterals R, R,, 8, 8S, ; and similarly, on the other hand, 
the circles A,’ and B» intersect each other perpendicularly in the 
corners z, and z,. If the centre of an H* is in the are y,2z,Az,y 
of the circle M,, the curve itself surrounds the circle B*, and 
hence its principal axis passes through B and intersects the 
circle A,* in the foci f and f,. On the contrary, tf the centre of 
an H? ws in the arc y,By,, tt surrounds the circle A*, its prin- 
cipal axis passes through A, and its foci are in the circle B”. 
The transition from the one section to the other takes place 
through the pair of tangents (RS,) and (R,S), which are special 
IT*, and have respectively y, and y, as centres. The hyperbolas 
H? have exactly similar properties. The asymptotes of every H,? 
pass through the fixed corner points z, and z,; and similarly, 
the asymptotes of every H pass through y, and y,.” 


Il. “Jf circle B’ is entirely within A’, as in fig. 3, both 
throngs Th(C,*) and Th(C}) consist of ellipses Th(E,*) and 
Th( lk). Every E,* encloses the circle B*, and is enclosed by 
the circle A*; hence its principal axis passes always through the 
point B, and tts foci f and f, are always in a certain circle A,*, 
around A as centre; (here the circle B® around B will be 
intersected by circle A* in a diameter, but these same inter- 
section points are the only real foct it contains). Similarly, 
every E* encloses circle b* and is enclosed by A*, so that its 
principal axis passes only through B, and its foct are all con- 
tained in a certain circle A,’ around A as centre.” 


Section IX. 


Note.—In the foregoing, three examples incidentally pre- 
sented themselves, where the locus of a right line (there 
called alternate chord, § Z/I.1v. and § VIII. v.), determining 
in the given circles A* and B* certain chords s and s,, of 
constant ratio to each other, was found to be a conic section 
This property is a general one, and furnishes the following 
theorem : 


“ The locus of a line G which intersects two given circles A* 
and B*, so that the chords s and s, thereby formed have to each 
other a constant ratio k, i.e. s:s,=k, is always a certain conic 
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section G’.* All conic sections thus generated, provided the 
value k assumes successively all magnitudes, form a pencil of 
curves Pn(G") with four (real or imaginary) common tangents 
(R, R,, 8, 8,), and, in fact, the given circles A* and B’ them- 
selves belong to this pencil, for they correspond respectively to 
the values k=0 and k=a. As above (§ LIT. tv.), the parabola 
P3(=G@), of which the point M is focus, and the line L tangent 
in vertex, corresponds to the value k=1 or s=s,. The two 
points of similitude x, and x, together form a special G* cor- 
responding to the value k =a: b, &e....”... And conversely, 
“ The tangents of every conic section G”, which has four real or 
imaginary tangents in common with two circles A* and B’, 
determine, in these circles, certain chords s and s,, whose ratio 
to each other is constant, i.e. for all tangents this ratio has 
a certain value k, &e....” 


Instead of a full discussion of this theorem, the following 
few remarks must here suffice. 

The centres of the locus-curves Pn(G") are all in the axis 
X, with which, too, one axis of the curve always coincides. 
Whether this same axis coinciding with X be the first or 
the second, depends upon whether its centre is situated 
without or within the segment 4B. Hence the curves may 
be divided into two groups Gr(G,*) and Gr(G,’). The foci 
of these two groups fulfil the following conditions : 

“ The foct of the Gr(G,") are in the axis X, and each pair 
are conjugate harmonical points to A and B. On the other 
hand, the foct of the Gr(G,") are in the circle M,*, whose 
diameter is the segment AB = 2c (§ III. 1.), so that each pair 
of foci forms, at the same time, the extremities of a chord of 
the circle M,, perpendicular to this diameter AB.” 

From this it follows, as above, (§ ZZ. 111. and § VIII. 1v.), 
that both groups fulfil the common condition ; viz. 

“ The rectangle under the distances, f and f,, of each curve G" 
from the point M, the focus of the parabola P,’, is constant and 
equal to c’.” 





* As early as 1827 I forwarded this, together with several other theorems, 
to the Editor of the Annales des Mathématiques, at Montpellier ; afterwards, 
probably by mistake, he allowed them to be published in another name. 
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NOTE ON THE MECHANICAL ACTION OF HEAT, AND THE 
SPECIFIC HEATS OF AIR. 


By Wrt11am Tuomson.* 


I. Synthetical Investigation of the Duty of a Perfect Thermo-Dynamic 
_ Engine founded on the Expansions and Condensations of a Fluid, 
‘for which the gaseous laws hold and the ratio (k) of the specific 

‘heat under constant pressure to the specific heat in constant volume 
ts constant; and modification of the result by the assumption of 
MAYER’s hypothesis.t 


Lert the source from which the heat is supplied be at the 
temperature S, and let 7’ denote the temperature of the 
coldest body that can be obtained as a refrigerator. A cycle 
of the following four operations, being reversible in every 
respect, gives, according to Carnot’s principle, first demon- 
strated for the Dynamical Theory by Clausius, the greatest 
possible statical mechanical effect that can be obtained in 
these circumstances from a quantity of heat supplied from 
the source. 

(1) Let a quantity of air contained in a cylinder and 
piston, at the temperature S, be allowed to expand to any 
extent, and let heat be supplied to it to keep its temperature 
constantly S. 

(2) Let the air expand farther, without being allowed to 
take heat from or to part with heat to surrounding matter, 
until its temperature sinks to 7. 

(3) Let the air be allowed to part with heat so as to keep 
its temperature constantly 7’, while it is compressed to such 
an extent that at the end of the fourth operation the tem- 
perature may be S. . 

(4) Let the air be farther compressed, and prevented 
from either gaining or parting with heat, till the piston 
reaches its primitive position. 

The amount of mechanical effect gained on the whole of 
this cycle of operations will be the excess of the mechanical 
effect obtained by the first and second above the work spent 
in the third and fourth. Now if P and V denote the primi- 


tive pressure and volume of the air, and if P, and V,, P, 





* Extracted from the Philosophical Transactions (Part 1, 1852), being a 
Note added to a paper by Mr. Joule on the Air Engine. 

+ That is, that the heat evolved when air is compressed and kept at 
constant temperature, is the thermal equivalent of the work spent in the 
compression—(Addition, April 1853.) Experiments recently made by 
Mr. Joule and myself have shown that this hypothesis is so nearly true for 
atmospheric air, that it may be used in all calculations in which the devia- 
tions from “the gaseous laws’’ of compression and expansion are not taken 
into account. See Philosophical Magazine, Oct. 1852. 
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and V,, P, and V,, P, and V,, denote the pressure and 
volume respectively, at the ends of the four successive 
operations, we have by the gaseous laws, and by Poisson’s 
formula and a conclusion from it quoted above,* the fol- 
lowing expressions :— 

V 


Mechanical effect obtained by the first operation = P V log Tv 


Mechanical effect obtained by the second operation 


1 As 
PPE UZ) ~ 4} 


Work spent in the third operation 


= P,V, log ae 
3 





Work spent in the fourth operation 


“re (A) 


Now, according to the gaseous laws, we have 


1+ ET 
P\V,= PV, P,V,= P,V, 1s ES’? 
and P,V,= P,V,; and, (since V,=V,) P, = P. 


* From a Letter of the Author’s to Mr. Joule. 

**To find the work necessary to compress a given mass of air to a 
given fraction of its volume, when no heat is permitted to leave the air; 
let P, V, T be the primitive pressure, volume, and temperature, respec- 
tively ; let p, v, and ¢ be the pressure, volume, and temperature at any 
instant during the compression ; and let P’, V’, and 7” be what they become 
when the compression is concluded, Then if & denote the ratio of the 
specific heat of air at constant pressure to the specific heat of air kept in a 
space of constant volume, and if, as appears to be nearly, if not rigorously 
true, & be constant for varying temperatures and pressures, we shall have 
by the investigation in Miller’s ‘ Hydrostatics’ (Edit, 1835, p, 22)— 

1+ Et (= y 





14+2ET \v 
po _i+kt 
But PV" 1+ ET" 
k-1 
therefore p= py (~) : 


Now the work done in compressing the mass from volume »v to volume 
v—dv will be pdv, or by what precedes, 
py. & 
. ou . 
Hence by the integral calculus we readily find, for the work, W, necessary 
to compress from V to V’, 


W = PV. ci (7) : 3° 
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Also, by Poisson’s formula, 


th ee Vv, —_ 1 4. ES 
rs ) “\V] 1487 
By means of these we perceive that the work spent in 
the fourth operation is equal to the mechanical effect gained 
in the second ; and we find, for the whole gain of mechanical 
effect (denoted by J), the expressions 
V, V, E(S-T) 
M=(PV- P,V,) log 4 = PV log 3 . —.~>. 
tilt i: i AES 
All the preceding formule are founded on the assumption 
of the gaseous laws and the eonstancy of the ratio (x) of the 
specific heat under constant pressure to the specific heat in 
constant volume, for the air contained in the cylinder and 
piston, and involve no other hypothesis.* If now we add 
the assumption of Mayer’s hypothesis, which for the actual 


circumstances is PV log r = JH, H denoting the heat ab- 


stracted by the air from the surrounding matter in the first 
operation, and J the mechanical equivalent of a thermal unit, 


we have 
t E(S-T) 
M=JH. 1s ES ° 


The investigation of this formula given in my paper on 
the Dynamical Theory of Heat, shews that it would be true 
for every perfect thermo-dynamic engine, if Mayer’s hypo- 
thesis were true for a fluid subject to the gaseous laws of 
pressure and density, whether, for such a fluid (did it exist), 
k were constant or not. 

It was first obtained by using, in the formula 


1S 
M=JHe U0", 





* From the sole hypothesis that & is constant for one fluid fulfilling 
the gaseous laws and having E for its coefficient of expansion, I find it 
follows, as a necessary consequence, that Carnot’s function would have the 


form ; where C denotes an unknown absolute constant, and ¢ 


14+£t+C 
the temperature measured by a thermometer founded on the equable ex- 
pansions of that gas. From this it follows, that for such a gas subjected to 
the four operations described in the text, we must have 


V 14+£8 


f E(S—T 
PV log + =JH —— ( ) 


tly, M=JH ———_—_— 
, and consequently, 14+ESiC 





Vv 1+ES+C 
which is Mr. Rankine’s general formula. 











— Se 
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which involves no hypothesis, the expression 


MB : oe 

Ei 

for Carnot’s function, which Mr. Joule had suggested to me, 
in a letter dated December 9, 1848, as the expression of 
Mayer’s hypothesis, in terms of the notation of my “ Account 
of Carnot’s Theory.”* Mr. Rankinet has arrived at a 
formula agreeing with it (with the exception of a constant 
term in the denominator, which, as its value is unknown, 
but probably small, he neglects in the actual use of the 
formula), as a consequence of the fundamental principles 
assumed in his Theory of Molecular Vortices, when applied 
to any fluid whatever, subjected to a cycle of four opera- 
tions satisfying Carnot’s criterion of reversibility (being in 
fact precisely analogous to those described above, and ori- 
ginally invented by Carnot); and he thus establishes Carnot’s 
law as a consequence of the equations of the mutual con- 
version of heat and expansive power, which had been given 
in the first section of his paper on the Mechanical Action of 
Heat.t 


II. Note on the Specific Heats of Air. 


Let WN be the specific heat of unity of weight of any fluid 
at the temperature ¢, kept within constant volume, v; and 
let AN be the specific heat of the same fluid mass, under 
constant pressure, py. Without any other assumption than 
than that of Carnot’s principle, the following equation is 
demonstrated in my paper|| on the “ Dynamical Theory of 
Heat,” § 48, 





where » denotes the value of Carnot’s function, for the 
temperature ¢, and the differentiations indicated are with 
reference to v and ¢ considered as independent variables, of 





* Royal Society of Edinburgh, Jan. 2, 1849, Transactions, vol. xvi. pt. 5. 
t On the Economy of Heat in Expansive Engines. Royal Society of 
Edinburgh, April 21, 1851, Transactions, vol. xx. part 2. 
t Royal Society of Edinburgh, Feb, 4, 1850, Zransactions, vol. xx. pt. 1. 
|| Royal Society of Edinburgh, Mar, 17, 1851, Transactions, vol. xx. pt. 2. 





254 Note on the Mechanical Action of Heat, 


which p is a function. If the fluid be subject to Boyle’s and 
Mariotte’s law of compression, we have 


© ...2; 
dv v’ 
and if it be subject also to Gay-Lussac’s law of expansion, 
dp_ p 
dt 1+ Et 
Hence, for such a fluid, ” 
’ os A 
kN- N= ai + Ee 


In the case of dry air these laws are fulfilled to a very 
high degree of approximation, and, for it, according to 
Regnault’s observations, 

pe 
1+ Et 


(a British foot being the unit of length, and the weight of 
a British pound at Paris, the unit of force). 
We have consequently, for dry air, 


2 
kN- Na eee (1). 





= 26215, E=-00366, 


Now it is demonstrated, without any other assumption 
than that of Carnot’s principle, in my “ Account of Carnot’s 
Theory” (Appendix IIT.), that 


_ Aa 
w(l+Bt) W’ 
if W denote the quantity of work that must be spent in 


compressing a fluid subject to the gaseous laws, to produce 
H units of heat when its temperature is kept at ¢. Hence 


kN - N= 26215E x oe 95-047 x HA ......2), 


If we adopt the values of yw shown in Table I. of the 
* Account of Carnot’s Theory,” depending on no uncertain 
data except the densities of saturated steam at different 
temperatures, which, for want of accurate experimental data, 
were derived from the value 1693°5 for the density of 





* This equation expresses a proposition first demonstrated by Carnot. 
See ‘Account of Carnot’s Theory,”’ Appendix III. (Transactions, Royal 
Society of Edinburgh, vol. xvi, part 5.) 
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saturated vapour at 100°, by the assumption of the “ gaseous 
laws” of variation with temperature and pressure; we find 


E 
1357 and 1369 for the values of —-— at the temperature 





pw (1 + Et) 
0 and 10° respectively ; and hence, for these temperatures, 
(t<0) AN- N= 224" « o7071 
1357 
lie... nn (a). 
(t= 10°) KN - N= ——_ = ‘07008 
1369 


Or, if we adopt Mayer’s hypothesis, according to which + 


is equal to the mechanical equivalent of the thermal unit,* 
WwW 
we have i 1390; and hence, for all temperatures, 


95.947 _ 


kN- N= “othe os oe (a’). 





The very accurate observations which have been made 
on the velocity of sound in air, taken in connection with 
the results of Regnault’s observations on its density, &c., 
lead to the value 1°410 for 4, which is probably true in three 
if not in four of its figures. Now, & being known, the pre- 
ceding equations enable us to determine the absolute values 
of the two specific heats (AN, and NV) according to the 
hypotheses used in (a) and (a’) respectively ; and we thus 
find, 


Specific heat of air under Specific heat of air in 
constant pressure (AV). constant volume (JV). 
Gee Be Ojrocsseversessccese *B4S 1 ..cccccccccccccecs 1724, 
Bae be BB je esccssearcccvenes i cscccctanceenes 1709, 
according to the tabulated values of Carnot’s function. 
Or, for all temperatures, *2374...........eeeeees 1684, 


according to Mayer’s hypothesis. 


By the adoption of hypotheses involving that of Mayer, and 
taking 1389°6 and 1°4 as the values of Jand &, respectively,’ 
Mr. Rankine finds *2404 and ‘1717 as the values of the two 
specific heats. 





* The number 1390, derived from Mr. Joule’s experiments on the fric- 
tion of fluids, cannot differ by y}5, and probably does not differ by s}5, of 
its own value, from the true value of the mechanical equivalent of the 
thermal unit. 
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Hence it is probable that the values of the specific heat 
of air under constant pressure, found by Suermann (‘3046), 
and by De la Roche and Berard (-2669), are both consider- 
ably too great; and the true value, to two significant figures, 
is probably 24. 

Glasgow College, Feb. 19, 1852. 

POSTSCRIPT, 

In a paper communicated to the Royal Society, along with the above, 
(March 1852), Mr. Joule described a new experimental determination of 
the specific heat of air under constant atmospheric pressure, which gave ‘23 
as a mean result, but he used ‘2389 as probably nearer the truth, correcting 
certain tables, calculated from De la Roche and Berard’s result, which he 
had given in his paper on the Air Engine. M. Regnault has just published 
(Comtes Rendus, Ap. 18, 1853) the results of experimental researches on 
the specific heat of air, by which he finds that for all temperatures from 
—30° to + 225° centigrade, and for all pressures from one up to ten atmos- 
pheres, the specific heat of air is from +237 to ‘2379, and thus both pushes 
to a minuter degree of accuracy the direct confirmation which the theoreti- 
cal results published by Mr. Rankine and myself first obtained from 
Mr. Joule’s experiments, and justifies Mr. Joule in the number he actually 
used in his calculations, 

Glasgow College, April 1853. 





ON THE CALCULUS OF FORMS, OTHERWISE THE THEORY OF 
INVARIANTS. 


By J. J. Sytvester. 
[Continued from Vol. vu1., p. 214.] 


Section VII. 
On Combinants. 


Reasons of convenience have induced me to depart from 
the plan to which I originally intended to adhere in the 
development of this theory, and I shall hereafter, from time 
to time, continue to add sections on such parts of the subject 
as may chance to be most present to my mind or most urgent 
upon my attention, without waiting for the exact place which 
they ought to occupy in a more formal treatise, and without 
having regard to the separation of the subject into the two 
several divisions stated at the outset of the first section. The 
present section will be devoted to a brief and partial ex- 
position of the theory of Combinants,* with a view to the 
application of this theory to the solution of the problem of 
throwing the resultant of three general homogeneous quad- 
ratic functions under its most simple form, being analogous 





* Discovered by the Author of this paper in the winter of 1852. 
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to that given by Aronhold in the particular case where the 
three functions are derived from the same cubic, and be- 
coming identical therewith when the coefficients are accom- 
modated to this particular supposition.* I shall confine 
myself for the present to combinants relating to systems of 
functions, all of the same degree. 

If ,, $,»+++$,,; be homogeneous functions of any number 
of variables, any invariant or other concomitant of the system 
which remains unchanged, not only for linear substitutions 
impressed upon the variables contained within the functions, 
but also for linear combinations impressed upon the functions 
themselves, is what I term a Combinant. A Combinant is 
thus an invariant or other concomitant of a system in its 
corporate capacity (qué system), being in fact common to the 
whole family of forms designated by X,.¢, + A,.b, +... + A,-,, 
where X,, A,,... A,, are arbitrary constants. If the coefficients 
of ¢,, >,,--- ,, be supposed to be written out in (r) lines 
(the coefficients of corresponding terms occupying the same 
place in each line), so as to form a rectangular matrix, any 
combinative invariant will be a function of the determinants 
corresponding to the several squares of r* terms each that 
can be formed out of such matrix, or, as they may be termed, 
the full determinants belonging to such rectangular matrix. 
If we call any such combinant K, then, over and above the 
ordinary partial differential equations which belong to it in 
its character of an invariant, it will be necessary and sufficient, 
in order to establish its combinantive character, that K shall 
be subject to satisfy (7-1) pairs of equations of the form 

( ad d d 


a7 +6 Gite gn) Kao, 


d d d 
(a Jy +b + oy) K=O, 


where a, b,c...; a’, b',c’..., are respectively lines in the 
matrix above referred to. 

So any combinantive concomitant will be a function of the 
full determinants of the matrix formed by the coefficients of 
the given system of forms and of the variables, and will be 





* A similar method will subsequently be applied to the representation of 
the resultant of two cubic equations as a function of Combinants bearing 
relations to the quadratic and cubic invariants of a quartic function of z and y, 
precisely analogous to those which the Combinants that enter into the 
solution above alluded to bear to the Aronholdian invariants of a cubic 
function. 


NEW SERIES, VOL, VIII.—Nov. 1853. S 
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subject to satisfy the additional differential equations just 
above written. 

It will readily be understood furthermore, that an in- 
variant or other concomitant may be combinantive in respect 
to a certain number of forms of a system, and not in respect 
of other forms therein; or more generally, may be combinan- 
tive in respect of each, separately considered, of a series of 
groups into which a given system may be considered to be 
subdivided, without being so in respect of the several groups 
taken collectively. 

In the fourth section of my memoir on a Theory of the 
Conjugate Properties of two rational integral Algebraical 
Functions, recently presented to the Royal Society of London, 
the case actually arises of an invariant of a system of three 
functions, which is combinantive in respect only to two of 
them. 

For greater simplicity, let the attention for the present 
be kept fixed upon combinants which are such in respect 
of a single group of functions, all of the same degree in 
the variables. (It will of course have been perceived that 
when the system is made up of several groups, there would 
be nothing gained by limiting the groups to be all of the 
same degree inter se; it is sufficient that all of the same 
group be of the same degree per se.) 

All such combinants will admit of an obvious and imme- 
diate classification. Let us suppose that a combinant is 
proposed which is in its lowest terms, that is to say, incapable 
of being expressed as a rational integral algebraical function 
of combinants of an inferior order. Such a combinant may, 
notwithstanding this, admit of being decomposed into non- 
combinantive invariants of inferior dimensions to its own, 
and in such event will be termed a complex combinant; 
or it may be indecomposable after this method, in which 
event it will be termed a simple combinant. It will pre- 
sently be shewn, that the resultant of a system of three 
quadratic functions is made up of a complex combinant of 
twelve dimensions, and of the square of a simple combinant 
of six dimensions, expressible as a biquadratic function of 
ten non-combinantive invariants, each of three dimensions 
in the coefficients. ‘There is an obvious mode of generating 
complex combinants ; according to which they admit of being 
viewed as invariants of invariants. Supposing 9¢,, ¢,) +++ $s 
to be the functions of the given system, ),.p, + Ay, +--+ A,9,5 
may conveniently be termed the conjunctive of the system : 
if now one or more invariants or other concomitants be taken 
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of this conjunctive, there results a derivative function or 
system of functions of the quantities X,, A,,...,, in which 
every term affecting any power or combination of powers 
of the (A) series is necessarily an invariant or concomitant 
of the given system. If now an invariant or other con- 
comitant be taken of the new system in respect to A,, A,,..-A,5 
(the original variables (supposing them to enter) being 
treated as constants), this secondarily derived invariant will 
be itself an Invariant, or at all events a Concomitant in 
respect of the original system, and being unaffected by 
linear substitutions impressed upon the A, system, is by 
definition a combinant of such system. A similar method 
will obviously apply if the original system be made up of 
various groups; each group will give rise to a conjunctive, 
and one or more concomitants being taken of this system 
of conjunctives and treated as in the case first supposed, 
(the only difference being, that there will on the present 
supposition be several wnrelated systems instead of a single 
system of new variables, 7.e. several X systems instead of 
one only,) the result, when all the » systems have been 
invariantized out (t.e. made to disappear by any process for 
forming invariants), will be a combinant in respect to each 
of the groups, severally considered, of the given system of 
functions. 

Here let it be permitted to me to make a momentary 
digression, in order to be enabled to avoid for the future 
the inconvenience of using the phrase “invariant or other 
concomitant,” and so to be enabled at one and the same 
time to simplify the language and to give a more complete 
unity to the matter of the theory, by shewing how every 
concomitant may in fact be viewed as a simple invariant, 
so that the calculus of forms may hereafter admit of being 
cited, as I propose to cite it, under the name of the ‘lheory 
of Invariants. 

Thus, to begin with the case of simple contragredience and 
congredience, if &, , ¢... are contragredient to 2, y, z..., any 
form containing &, 7, ¢..., which is concomitantive to a given 
form or system of forms S, which contains 2, y, z..., may 
be regarded as concomitantive to the system S’, made up 
of S and the superadded absolute form &r + ny + fz +..., 
say 3; where &, 7, €... are treated no longer as variables, 
but as constants. In like manner every system of variables 
contragredient to 2, y, z..., or to any other system of 
variables in S, will give rise to a superadded form analogous 
to 9, the totality of which may be termed S,; and thus the 


s2 
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various systems &, 7, €... will no longer exist as variables 
in the derived form, but purely as constants. Again, if 
S contain any system of variables ¢, ¥, 9, &c., contragre- 
dient to z, y, z, &c., the system of variables u, v, w, &c., 
congredient with z, y, z, &c., may be considered as constants 
belonging to the superadded form gu + Yo+ Iw...; but if 
S do not contain any system contragredient to 2, y, z, &c., 
then u,v, w, &c. may be treated as constants belonging to 
the superadded system of forms zv - yu, yw - 2v, zu- rw, &c.; 
and so in general any concomitant containing any sets of 
variables in simple relation, whether of cogredience or con- 
tragredience, with any of the sets in the given system S, 
may in all cases be treated (record such sets) as an invariant 
of the system S’, made up of S and a certain superadded 
system §,, all the forms contained in which are absolute, 
by which I mean, that they contain no literal coefficient. The 
same conclusion may be extended to the case of concomitants 
containing sets of variables in compound relation with the 
sets in _ given system of forms S. Thus, suppose 
Uy) Upy ++ U,, to bei in compound relation of cogredience with 
ge, nig? a". y*, eY" 5 Uy Uy U,, may be regarded 
as constants belonging to the superadded form 


, n-2 
"tr4(n-1).-— u 


uy" -(m-1)u,.y ye F&e.+ 4.2", 
say 2. And thus universally we are now enabled to affirm, 
that a concomitant of whatever nature to a given system of 
forms, may be reduced to the form of an invariant of a 
system made up of the given system and a certain other 
superadded system of absolute forms: without, therefore, 
abandoning the use of the terms concomitant, cogredience, 
contragredience, &c., which for many purposes are highly 
convenient and save much circumlocution, we may regard 
every concomitant as a disguised invariant, and under the 
name of the Theory of Invariants comprise the totality of 
the theory of Concomitance. I have already had occasion 
to make use of the superadded form @ in discussing the 
theory of the Bezoutiant (a quadratic form concomitant to 
two functions of the same degree in z, y, which plays a 
most important part in the theory of the relations of their 
real roots), in the memoir for the Royal Society previously 
adverted to. 

I now return to the question of applying the theory of 
combinants to the decomposition of the resultant of three 
general quadratic functions of z,y,z. It will of course be 





——— 


> 
3 
> 
: 
1 
1 


Ir 








On the Calculus of Forms. 261 


apparent that every resultant of any system of m functions 
of the same degree of a single set of (m) variables is a com- 
binantive invariant of the system. This is an immediate and 
simple corollary to the theorem given by me in this Journal, 
in May, 1851. Accordingly, in proceeding to analyse the 
composition of the resultant of three quadratic functions, I 
may, besides impressing linear combinations upon the vari- 
ables, impress linear combinations upon the functions them- 
selves, in any way most conducive to simplicity and facility 
of expression and calculation; and whatever relations shall 
be proved to exist between the resultant and other combinants 
for such specific representation, must be universal, and hold 
good for the functions in their most general form. 


(1) The system, by means of linear substitutions impressed 
upon the variables which enter into the functions, may be 
made to assume the form 


etry + 2, 
az’ + by’ + cz’, 
Ix’ + my’ + nz* + 2pyz + Agee + Bray. 


(2) By means of linear combinations of the functions 
themselves the system may evidently be made to take the 
form (c-a) x + (ce-b)y’, 

(a-b) y' + (a-c) 2", 
ky’ + Qpyz + 2gzea + 2rey; 


and finally, by taking suitable multipliers of z, y, z in lieu of 
2, y, 2, it may be made to become 


p (x = y’), 
a(y’- 2"), 
y + 2fyz + 2gza + hay. 


We have thus reduced the number of constants in the 
system from eighteen to five; and as it will readily be seen 
that in any combinant of the system in its reduced form 
p and o can only enter as factors of the simple quantity, 
(pc)‘, for all purposes of comparison of the combinants of 
the system of like dimensions with one another, p and o 
might admit of being treated as being each unity, and 
accordingly, practically speaking, we have only to deal with 
three in place of eighteen constants, a marvellous simpli- 
fication, and which makes it obvious, d priori, or at least 
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affords a presumption almost amounting to and capable of being 
reduced to certainty, that the number of fundamental com- 
binants of the system, of which all the rest must be explicit 
rational functions, will be exactly four in number; which, 
for the canonical form hereinbefore written, on making 
p and o each unity, will correspond to 
1 frig +h’, fig + Gh’ + h'f?, foh, 

and will be of the 3rd, 6th, 12th, and 9th degrees respectively. 
The reason why the squares of f, g, h, instead of the ie 
terms f,g,, appear in the 2nd and 8rd of these forms is, 
because, on changing z into -z, y into -y, or z into -z, 
two of the quantities f, g, A will change their sign, but the 
forms representing the invariants of even degrees ought to 
remain absolutely unaltered for such transformations. I shall 
in the course of the present section set forth the methods 
for obtaining these four combinants, which, although of the 
regularly ascending dimensions 8, 6, 9, 12, belong obviously 
to two different groups, the one of three dimensions forming 
a class in itself, and the natural order of the three others 
being that denoted by the sequence 6, 12, and 9, and not 
that which would be denoted by the sequence 6, 9, 12, the 
combinant of the ninth degree being properly to be regarded 
as in some sort an accidentally rational square root of a com- 
binant of 18 dimensions. 


Let now p(2*-y') = U, 
o(y'-2') = W, 
y’ + 2fyz + 2gex + 2hay =V. 
The resultant will be found by making 
t=1tY; 
c= 29, 


when veut W = (1+ 2f'+ 29+ 2h)y’, 


z=+y 


ee , W =(1- 2f- 29 + 2h)y’, 


z=-y 
t=-y) a eRe 2 
z=+yJ’ W=(1+ 2f-29- 2h) y’, 


ih W = (1 -2f+ 29 - 2h) y’. 


z=-y 
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Hence the resultant R 
=p*.o*.(1+2f+29 + 2h)(1-2f-29+2h)(14 2f-29-2h)(1- 2f+ 29 -2h) 
= (po) {(1+2hf- 4(f+g)'} {(1 - 2h) - 4(f-g)'} 
=(po) {(1+4 4h?- 4f?- 4°) — (4h - 8f9)"} 
= (po) [1 - 8(f?+9°+h?) + 16{(ft+g*+h')- Ugh +h f?+f7q")} 
+ 64fgh). 
Let now K=rU+ pVivw, 


K being what I term a linear conjunctive of U, V, W. The 
invariant of K, in respect to x, y, z, will be the determinant 


pr, hu, 9h, 
hu, m-pry+ov, fh, 
GP; Si Bs — ov, 


ie. =(2fgh-g*)p>+ o(h’- 9g) pv - p(f?- 9°) wr - popry 
+ por’y - parr’ ; 
or, multiplying by 6, we may write 
I, eK = 6dr + 8b,yv + 8b,w'r + 8a,r’v + 8¢,rv* + D,p*, 


Fyy* 
where =- po, b, = 12fgh - 69°, 
b,=- 2(f?-g), b= 20(h-9), 
a,= po, c, = — 2po", 


the notation being accommodated to that employed by Mr. 
Salmon in The Higher Plane Curves, pp. 182, 184, », m, Vv 
in I.K being correspondent to z, y, z in Mr. Salmon’s form. 
If now we employ Mr. Salmon’s expression (p. 184) for the 
S (the biquadratic Aronholdian of J.), observing that 


a@,=0, ¢,=0, @,=0, o=0, 
we have the complex combinant 
S\ n,v-L,, y= a*-2d*(b,c,+a,),)+ da 


2 Ye 


b,c,-a,¢,b 6 


s 271 Ee ot Bet] 


1 - 8(f?+h?- 29°) + 4(12fgh — 69’) 


5.9 22,2 
+b7c*+a,'b, 


44 


= pe ¥ 16( f?- 9’) (h? - 9°) + 16(f?-9*)? + ebieaa 
=p'o*{1-8( f?+9°+h’)+16(fitg'+h'-hig’-9f?-f*h’)+ 48fgh}. 
Hence, calling the resultant R, we have 
- 38R+ 4.8) vl, 


zy yy2" 


K=1-8(f? +9 +h’)+16(f*+9* + h‘) 
+ 82(f%9'+ gh’ + lif’) 
={1-4(f?+7 +h) =P’, 
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Let Q be taken the polar reciprocal to the conjunctive 
-~AU+yV+0W; 


and for greater simplicity, as we know, @ priori, from the 
fundamental definition of a combinant which (save as to 
a factor, must remain unaltered by any linear modification 
impressed upon the functions to which it appertains), that 
p and o can enter factorially only in any combinant, let 
p and o be each taken equal to unity in performing the 
intermediary operations. 


-i, hp, GPs g, 
hu, At+pr+y, fy, 2, 


Then Q= 
GF; Sp, -V, & 
é, 1; g 0, 
B+ vet vr + fu") . 


+ (-Av +9°p’) 

+ OO + Aw Av + h?y?) 

— nf (frp - hop") 

- 286 {g(ur + pv) + (9 —fh) p*} 

- 2 (hwy - fop’) J 
Upon Q, which is a quadratic function in respect of each 

of the two unrelated systems &, 7, €; A, mw, v, and also in 


respect of the coefficients in (U, V, W), we may operate 
with the commutative symbol 








d d da. 
dé”? dn’ df’ 
a =e 
dé’ dn’ dt’ 
a ae 3 
dn’ du” dv’ 
oo a 
dn’ du’ dv’ 


which, for facility of reference, I shall term 8E. 

Considering the first line as stationary, we shall obtain 
for the value of 8E(Q) 216 commutatives, which may be 
expressed under the following form: 





tain 


be 
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ddd 
dé” dn’ ab 
ddd 
dé’ dn’ dt’ 


ff fF £ 
Law’ ae a 
d dad 
dé’ dn’ dé 
_ d dd 
| ae ay 
-.@.@4 ¢@. 4 
la ae aw 











d add 

dé’ an’ df 
- 442 | 

dé’ dn’ dt 
dda@’?’adaded 
laa ae a wl 

@ d@4 

dé’ dn’ dg 

= dad 

dé’ dy’ a 
&<¢«€##t 4 ¢ 
lame xe BI 


qd dad 
dé’ dy’ df 
d dd 
2\ dé’ dn’ df 
dd@ddadaed 
La ae du ‘dv’ dv’ dx 
In this expression the first lines may be considered 
commutable, the second or dotted lines are subject to the 
usual process of commutation, which makes three of the 


six permutations positive and six negative; and the third 
or bracketed lines are subject to the simple process which 
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makes all the permutations of the same sign. In the three 
middle groups two of the terms in the final line are always 
identical ; it will therefore be more convenient to introduce 
the multiplier 2, and then to consider each such line to 
represent the three distinct permutations, taken singly. 
lijd® @ @ : 
a ae ag ap} 2-@ 
1jfd* dddd 
Bae an at’ ay a} 27 
1fd did ad d\ 
8 \dE* dt? dye’ aE a 
l1fd d dd @& m 
sa ae? an" a ap} OO 
{5 d dd4ed qo 0 = (0), 
dé* dy’ dn’ dt? dg* dé) , 
d @ 
And let. La geael 2 
* @d2.da4 
Bas ew" 
92 3 Oy 
dn dv’ du’ dx dv 
E 2.2 fo) = 2" 
dx’ du’ dr’ du’? dvjl ~~’ 
[ qa @d d@ddaadaed 5h, 
dr" re du’ dv’ dv’ dn 
Then, attending to the convention just previously explained, 
we shall have 
E(Q) = (L- 2L'- 2L" - 2L"" + 2L,) 
x {(Q) - 2(Q)' - 2(Q)" - 2(Q)" + 2Q)}, 
a symbolical product, any term in which such as L’. 
will mean 


Let now 


Q= (Q)", 


> 


" 


an? du’ dv’ du’ dy 
a a ae ee a 
dé’ dt’ dn’ dé’ dé 


Sie Sie sl 


§2, 
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and a similar interpretation must be extended to each of the 
25 partial products; we have then 
L(Q) = 8%’, -2L(Q)=0, -2L"(Q)=0, 
- 2L'(Q)=- 49°, 2L(Q) =- 2, 
-2L(QY=0, -2L(@y" =0, 
4L(QyY=0, 4L'(Q)"=0, 
4L'(Q¥ =0, 4L'(Q)" = 0, 
4L'"(Qy = 8f?, 4L'Q"”) = 8h’, 
4L(Q)'=0, 4Z2'(Q)'=0, 4Z'(Q)" =0, 
-4L(Q)=0, - 42)" =0, 
- 4L,(Q)" = 49°; 
and, finally, the 5 terms comprised in 
4E (Q), each = 0. 


All the above equations can be easily verified by direct 
inspection, it being observed that 8(Q) represents 


ww Www SS 


V+ ryt ne few; -Av+ Gus V+ rut rvs hi’; 
that 8(Q)' represents 
vtpvtrAvt fs fru—hgu?; fru —- hoy’; 
that 8(Q)” represents 
—rw+ gus g(urtpuv)+(g-fh) u's 9g (ud+t wv) +(g -fh) py’; 
that 8(Q)” represents 
M+ prt+vr+h'w?; huv-fow; hyv -fop’; 
and that (Q), represents 
1, S rm —hgps -(ur+ pv) +(g-fh) pw; huv—fop’. 
We have thus 
E(Q) = 89’ - 49? - 2 + 8f? + 8h? + 49° 
= 2{4f? + 49° + 4h? - 1}. 
4 Hence 3R = 48, , 1, ,- H- EQ occ (A). 
If we restore to U, V, W their general values, and make 
U = ax’ + by® + c2z* + 2fyz + 2gzx + Bhay, 
Ved2'+by + c2 + 2f'yz + 2g'2u + Qh'zy, 
W = a'z? + b'y? + c'2 + Of"y2 + 2g"zu + 2h'zy, 
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and construct the cubic function, 
D = (ax + a'y + az) (br + b'y + b"z) (cx + c'y + cz) 
— (az+a'y+a'z)( farf'yrf"zy-(ba+b'y+b"2)-(ge+g'y+g'2) 
—(cx+c'y +c"z) (he + h'y +h'zy 
+2(fe+fiys+f"z) (ge+g'y+g'2)(ha+h'y +h'z) 
i.e. & (abe - af* — bg’ - ch’ + 2fgh) 2’, 
+Z{a'be+ab'c+ abc'—(a'f*+ 2aff')-(b'g*+ 2bgg') -(c'h?+ 2chh’) 
+ 2f'gh + 2fg'h + 2fgh'} xy 
+{a’'b"c+a'be"+a"b'c+a"be's ab'c'+ ab"c'-2a' ff'"-2af'f"-2a' ff" 
— 2b'99"— 2bg'g"- 2b"gg'- 2c'hh— 2ch'h"- 2c"'hh'+ 2f'g" 
+ 2fg'h''+ 2f'"gh'+ 2f'"gh'+ 2fg"h'} xyz. 
Sy,n,v-,,,,.# in the preceding equation becomes simply 
the Aronholdian S to 3, which may be calculated by 
Mr. Salmon’s formula previously quoted. 
Q may be taken equal to the determinant 
az+ay+a'z; he+hy+h'z; grigyr+g'z; &, 
har+h'y+h'z; be+b'y+b'2; fas+f'ys+f'z; 1, 
ge+gyr+g'2z; farfiyr+f'z; carcyr+e'z; §&, 
g ; ” ; 4 3 0. 
And the cubic commutant of this, obtained by affecting it 
with the commutative operator, 
g.¢ 4) 
dx’ dy’ dz 
adiaid 
dx’ dy’ dz 
d dd 
aE} an} at 
&.3.@ 
dé’ dn’ dé) 
will give 48EQ if each of the 4 lines of the operator under- 
goes permutation, or 8E(Q), if one of the 4 lines is kept 
stationary. Thus it falls within the limits of practical pos- 
sibility to calculate explicitly, by the formula (4), the value 


of the resultant. I give to the S of 9 the appellation of the 
Hebrew letter yy (shin), and to the commutant of 2 the 








3 
pt 
8- 
ue 
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appellation of the Hebrew letter ty (¢eth). These letters are 
chosen with design ; for I shall presently shew that when 
the 8 given quadratic functions are the differential deriva- 
tives of the same cubic function y, the t becomes the 
Aronholdian 7’ to the cubic function, or, as we may write 
it, Z.~, and the yj becomes the Aronholdian S of the 
Hessian thereto, i.e. S.H.y. 

Thus for the first time tke true inward constitution of 
the resultant of three quadratics is brought to light. The 
methods anteriorly given by me, and the one subsequently 
added by M. Hesse for finding this resultant adverted to in 
Section 2, leads, it is true, to the construction of the form, 
but throws no light upon the essential mode of its com- 
position. 





SOLUTIONS OF PROBLEMS. 


(Prob. 2, p. 94.) 

The solution of Prob. 2, p. 179, is incorrect. The follow- 
ing is the true solution. 

Lert a be the radius of the generating circle, 8 the inclination 
of a tangent to the given cycloid to the axis of z. Then the 
equation to that tangent may be easily shewn to be 


y cos) — x sin® = a(m — 20) cos ........000 (A). 


The equation to the cycloid being transcendental, the num- 
ber of solutions of the problem will be infinite. 

Let » be any whole number, and write (2n + 1) 47+ 0 in 
place of @ in equation (A), and then eliminate 0, and we 
shall have an equation of one case of the required locus. 

To take the simplest case, consider only the intersections 
of any tangent of the given cycloid, with the pair of tangents 
at right angles to it on either side, whose points of contact 
are the nearest to the point of contact of the first tangent. 
Here n=0, and we have to eliminate @ between the equations 


y cos - z sin® = a(m — 20) cos8 
y sin@ + x cos@ = - 2a0 sin OJ 


Hence z=-— 7a sin@ cos8, 
x 
> 
47.4 . 


therefore sin2@ = - 











Solutions of Problems. 
y = ma cos’) - 248, 
= ne (1 + cos20) - 2a0, 


= m(4+4/{1 - (*.)} +asin” is: 


If we would have the equation from the vertex, we must 
write z- 47a in place of z in this equation, and we get, 
after reduction, 





y = V(24m.az - 2°) + @ versin™ 





47.0” 
the equation to a Trochoid. 





(Prob. 8, p. 96.) 


Let m be the mass of one of the particles, » its velocity, 
a the angle at which its line of motion is inclined to the 
diameter through a point at which it strikes the spherical 
surface. The impulsive force which it exerts in the impact 
at this point will be 2mvcosa. After striking it will move, 
with an equal velocity, in another straight line equally inclined 
to the diameter through the point of impact, and it will there- 
fore impinge again at the same angle, with an equal impul- 
sive force; and the same will hold for all the successive 
impacts. The interval between any two successive impacts, 
being the time of describing a chord subtending an angle 
2(47-a) at the centre of the sphere, will be equal to 
2a cosa 





» where a denotes the radius. Hence the sum of the 


impulsive forces exerted per unit of time by the particle m is 





2Qmv cosa mv 
2a cosa ” a 
v 


To find the continuous pressure per unit of surface equi- 
valent to the effect of the impacts of all the particles, we 
must divide the sum of the impulsive forces exerted by all 
the particles in the unit of time by the whole area of the 


bounding surface. We thus obtain 
2 


mv 
4a? ’ 
which, if V denote the volume of the hollow space, becomes 
; imo” 
. - * 


the required expression. 
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The second proposition in the enunciation may be demon- 
strated as a consequence, by simply observing that the pres- 
sure at any small part of the surface depends at each instant 
only on the masses and motions of the particles infinitely 
near it, and must therefore have the same expression when 
the vis viva of the motions per unit of volume in its neigh- 
bourhood is given, whatever be the dimensions or form of 
the whole bounding surface. 


; Second Solution. 

The following general demonstration establishes the truth 
of the proposition at once for a space bounded by a surface 
of any form. 

Let » denote an infinitely small area of the surface, and 
let m be the sum of the masses of the infinitely numerous 
particles in a unit of volume which move in directions 
towards the same parts contained within definite limits in- 
finitely near a certain straight line inclined at an angle 0 
to the normal through @, with velocities between definite 
limits differing infinitely little from a certain amount, ». 
The sum of the masses of all these particles which strike 
the surface within the area , in the unit of time, will be 


mvw cos 6, 


since mv is the sum of the masses of all those of them which, 
in a unit of time, pass a unit plane area perpendicular to 
their directions of motion. Hence the portion due to the 
motions of these particles, of the whole pressure experienced 
by the area a, is 


2mvw cos#.vcos@, or 2w cos’). mv’; 


and, if Smv’* denote the vis viva of all the particles which, 
whatever be their velocities, move in directions within the 
prescribed limits, we have 


2 cos’ASmv* 


for the pressure which they produce on w. Now if we 
choose any line parallel to a normal through @, and any 
plane through this line, as axis and plane of reference, we 
may take (0, @) and (0+ d0, ¢ +d) to express by the method 
of polar directional coordinates the limits prescribed for the 
motions we have been considering: so that parallels drawn 
to all these lines of motion, through any point in the axis 
of reference, will cut the surface of a sphere of unit radius 
described from this point as centre in an infinitely small area 


sin dO dg. 
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We must therefore have 
Sev «9 sin 8 d0 dp 


47 


> 


if g be the entire vis viva of the motions of particles in all 
directions, through a unit of volume. By using this in the 
preceding expression, we find 


im Choe 
— f [ cos’@ sin 0 dO dp 
4m JoJo 


for the whole pressure experienced by a, (the limits of 
integration for @ being 0 to 47, instead of 0 to m, so that 
only the motions foward and not the motions from w, may 
be included); and, performing the indicated integrations, we 
obtain finally, for the pressure on o, 


509, 


from which we conclude that }¢ is the pressure per unit of 
surface, as was to be proved. 


Chamonix, Aug. 18, 1853. 





(Prob. 9, p. 96.) 


Let X, Y, Z, &c. be the points in which parallel lines 
AX, BY, CZ, &c. meet their opposite spaces, and let the 
areas of these spaces be abc, &c.; and Pa, Pb, &c. the volumes 
subtended at any point P by the areas a,b, &c.; and aBy, &c. 
the product of the quantities a, b, c, &c. by the sines of the 
angles between these areas and the common direction of the 
lines AX, BY, CZ, &c. 


Now V=Pa+Pb+ Pe+Pdt...... ‘ 
and therefore 0= 4+ B+ Yt Ot crccccseseseeee ; 
therefore ln A snes Mids A 

B y 6 a 
Ya _ Yo _ Yd _ _ 
a YY ee B’ 
Zam Pee. 
ia Sl ) a 
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And from theory of volumes, as represented by determinants, 


Xa Xb Xe Xd 0By 6...) (-Vy" 
V'(ay2t)=| Ya Yb Ye Yd|=|a0 7 8...|° aBys.. 
Za Zb Ze Zd a Bo... 
Ta Tbh Te Td aBy 0... 


ee eeeereseceres 








=(-Vy" OT 1 la, = (-Vy(-1Y.r.0-V".9; 
CO So die 
tO ta. 
Md hd Cus 
therefore (ryz2t......)=-7V. 


In the same way, if the lines passed through the point 
whose coordinate volumes are Va, Vb, &c., we should find 


that VaVbVe... 
(V-Va) (V-Vb)(V-Vo.. 





Vi =(-1).rV. 


(Prob. 10, p. 96.) 


Ler z,, y, be the coordinates of a point P referred to the 
axes of the conic ; then, if ¢ is its polar, 0, the perpendicular 
on it from centre, 

z sinte y, costz 
" ;. ae 


a =O, © 


Hence, for any two points a and 3, 





t 


tYs- ty, _ sin 1x cos 2y ~ sin ly cos2z | 











ab’ 0,0, ’ 
in(12 
therefore 2(0ab) = sin(12) ab ; 
1°2 
2? 
.". 2(0ab + Obe + Oca) = 2(abe) = —— sin 12.0, = ab (1238p) 
yas 0,0,0, 


Now if p be the perpendicular from the centre on the 
tangent, 7 the radius of curvature, 7p°=a’b*. Hence, as the 
triangle formed from two tangents and the chord of contact 
is its own polar triangle, in the limit the radii will be as 
1, 2,4; and the areas of the inscribed and circumscribed 
triangles as 1, 2. 

In space of r dimensions, if V be the volume formed from 
the semiaxes of the quadratic surface, we shall have, using 
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274 Solutions of Problems. 


the notation of the last question, 
0a.0.0c...(123...) = V(abe...y. 


From these expressions, any pure identities of areas, 
volumes, &c., considered as formed from points, are dualized. 
Thus, having the area of a Pascal triangle in terms of the 
areas derived from the original points, we can write down the 
corresponding expression for the Brianchon triangle. But 
there is also another form of this function, which in a dif- 
ferent point of view is not of less importance ; I mean that 
in which one of the points is considered as variable. Here, 
if we have given the point equation to a surface in space 7, 
involving any number of ordinates, by certain operations 
upon it, we can find its line, plane, &c. equations, the last 
of which (the (r-1) space equation) involves this function. 
Thus, in space of 2 dimensions, if the equation involves the 
ordinates p, and p, referred to lines 1 and 2, its reciprocal 
equation will involve (¢12,). In cases like this, the most 
convenient form is sin12.(12,), (12,) denoting the perpen- 
dicular from the point 12 on the line ¢. Thus, the equation 


Ap, + Bp; + Cp; = 0 
gives the reciprocal equation 
{sin 12.(12,)}? ‘ {sin 23.(23,)}? ‘ {sin 31.(31,)}* _ 0. 
A B C 


But it is very remarkable that this is an invariant form of 
all space, so that the polar reciprocal of any point equation 
of a surface will involve functions such as 


sin(12...r).(12...7,), 


where sin(12... 7) denotes that function of the angle formed 
from the r inferior spaces corresponding to the sine of an 
angle between 2 lines, and (12...7,) the perpendicular from 
their intersection on the space ¢. 








(Prob. 1, p. 188.) 

SupposE that the two conics are projected into small 
circles of the same sphere; converting the theorem, we have 
then to shew that if two small circles of the same sphere 
are projected upon a plane (the centre of the sphere being 
the centre of projection*) the normal distance of the point 





* This was intended in the problem proposed. 
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of intersection of the transverse or major axes from each 
of the conics is one and the same pure imaginary quantity. 
This property might be deduced from the known properties 
of focal conics, but it is easier to derive it directly by a 
method which indeed contains implicitly the demonstration 
of these properties of focal conics. 

Let the centre of the sphere be taken as the origin, the 
axes of z being perpendicular to the plane of the conics ; 
then, writing for the sphere, and the plane of one of the 
small circles, 

e+y+2=1, 
son aa i 


the equation of the projecting cone is 
v+y?+ 2° (le + my + nz) =0. 


And if in this equation we suppose z equal to the perpen- 
dicular distance of the centre from the plane of the conics 
z= y suppose), we have 


v+y’ + - (le + my + ny) = 0, 


for the equation of one of the conics: this equation shews 
that the conic must have a double contact with the imagi- 
nary circle e+y+y=0; 

i.e. the centre of this circle (viz. the foot of the perpendicular 
let fall from the centre of the sphere upon the plane of the 
conics) must lie on an axis of the conic. Moreover the 
radius of the circle, ze. the normal distance of its centre 
from the conic, is #y, or the perpendicular in question 
multiplied by the imaginary symbol 7; and since the circle 
x’ + y’ + = 0 is the same whatever the small circle on the 
sphere may be, the other conic must satisfy the same con- 
ditions, or the foot of the perpendicular must be the point 
of intersection of the axes of the two conics, and its normal 
distance from each of the conics must be one and the same 
pure imaginary quantity. It only remains to shew that the 
axes must be the transverse or major (or more correctly 
‘focal’) axes; in fact, the normal distance from a conic of 
any point upon the non-focal axis is in every case—even 
when the normal itself is imaginary—a real positive quantity, 
so that it is only in the case where the point is upon the 
focal axis that the normal distance can be a pure imaginary 
quantity. 
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(Prob. 5, p. 188.) 

(a) Instead of heating the air directly, we can produce 
the required effect more economically by means of a per- 
fect thermodynamic engine; and it is easy to shew that 
this is the most economical way. We will consider the air 
heated pound by pound, and sent into the building at the end 
of the heating process. Generally, let 7’ be the temperature 
of the unheated air, S the temperature to which we wish 
it heated. 7 being the temperature of air, water, &c. 
external to the building, will be the temperature of our 
refrigerator ; the pound of air to be heated will be our source 
(nominally), and by working the engine backwards instead 
of taking away, we will give heat to the source. 


If a be the specific heat of air, ad¢ units will be required 
to raise the temperature of the pound of air from ¢ to ¢ + dt, 
and the work which must be spent to supply this will be 





nat =" 
bine 
+E 


Let the whole work spent upon the pound of air be 
denoted by W; then we have 





Se 
we Jal * = dt; 
++ 3 
, S+5 
whence W=Ja ($-1)-(T+ 7) *e°— : 
T+= 


Ex. S= 80°, Z'= 50°, Fahrenheit. 
As E is usually given with reference to units centigrade, 
we prefer reducing to that scale. 
S = 26° 66' and T= 10° Cent., EZ =-00366. 


1 
yen 2782240487, a = +24, J = 1390. 





* For the formulas regarding the duty of a perfect engine, and the 
mechanical value of each of its cycle of operations, constantly to be em- 
ployed in these solutions, we refer to a paper by Professor W. Thomson 
in the Philosophical Transactions, and which appears in the present number 
of this Journal. 




























Solutions of Problems. 277 





W = 1390 x *24 {1666'- 283°22404 log 72989071 
283'°22404 
| = 1390 x ‘24 {16°66' - 16°194713} 
| = 157°4438. 
; As one pound of air is heated per second, the u. P. of 
the engine will be got by dividing this by 550, so that 


H. P. of engine = ‘28626. 


eg If an engine (probably a steam-engine) be employed to 
1 drive the heating machine, and economise only ;yth of the 


fuel, the fuel must have evolved 10" units. To heat the 
pound directly a(S- 7) units must be supplied, and 
10 — 


a(S- T) 
case we have been considering, we find that to heat the air 


x 100 gives the per-centage. In the particular 


‘ aus 1 - 
by means of an engine economising te would require 
*47195 

16°6' 
direct heating. 


x 100, or 28°317 per cent. of the fuel required for 





(b) Conceive two double-stroke cylinders connected by 
tubes and valves in some convenient way, with a reservoir 
between them. Conceive the one to be made of perfectly 
conducting matter, so that there shall be no difference in 
temperature between internal and external air, (practically 
this may be approximated to by immersion in running 
water); the other cylinder must, on the contrary, be per- 
fectly non-conducting. ‘The pressure in the reservoir being 
kept at an amount depending on the required heating 
effect, air is admitted (doing work as it enters) by the former, 
which we shall call the ingress cylinder, and is not allowed 
to cool below atmospheric temperature. It is pumped out 
by the latter, called the egress cylinder, and so heated by 
compression to the required temperature. 


le, 


After these very general explanations, we proceed to 


oe mention more particularly the details of this process. 


em- 
_ Let p’, t’ be respectively the atmospheric pressure and 
temperature, »' the volume of one pound of air under 
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pressure p’ and at temperature ¢’, ¢ the temperature to 
which we wish the air to be raised, p the pressure such, 
that, if air under it be compressed to pressure p’, the tem- 
perature will rise from ¢’ to ¢, v the volume of one pound 
of air under pressure p and at temperature ¢’, v, the volume 
of air under pressure p’ and at temperature ¢. Now, by 
Poisson’s formula and by the gaseous laws we have 





ae 1 Ar 
a Eee pp ET, 

ag ad 

E E 


from which p may be determined. p must be, moreover, 
the pressure in the reservoir, as will afterwards appear. 


Volume of Cylinder. As the apparatus has to supply one 
pound of air per second, it will be convenient to suppose 
the cylinders of such a size, as to contain one pound of 
air at pressure p and temperature ¢. 


Operations in Ingress Cylinder. Suppose the piston at 
the top of its stroke, and the lower part of the cylinder 
connected with the reservoir, and consequently filled with 
air at pressure p and temperature ¢’. Then external air 
admitted above the piston will push it down (p'’>p). In 
this the first part of the stroke, admit so much air that, 
when secondly it is allowed to expand at constant tem- 
perature ¢’, we will have reached the end of the stroke 
by the time that the pressure has fallen to py. The lower 
part of the cylinder having been connected with the reser- 
voir, has given to the latter the pound of air it contained ; 
and at the end of the down-stroke the upper part is filled 
with air ready to be sent in by the up-stroke. 


In this operation it is plain that we obtain mechanical 
effect, and we will naturally spend it, in helping to pump 
the air out by the egress cylinder. 


Operations in Egress Cylinder. Suppose, as before, the 
piston at the top of its stroke, and the cylinder filled with 
air at pressure p and temperature ¢’. During the whole 
stroke you allow air from the reservoir to enter above the 
piston. During the first part of the stroke you compress 
the air below the piston, until the pressure becomes p’ and 
the temperature consequently ¢. Then expel this heated air 
into the building or whatever place you wish to heat. 
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Solutions of Problems. 


Estimate of total work spent. 
(1) In egress cylinder : 


mechanical effect obtained during the first part of the stroke 


=(p'-p)e's 
mechanical effect obtained during the second part 


= p'v' log =~ p(o-v). 
(B) Whole gain in ingress cylinder 
= p'v' log -. 


(2) In egress cylinder : 
mechanical effect spent during compression 


Fa{(J 1} -20- 


work spent during expulsion 





= p'v, — pr,: 
1 
—+t 
a po, Ee -(2)" 
ial ate % 


(C) Whence whole work spent in egress cylinder 


~ oe a 
a i—- fom 2 |v 
E-1)1- ere 4 
Zt! (— + ¢ 














E 
= pv Mi gine, “lan po=p'. 
wee ag 
E 
(D) Amount of work spent in both 
= p'd' a Sl - pv log °* 
K-1 .- , v 
E 
* Modifying this by means of the formulas 
4 ot leer 
= (seme and (Z), 
v 1 


Rte 








pe ae 
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Ratios of expansion : 





1 =s 
. zt t')K-1 
in the first cylinder, ar oar , 
af P E +f 
a = 
+ ¢)K-1 
in the second cylinder, a. 3 | mn, 
“ E + t) 


A slight consideration will shew, that the rates of the 
cylinders must be the same if we consider them as of the 
same size, and as each contains one pound of air at pres- 


sure p and temperature ¢’, the rate will evidently be 30 
double strokes per minute. 


Let h be the height of the cylinder, and r the radius of the 
base ; then volume of cylinder = v = mr*h, and if V, be the 
volume of a pound of air under pressure p’ and at 0° Cent., 


(E) v = V(1+ Et), 
oh Vii+ Et). 
P 
The preceding formulas give us the means of calculating 


readily the most useful results. 


We will take as an example, to supply a building 
with one pound of air heated mechanically from 50° to 80° 
Fahr. (solved before, in question (@)). We have then ¢’=10° 


’ 1 ; 
Cent., ¢= 26°6' Cent., E="00366, 47 278°22404, pi = 2114 





we find the following as equivalent : 


1 

toe 

K : ,. - E 
O+ sh 


which becomes identical with the expression given in division (a) when we 





substitute for Kul Ep'V, the value Ja, which it must have in consequence 


of the relation between the specific heats of air and the mechanical equiva- 


lent of the thermal unit established in another paper in this number of the 
Journal, 
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Solutions of Problems. 


pounds per square foot. A=1'41. Then, by (A), 


283'22404\141 
p=2114 (ssasori) ; 
1736°6189 = 2114 x ‘8214848, 
2114 x iit ; 

All these forms are useful. 
Volume of cylinder. vo = V(1+10£), 
12°383 x 1°0366, 


12°836218. 


U 
po=pr. v=, 
Pd 


= 1'217308 x 12°836218. 
Volume of cylinder = v = 15°6256. 


il 


tt 


A practically useful height of cylinder might be 4 feet, the 
corresponding diameter to which is 22302 feet. 

Again, we have, amount of work spent in cooling in this 
way one pound of air (D) 


—+t 
K AE 
= pe for ~ | - p'v' log A 
K-1 . 0) 





— +t 


E 
= = x 2114 x 12°836 eee - 
— 2114 x 12°836 log 1°217308 
= 5491°54 - 5336°03 


= 155°51 estimated in foot pounds. 


299.89071 i} 


As one pound must be supplied per second, u. P. of engine 
required to drive the apparatus = 2827. This result ought, 
inasmuch as this apparatus possesses all the qualifications of 
a perfect engine, to be identical with the answer found in 
division (a) of this problem; we however find a difference 
of :0034 between the two, due to the circumstance that 
the number ‘24 which we employed as the value of the 
specific heat of air in the previous solution, also 1°41 for 
K in this, are only approximately true; but the true Hn. Pp. 
to two significant figures is ‘28. 
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Ratios of Expansion. In first cylinder 


tia 14848, 
x 7) 


so that 3°2859 feet of the stroke passed while air was being 
admitted at pressure 2114, and *71406 feet in allowing this 
to expand to pressure of receiver. 

In second cylinder 


*1 = -869825, 

v%, 
or ‘5207 feet of the stroke was spent in compressing the air 
from pressure p to pressure p’ or 2114, the remaining 3°4793 
feet in expelling it. 


(c) The first suggestion, we believe, of an apparatus for 
cooling buildings by compressing air, was to pump in air 
into a reservoir and allow it to cool to the temperature of the 
atmosphere, on the supposition that if then allowed to rush 
out by means of a stopcock, it would, in consequence of the 
expansion, fall in temperature. Unfortunately however for 
this scheme, it has been found that there is only an almost 
imperceptible depression of temperature (after motion ceases 
in the air) due to a want of perfect rigour in Mayer’s 
hypothesis. ‘The friction of the air in the orifice &c. almost 
entirely compensates for the cold of expansion. 

The apparatus described in () can, however, be very 
simply applied. 

Instead of allowing the air to rush out, and thus heat 
itself by friction, let it out slowly, and make it work a piston 
in a double-stroke cylinder, and we shall not only obtain the 
full benefit of the cold of expansion, but also gain so much 
work as to make the u. Pp. of the engine required to drive 
the apparatus a mere trifle. 

The working of the apparatus, however, will not be so 
simple as in the last case, for as we are to use the same 
apparatus, we cannot make the cylinders hold one pound 
of air, and cannot even have the pistons moving at the 
same rate. 

Let p’ and ¢’-be the atmospheric pressure and temperature 
respectively, v' the volume of either cylinder, ¢ the tempera- 
ture of the cooled air, p the pressure in the receiver, which 
will be such that if air at pressure p and temperature ¢’ be 
allowed to expand to pressure p’ the temperature will be- 
come ¢, v the volume under pressure p of a quantity of air, 
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which under pressure p’ would fill the cylinder, there being 
no change of temperature, v, volume under pressure p and 
temperature ¢’, of a quantity of air which would fill the 
cylinder under pressure p’ and at temperature ¢. 


1 K 
—+t'|K-1 
E 





(A‘) 


3 


1 
Ei +t 

Operations in Ingress Cylinder. Suppose the piston at the 
top of its stroke, the cylinder full of air at ordinary pressure. 
Admitting external air above the piston, push the piston 
down until the air below is compressed to pressure p, the 
temperature being kept constant; and then send this com- 
pressed air into the reservoir. 


Operations in Egress Cylinder. In the first part of the 
stroke allow so much air to enter the cylinder from the 
reservoir, that if allowed to expand in the remaining part 


of the stroke, the pressure and temperature at the end will 
be p’ and ¢ respectively. 


In Ingress Cylinder. Work spent in compressing air 
from p’ to p (temperature constant) 


‘ 
ee | 


ee 0 . 
= pv log ~ - p'(v'- 0). 


Work spent in sending the air into the receiver 


= po - pr. 
(B’) Total expenditure per stroke in first cylinder 


= p'v' lo 4 
“—" e * 
In Egress Cylinder. Mechanical effect gained in partially 
filling the cylinder from reservoir 
= pr, - pr,. 
Mechanical effect gained during the rest of the stroke 


to! (fa t\ Kel 
EE (S269 


(C’) Total gain per single stroke 


Pale ps 
K-1 \\o, 


Kl} “ 
) sad fd os Tal 
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ae lye 
a E -1s4p0' 5 -1 
K-1)1 oo. 






















E zt? 


= ‘y _x Ea - 
ei es 
E 
Ratios of Expansion. In ingress cylinder, 
ae z. 
— + ¢,E-1 
oP o 
r 5 +l 
In egress cylinder, 
1 a 
ey a 
0, y + + } 1 
F z +t 


It would be a matter of no difficulty to give generally the 
number of pounds each cylinder would contain, and also the 
rate of each piston, but it would only tend to confusion of 
symbols, as we should have to take in the p’s, ¢’s, and v’s of 
(6), as well as those of this case; we will give these details 
in the example, which is 
t'= 80° Fahrenheit = 26°6' Cent., ¢=50° Fahrenheit = 10 Cent., 
p of course 2114, height of cylinder, as before, 4 feet, and 
consequently, diameter 2°2302 feet. 

From (A’) we have p = 2114 x 1°217308 pounds per square 
foot. 

In (6) we found volume of cylinder = 15°6256 =v’, ac- 
cording to our present notation. 

From (B’) we have total expenditure per single stroke in 
ingress cylinder 


no v ne P 
= p'v log — = pv log 
= 1'217308 x {the gain in ingress cylinder in (4)} 
= 6495°59. 
From (C’) we have total gain per single stroke in egress 
{ cylinder ~ 1-217308 x {loss in egress cylinder in (5)} 
= 6684°9. 
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Solutions of Problems. 


Ratios of Expansion. 1n ingress cylinder 


© = 8214848, 
v 

and in egress 
*1 _ +869825, 
vo 


as in the example attached to (0). 
Let x be the number of pounds the first cylinder contains 
at pressure p’ (2114), and at temperature ¢' (26°6' Cent.). 
Volume of y pounds = 12°383 y (1 + E x 26°6) = volume 
of cylinder = 12°383 (1 + E x 10) x 1'217308, as we found in 
(); hence 
as 283°22404 
299°89071 


Number of single strokes per second 


1°217308 = 1°149655. 


5 : = "8698348. 
x 


Number of double strokes per minute 
= 26°095044. 


In the second cylinder, let y’ be the number of pounds 
contained by it at p’ (2114) and ¢(10° Cent.), we easily obtain 


x’ = 1:217308. 
Number of strokes per second 


= = = *8214848. 
Xx 


Number of double strokes per minute 
= 24°644544. 
Whole work spent per second in ingress cylinder 
= SES n c0se-enn. 
Whole mechanical effect gained per second in egress cylinder 


6684'9 
= ——— = 5491°54. 
x 





Total motive power required = 5650°036 - 5491°54 
= 158°496 ft. pounds per second. 
Hence, u.P. of engine required to drive the apparatus =*288. 
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(Prob. 7, p. 189.) 
Let A =area of triangle, re = sin, 


du , au , au 5 


a 2” 
and let 8 be the distance between two points (ay), (4,8 i%)3 
and (a,8,7,) the differences of their coordinates. Then it is 
easy to shew that 


2Are + aByy, + by,a, + 04,8, = 0 .ecceoee (1). 
Let the equation to the inscribed ellipse be 
La? + m*B? + ny’ — 2mnBy - 2lnya — 2lmaB = 0...(2). 


Let (4,8,y,) be the centre; then 6 is a semidiameter, and 
the equations to the centre are 





u; v, w 
we Em he Bessssssssssseeeeee (3), 
aa b c abe 
us = a ~ Ia rn si lmn*™* (4). 
But aa, + bB, + ey, = 2A identically ......... (5), 
therefore OH, +O, 407, © O...cccccsscssceseesed (6), 
and if Ba 4 WO + 90 OD, cocccsccscescecees (7), 
by (4), (5), and (7), AN + Une = Oa. cceeceseceeeeeeevenes (8). 
| By (3) and (5), for all values of a, 8, y, 
au,’ + Bo,’ + yw, = LAK .rcerecsevceees (9), 
therefore 1 9 BB ccisvesseversorsessccess (10). 
By Taylor’s theorem, 
u, =u, — (au,' + Bo, + yw,') + Ue. 
DAUR, UB has siisisinccosscssncnnects (11). 


If 8 be a semiaxis, &* is a maximum or minimum ; therefore 
if w,, 4, are arbitrary, we have, from (1), (6), and (11), 


ap, + Up, + Dy, + CB, = 0 ccsscreereee (12), 
Dp, + 0, fo, + CH, + AY, =O cesecrecsere (18), 
CH, + W,' pw, + OB, + ba, =O weeceereeees (14); 
therefore, by (1), (6), and (11), 
i hy, + 2r8° = a, (12) + B,(18) + y,(14) = 0... (15). 


The result of substituting in (6) proportionals to a,, B,, ¥,5 








18 


nd 
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found from (12), (13), and (14), is a quadratic in mu, or 8, and 
the theory of cross-multiplication shews that the absolute 
term does not contain /, m, or m, and that the coefficient of pu, 


= 4a(2lmn*d + 2lm'nc) + &e., 


and therefore, by (7), «UMN... ..ececscsesesecececes (16). 
But (area of ellipse)’ « product of values of & ; 
by (15) and (16), oc (Amn)? .eseeveees een (17). 


This area is to be a maximum ; therefore if p,p, are arbitrary, 
we have from (7), (8), and (17), writing down the coefficients 
of di and dm only, 

pt + pl +a*=0, 


pm + pm" + b" = 0; 
therefore la* = mb” = ne", 
and the equation to the curve becomes 

(aa)t + (BB) + (cy) = 0. 


The equation to the minimum circumscribed ellipse may be 
established by precisely similar reasoning. 


Nore 1.—If the curve (2) be an inscribed circle, 


a=B.=%;3 
then, by (4), 


es a Lae 
. (Fre )- (Fac lnc (5 +5) 


and if 2s=a+b+e, 





l _ *.._& 
a(s—a) b(s-b) c(s-c)’ 
l m n 


- cos*}.A  cos'4B cos*40” 


* and the equation is 


a? cost.A + B' cosh B + x cosdC = 0. 
If the circle touch AB and AC produced, a is negative, and 
the equation is 


0 = (—a)' cos$.A + A} sind B+ oy sind. 


Nore 2.—If p,, p,, p, be the perpendiculars from A, B, C 
on any straight line, its equation will be 


aap, + bBp, + cyp, = 0. 








( 288 ) 


NOTE ON PRECEDING SOLUTION. 


[The equations to the maximum and minimum ellipse 
respectively inscribed in, and circumscribed about, a given 
triangle, may also be obtained very simply from the con- 
sideration, that if the triangle be projected so as to become 
equilateral, the ellipse must become a circle. Now it is a 
property of an equilateral triangle inscribed in a circle, that 
the tangents at its angles are parallel to the sides respectively 
opposite to them. ‘This property will not be affected by pro- 
jection. But if the equation to the circumscribed ellipse be 

£2, 2.0, 
¥ 


a-B 
the equation to the tangent at (Ay) will be 
nB+my=0; 


and in order that this may be parallel to a= 0, it is necessary 
that we have 
n m 


bc’ 
or mb = ne = (by symmetry) = Ja. 
Hence the equation to the minimum circumscribed ellipse 
becomes 
(aa)* + (b8)" + (ey)* = 0. 


That the maximum inscribed ellipse will be obtained in a 
precisely similar way.] 


END OF VOLUME VIII. 


PRINTED BY METCALFE AND PALMER, CAMBRIDGE, 








VT 





L 








R, 


ZA 
Ay 
/ 
/ 
/ 
| 
. : . Cnn 
\ 
\ 
\ 
\ 
ae 























4S, 








dimer, Lithoy 


=o 


Fi 


Metcaite & 





